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1 Introduction

1.1 Topological manifolds

Let A be an open subset of R”, f : A — R a function, « = (aq, -+ ,a,) € N® a multi-index. The a-th partial
derivative of f is 0¢f = ;mtfl %f : A — R if exists. The order of ais || = a3 + -+ - + ap.
1 1

Let i > 0, we say f is C? if 0 f exists and is continuous for all o of order < i.
C'A)={f: A= R|fis C*}
We say f is C*™or smooth if f € C*(A) for all i > 0.
C>®(A) = Ni>oC*(A)

fi(x)
Now let f be amap f: A — R™, f(z) = <o« |. For 0 <i < oo, wesay fis C"if f; is C; for 1 <j < m.

fm ()
Let B be open in R™,f : A — B is diffeomorphism if f is smooth, bijective and f~!: B — A is smooth.

Example 1.1. A= B =R, f(z) = 23, then f is smooth and bijective, but f~! is not smooth.

Remark 1.2. If A C R™ and B C R™ are open and f : A — B is a diffeomorphism, then n = m by the chain rule:
A4 L B % c
N N N
R™ R™ R

if fe Cand g € O then go f € C?* and D(go f)(x) = D(g(f(x)))Df(x). So Df is invertible in this case because
I, = D(f~Y(f(2)))Df(x) and I, = D(f(f~'(z))Df~(x)., which indicates n < m and m < n and therefore

n=m.
Corollary 1.3. If f is a diffeomorphism, then D f(x) is invertible for all x.

Proof. Denote g = f~': B — A, then fog = Idg and go f = Id4, so Dg(f(z))Df(z) = I,, and Df(g(x))Dg(x) =
Ip,. O

Definition 1.4. Let M be a topological space. A chart on M is a pair (U,¢) where U is an open subset of
M (domain), and ¢ : U — R™ is a map with the following properties:

1. ¢(U) is open in R";
2. ¢ : U — ¢(U) is a homeomorphism (i.e.f is continuous, bijective and f~! is continuous)
p is a coordinate map.

Definition 1.5. If x € U, we say (U, ¢) is a chart at z. If z € U, and p(z) = 0, we say (U, ) is centered at x.
M is locally Euclidean on a topological manifold if M admits a chart at every point.

Give two charts (U, ¢) and (V,¢) on M, we can form the transition map:
$o(plunv) i pUNV) = UNV)
which is a homeomorphism with inverse

po ((b‘UmV)_l p(UNV) = pUNV)

Remark 1.6. We can abbreviate the map as po ¢~ and ¢ o 1.

The charts are compatible if pop~! and ¢op~! is smooth (equivalently, either is a diffeomorphism). Trivially
trueif UNV =0. If (U,p:U = R") and (V,¢:V — R’Z) are compatible and U NV # (), then n = m.



1.2 Smooth structure

Definition 1.7. An atlas <7 on M is a collection of charts
A ={(Ua;pa)|la € I}
with the properties:
1. U Uy =M

2. every pair of charts (U,, ¢a), (Ug, ppg) is compatible. Le. the transition map @ga @ ©5 0 95" @ ©a(Uag) —
©3(Uqp) is smooth.

The set of atlas on M is partially ordered by inclusion. (If <7, % are two atlas on M, we say o < B if o/ C A.)

Definition 1.8. A smooth structure on M is a maximal atlas, i.e. if & is an atlas on M and &/ C 4, then
o = PB. A smooth manifold is a pair (M, o) where 7 is a maximal atlas on M.

Lemma 1.9. Let o7 be an atlas on M, then it is contained in a unique mazimal atlas.

Proof. Define o = {(U, ¢)|(U, ¢)is a chart on M and is compatible with every chart in </}. If % is an atlas on M
and &7 < A, then % C of. So it’s enough to show that o/ is an atlas.

Let co = (Up, o) and ¢; = (Uy, 1) are two charts in &/, we need to show that they are compatible, i.e.
Y10 = Q1 0 9051 : 00(Uo1) — ©1(Up1) is smooth. Enough to show that for any fx € ¢(Up1), ¢10 is smooth in a
neighborhood of z. Choose chart ¢y = (Us, ¢2) € & at @ *(2), then cg,c; are compatible with ca, so

P10 =109y = (p10w3 1) o (p20p5h) = w120 9ay : wo(Uo NUL NUs) = ¢1(Upg N Uy N Us)
is smooth. O

Remark 1.10. Smoothness is a local property.

1.3 Dimension

Let (M, /) be a smooth manifold, (U, : U — R"),(V,¢: V — R™) € & be charts at x € M. By compatibility,
n=m.

Define dim,;M = n to be the dimension of M at x. Note that dim,M = n for ally € U U V. So for each n,
the set M,, = {x € M|dim,M = n} is open, and {x € M|dim,M # n} = Upem {n} Mm is open. So M, is open
and closed. M, is a union of connected components of M. (Q: Infinitely many?)

We say M is pure of dimension n if each component has the same dimension n.

Fact 1.11. Not every topological manifold has a smooth structure. [Kervaire,1960, Kervaire manifold, a 10-
dimensional PL manifold with no differentiable structure/

Remark 1.12. Usually we denote a manifold (M, o) by M. A chart on M is a chart in <.

1.4 Examples of manifolds

1. Let E be a finitely-dimensional real vector space. Choose a linear isomorphism ¢ : E — R". Declare U C
to be open if p(U) C R™ is open. This defines a topology on E and (E,¢) is a chart. Let &/ be the smooth
structure defined by this single chart, then (F, ) is an n-manifold with smooth structure independent of .
(I.e. if you choose another linear isomorphism you can get the same smooth structure on E.)

Reason: If ¢ : E — R" is another linear isomorphism, then ¢ o p~! : R® — R™ is a linear isomorphism

and hence smooth, so the two charts are compatible with each other and therefore defines the same smooth
structure.

2. Any set M equipped with the discrete topology is a 0-dim manifold, and the charts are of the form ({z}, ¢ :
{z} = RO).



3. (M, ) is a smooth manifold, U C M is open. Then oy = {(V, ¢)|V C U} is a smooth structure on U, called
the induced smooth structure. (U, o) is an open submanifold of M.

4. The product M = My x M of manifolds My, M is a manifold.

Reason: Given charts (Uy, 1) on My and (Us, 2) on My, we can form the product chart (U, ) with U =
Uy X Us, o = 1 X po.The product charts form an atlas on M (not maximal), giving rise to a unique smooth
structure om M.

5. (Not manifold) Let M = R x {0,1}. Given the equivalence relation (a,t) ~ (b,s) < a = b # 0, we can
get M = M/ ~. The topology on M is: U C M is open if ¢~ *(U) is open in M.M = Uy U U; is a union
of two open sets where Uy = 7(R x {0}) and U; = n(R x {1}) and the corresponding coordinate map are
©o: Uy = R, [2,0] = x, and @1 : Uy — R, [z,1] = 2. @19 = ¢1 05" : R\{0} — R\{0}, z > z. But M is not
Hausdorft.

6. The n-sphere S" = {z € R""!|||z|| = \/>__, 27 = 1} is equipped with Euclidean norm. Give S™ the subspace
topology. Define open subset U;” = {z € S"|z; > 0} and U;” = {x € S"|x; < 0} in S™ and coordinate maps
©F 1 UF — R, @+ (21, , 21,24, Tip1, -+ ,Tny1) is a homeomorphism onto {y € R™|[|y|| < 1} and the
transition map

0 o0 (y) = (1 yicn 2V = [l wi 5, )

for ¢ < j is smooth for ||y|| < 1. S™ is Hausdorff and second-countable, hence an n-manifold.

7. The n-dimensional real projective space P™(R) or RP" or Py is the set of all lines (1-dimensional linear
subspace) in R"T!. For x € R"*! let [x] = Rz (line spanned by x). Define

7: R"\{0} — PR", 2 + [z],

7 is surjective and 7(z) = 7(y) < y = Az for some A € R\{0}. Give P"(R) the quotient topology with respect
to 7, i.e. U C P*(R) is open < 77 1(U) is open in R\{0}. Charts are all the lines U; = {[z] € P"(R)|x; # 0}
which are open subsets of P"(R). Define

X XTi— xX; X
(plUl%Rn,[l’]*—)(fl,, 117 Z+17"'a "+1)
Z; €T i3 iz
and
Pi: R™ _>Rn+1ayH (yla"' 7yi—1a1ayi7"' 7yn)
then pPi © 801([3:]) = (%7 am;jilala I;tla 7%)’ S0 T(p1(<)01<[x])) = []"] and Conversely @1(T(p2(y))) =Y.
Hence 70 p; = %'_l :R" = U;. So
1 Y1 Y yi-1 1 i Yn
PjioP; (y):(77 2 R R R B T 77)
e Yj Yj Yi i Yi Yi

is smooth on its domain y; # 0, and therefore P (R) is an n-manifold.
8. P*(C) is the space of all lines in C"*1, and this is a 2n-manifold.

9. P"(H) is the space of all lines in H"*!, and this is a 4n-manifold.

Problem. Why is P"(R) Hausdorff and second-countable?

Lemma 1.13. (i). The quotient map 7 : R"T1\{0} — P™(R) is open.
(ii). P*"(R) is second-countable.

Proof. (i). Let V. C R"*1\{0} be open, then 771 (7(V)) = UrAV is open, so 7(V) is open.
(ii). Let {V;} be a countable basis of the topology on R"*1\{0}, then by (i), {7(V;)} is a countable basis for
P*(R). O

Lemma 1.14. Let X be a topological space and R an equivalent relation on X. Let Y = X/R be the quotient space.
If the graph of R is closed in X x X, and if the quotientGmap X =Y is open, then'Y is Hausdorff.



Proof. Let X be a topological space. The following are equivalent: (1) X is Hausdorff, (2) the diagonal A(X) C
X x X is closed.

Suppose X is a Hausdorff space. We need to show that the complement of the diagonal, A¢ := X x X\A is
open. So let (z,y) € A. Then z # y, and so there are disjoint open sets U and V', containing 2 and y, respectively.
By definition of the product topology, U x V is an open subset of X x X, and clearly U x V C A€ (for otherwise
U NV # @). This shows that A¢ is open. Conversely, suppose A is closed, that is to say, A¢ is open. Let x and y
be two distinct elements of X. Then (z,y) € A°, and so there is a basis open set U x V C A€ containing (z,y).
Now note that U and V are open, disjoint subsets of X, containing = and y, respectively. This shows that X is
Hausdorft.

So if we construct the product quotient map 7 x 7 : X x X — Y x Y, is an open map, So 7 x 7(I'(R)¢) = A(Y)*®
is open, i.e. A(Y)is closed in Y x Y, so Y is Hausdorff. O



2 Smooth manifolds

2.1 The smooth category

Let (M, /) and (N, %) be smooth manifolds and f: M — N a map.
U EA v
el 1o

_ $ofop~!
pUNFHVY) S (v)
pofop lipUnNfYV)) — ¢(V) is called the empression for f in the charts (U, ) and (V, ¢).
Definition 2.1. f is smooth if f is continuous and ¢ o f o ! is smooth for any (U, ¢) € &/ and (V,¢) € Z.

We call the charts (U, ¢) and (V,¢) are adapted to f if U C f~1(V). To check that f is smooth, need only to
check whether ¢ o f o ! is smooth for all pairs of adapted charts (U, ¢) € o and (V, ¢) € A.

Example 2.2. M = R"™\{0}, N =P*(R), f =7: M — N,z — [2] is the quotient map. Then f is continuous.
Let V; = {x € R"™"\{0}|z; # 0}, then o = {(V;,Idy,)|1 < i < n+ 1} is an atlas on R""1\{0}. Moreover,
7(V;) = U; = {[z] € N|z; # 0}. Recall that ¢;([z]) = L(z1, -+, 25, "2pp1) € R, {(Us, )1 <i<n+1}isan
atlas on N. The empression for f in these charts '

pio fold(x)=wi([z]): V; > R"
is smooth. so f is smooth.

Example 2.3. M =S", N =R"t! £ is the inclusion map, then f is smooth.

The composition g o f of smooth maps M 1y N % P is smooth by chain rule.
Smooth manifolds form a category C°°:

e Objects: smooth manifolds
e Arrows (morphisms): smooth maps

Notation:
C> (M, N) =set of all smooth maps from M to N.
C>°(M) = C*>°(M,R), or sometimes C>°(M,C), where C = R? is a smooth manifold.

2.2 Tangent vectors

Given a manifold M, consider the set of triples (¢, x,h) where ¢ = (U, : U — R"™) is a chart, x € M and h € R™.
Call two triples equivalent (c1,21,h1) ~ (c2, 22, ho) if £1 = 9 and he = D(¢p3 0 <p1_1)(<p1(x1)h1.

Definition 2.4. An equivalent class [c, z, k] is a tangent vector to M at x. The tangent bundle TM is the
collection of all tangent vectors to M. The tangent bundle mojection is

T=TN : TM - M
[c,x,h] — =«

The tangent space to M at x is T, M = 7~ *(z). Then TM =[], ,, T M is the disjoint union.
Lemma 2.5. Let x € M, and ¢ = (U, ) be a chart at x.
1. The map R™ — T, M defined by h — [c,x, h] is a bijection.

2. Let dyp : T,M — R™ be the inverse of the bijection. Let ¢y = (U1, 1) be another chart at xz, then dgp; o
dep™t = D(p1 007 1)(¢(2)) is an invertible linear map.

T.M



3. If [e,z, hi]=[c,x, ho] then ho = D(p o @~ 1)hy = hy, so the map is injective. If v € T,M, v = [co,x, ho] for
some chart co = (Up, po) at x, then v = [c,x, h] with h = D(p o @y *)(wo(x))ho, so the map is surjective.

4. dopr 0 dep™! (h) = dup1([c, z, h]) = dupr([cr, 2, D(p1 0 ™) (0(2))h]) = D(g1 0 ") (())h.

Endow T, M with a vector space structure by declaiming d,¢ to be a linear isomorphism. (Why can?)
Let V be an open submanifold of M, then each chart ¢ = (U, ) on V is a chart on M. So for x € U, h € R™,
we have tangent vectors

o

[e,z,hly € T,V — [c.x.h)y € T M

dzp ¢ v dyp
heR"

so T,V 2 T, M. The map [c,x, h|y — [c,z, h]as is a linear isomorphism.
We identify T,V with T,,M, then TV = 7} (V) C TM.

Special case: M = U an open subset of R", let ¢ = (U, Idy) be the identity chart, then d,(Idy) : T,U = R™ is
TU — U xR"

an isomorphism, so the map le,a,h] > (2,h)

is a bijection. We identify TU = U x R", then 7 : TU — U is
given by 7(x,h) = x.

2.3 Tangent maps

Let f: M — N be a smooth map, dim(M) = m and dim(N) = n. Choose f-adapted charts ¢ = (U, ) and
= (V,9).
For zx € U, h € R", v = [¢, z, h], we put

Tf(w)=Tf([e,x,h]) = [¢, f(x), D(o fop™h)(p(x))h].
Lemma 2.6. T'f : TM — TN maps T, M linearly to TN

T, M ELIN Ty )N
Proof. dzp 0 d.9 1
R™ D(gofop™ ") ep(x) RN
T, f is composite of linear maps. O

Lemma 2.7. The tangent map is well-defined.

Proof. Let x € M, consider two pairs of adapted charts

Cc1 = (ulvwl)v Cll = (Vlvd)l)
Co = (’ILQ,QDQ), CIQ = (V27¢2)

Let f;: o fo gp{l be the empression for f, then fo = g1 0 f o <p511.
Let hy, ho € R™, suppose [¢1,x, hi] = [ca, z, ha], then hy = D(p12)pa2(x)ha, so

[ch, (), Dfapa(a)ho] = [ch, f(x), D(d21 0 fi 0 pa1')pa(x)ha]
= ch, f(2), D¢21(¢1(f(~f)) o Dfi(p1(x))hi]
= [c1, f(x), D fi(p1(z)) ]

Let U C R™ be open and f : U — R" be smooth, then Tf : U x R™ — R"™ x R™ is given by

Tf(.%',h) = Tf([cvxvh]) = [C/,f(.%'),Df(.T)h] = (f(ﬂ?),Df(iE)h)
Tf records f and Df.



Let ¢ = (U, : U — R") be a chart on a manifold M, then Ty : TU — R™ x R" = R?" is given by
T@([C’J% h]) = (¢($7)7h)7

writing v = [¢, z, h], To(v) = (p(z), dze(v)).

For each # € U, Ty : T,U = {p(x)} x R™ is bijective. So Ty : TU — p(U) x R™ is a bijection, where
©(U) x R™ is open in R?". So the pair T'c = (TU,Ty) is a chart on TM (in the sense of homework 1-1, called a
tangent chart.

Theorem 2.8. (i) The tangent charts .Tc form an atlas on TM, hence TM is a 2n-manifold.
(ii) For any smooth f: M — N, the tangent map Tf : TM — TN is smooth.

Proof. (i) Let ¢; = (U1, 1) and ¢o = (Ua, p2) be charts on M. Transition map Tc¢; — Tca?

T.M
dap1 N dapo
RrR™ ~ R™
D(p2007 M) (¢1(x))

For x e Uy NUy, v € T, M, Top;(v) = (¢i(x), drpi(v)), so
Topa o (Teipr ()"  (y, h) = (02 0 07 ' (), D(2 0 91 ) (y)h)
is smooth (C*°). So
T(pg o (T(pl)_l : gOl(Ul n UQ) x R™ — <P2(U1 N Ug) x R™

is smooth, and ¢1(U; NUsz) x R™ and @5 (U; NUy) x R™ are open in R?™,
(ii) Let c= (U, : U - R™), ¢ = (V,¢ : V — R™) be adapted charts on M and N, then T'¢ is a chart on TM
and T'¢ is a chart on T'N.

Empression for T'f is
TopoTfo(Tp)™t: oU)xR™ — d(V) x R™
(y,h) = (pofop y),D(po fop ")(yh)

And
TooTfo(Te) '(y.h) = T¢>0Tf([c, "(y), h])
To(l, fop~'(y), D(¢po fo v ()]
= (¢o fow "(y), D(¢o fop)(y)h)
is smooth. ]

Theorem 2.9. (chain rule) T is a functor from C* to itself, i.e.

1. For every smooth manifold M, TM is a smooth manifold, and for every smooth map f : M — N, Tf:TM —
TN is smooth.

2. T(ZdM) =idrym
3. T(gof)=TgoTf

Proof. Only need to prove 3.
Choose adapted charts ¢ = (U, ¢) at z, ¢’ = (V,¢) at y = f(z), " = (W) at z = g(y). May assume f(U) CV,
g(V)SW. Let f=¢ofopt, g=vogogp ', h=gof h=1pohop ! Then h=gof.

v L ooov 45w

= y=fl@) = z=g(y)
ol ¢l Wl
rr L rr 4 R
o) =  oly) = P(2)

10



So for v = [¢,x, k] € T, M, we have

Th(v) = [¢", h(z), Dh(p(x))k] = [¢", z, Dh(p(2))k].

while

TgoTf(v) =Tyl ,y, Df(p(x))k] = [¢", 2, Dg(é(y)) D f(p(x))k]-
By the chain rule, we have Th(v) =Tgo T f(v). O

Example 2.10. M =N =P =R"
(9o f)(x) =g (f(x))f"(x)
Tf(z,t) = (f(z), f'(x)1), Tg(y,u) = (9(y), g (y)u)

Example 2.11. N = RF, f: M — R* is smooth., then
Tf:TM — TRF = RF x R¥

sends T, M to {f(x)} x RE.

™ X RF O« Rk
N\ pipd 1 piy
R¥ RF

In other words, pi; (T f(v)) = f(z) if v € T, M.
Define df (v) = piy(Tf(v)) for v € T, M, then T, f(v) = (f(z),d.f(v)). So for any € M, d,f : T,M — R¥ is
linear. d, f is the directional derivative of f at x along v. ~
If ¢ = (U,¢) is a chart at z, and if v = [c.2.h], f = fo ™!, then T, f(v) = (f(z), Df(p(x))h).
So dy f(v) = Df((p(a:))h _ Pn(l) f'(%(w)thht)—f(w(z))_
e

A linear map T, M — R is a cotangent vector to M at x. The cotangent space at x is (T, M)*, usually written
TrxM. Soif f: M — R is smooth, we have d,f € Ty M for x € M.

Example 2.12. Let I C R be an open interval and v : I — M a smooth map (a smooth path in M), then
Ty:TI=IxR—=TM.

For each t € I, Tyy : {t} x R = T, ;)M is linear, so determined by its value T;y(t,1) = /(). (velocity vector at
time t)

Lemma 2.13. For every x € M, v € T, M, there is a path v: I — M with 0 € I, v(0) = = and 7'(0) = v.

2.4 Derivations

Definition 2.14. Let z € M, U,V be open neighborhoods of . f: U — R, g : V — R are smooth functions. f and
g are equivalent if there exists an open neighborhood W C UNV such that f = g on W. The equivalence class of f is
called the germ of f at z, denoted [f] or [f],. The set of all germs at z is denoted C37 .. C37 . = colimys,C>(U),
the colimit taken over all open U 3 x.

If [f]. and [g] are germs at z, then [f+gls, [fg]z, [cf]:(c € R) are well-defined germs, i.e. Cf; , is a commutative
algebra over R with unit.

Definition 2.15. The evaluation map ev = ev, : Cf; , — R is defined by ev,([f].) = f(z). ev is a morphism of
R-algebra with unit.

Definition 2.16. A derivation of M at z is an R-linear map [ : C37 , — R satisfying the Leibniz rule [([fg]) =
W([fNg(x) + f(2)i((g])-

Let DM be the set of all derivatives of M at z. D,M C Homg(C$3 ., R) is a linear subspace.

7‘/1:7

Lemma 2.17. Letl € D, M, then I([1]) = 0.

Proof. 1(1) =1(1-1) =1(1) +1(1), hence I(1) = 0. " O



Example 2.18. Let M = R", = = 0, define ;([f]o) = ‘?f 0), I; = B%|f:0 for i = 1,---,n. Then l; € DyR™.
Hence | = "7 | ¢;l; € DoR™ for ¢; € R. Note

(1) = 3 e (0) = DI(O)e

C1
where ¢ = ( . ) € R™. [ is the directional derivative along c at 0.
Cn

Lemma 2.19. Iy,--- 1, defined above form a basis of DoR", so for any | € DoR", I([f]) = Df(0)v for some
unique v € R™.

Proof. Let | € DoR", f € Cg5 (5, write
flx) = f0)+ > wifilx)
i=1
where f; € C*°(U) and f;(0) = %(O) using Taylor’s formula. So

1([flo) = WO + D Ui filw)]o) = D U[x]) £:(0) = Zl([xi})axl (0) =Df(0)v
i=1 i=1 i=1 !
with v; = l[z,].
Independence: if [ = "7 | v;l; = 0, then Df(0)v = 0 for any [f] € Cgn - Take f = x;, then v; = 0. O

For M an n-manifold, z € M, v € T, M, define

ly: Cip. — R

1 = daf(v)

Choose chart ¢ = (U,¢) at @, then v = [¢,x,h]. Let f = fo @~ !, then d,f(v) = Df(p(x))h. So for each
veT,M,l, is a derivation.

Theorem 2.20. The map %, : T, M — D, M defined by £, (v) =1, is an isomorphism.

Proof. For a smooth map F': M — N and z € M, y = F(z) € N, define F* : ¥, — C37 . by F*([gly) = [go Fls
and F. : D,M — DyN by F.(1)([9]y) = U([F*[gly]), then F.(I) is a derivation of N at y. Can also denote
F,=D,F :D;M — DyN.
Chain rule: if
mME NS P

are smooth, and = € M, y = F(z) € N, z = G(y) € P, then

o 5o, S ox,
satisfies (G o F)* = F* o G* because

(Go F)*([h]:) = [hoGoFly = F*([hoGly) = F*(G"([h].) = F" o G*([h]-).

for any [h], € CF,. And

D,M £ D,N & D, P
satisfies (G o F'), = G, o F because

(GoF)(l)=lo(GoF)*=loF*oG*=G,(loF*) = G.o F.(l)

for any [ € D, M. 19



Choose chart ¢ = (U, ¢) centered at z, apply the following lemma to F' = ¢ gives a commutative diagram

M %= R"
gx »J/ gi ZO
DM  £=P% piRn

©* : Cp% o = C37 ,, 1s an isomorphism, so ¢, : DyM — DoR™ is an isomorphism, hence .%, is an isomorphism.

O
Lemma 2.21. Let F: M — N be smooth, v € M, y = f(x), then the diagram
.M 5 T,N
2 L2,
p.M 5 DN
commutes.
Proof. Let v € T, M, [g], € CF,, then
D, F(Z:(v)([gly) = Zu(v)(F*[gly) = Zu(v)([g o Flz) = du(g 0 F)(v) = dyg o T F(v).
while
Zy(ToF () ([gly) = dyg(TwF (v)).
So the diagram commutes by chain rule. O

Remark 2.22. So now we have a natural isomorphism of vector spaces

Ly TyM — DM
v — ly

Naturality means for any smooth map F: M — N, z € M and y = F(x) € N, the diagram

M Z DM

T,F | | D,F
,N 2 D,N

commutes.

From now on, we identify 7, M = D, M and T, F = D,F.

In our next homework, we will see that D, M = (m,/m2)
C37..1f(x) = 0} is an ideal in the algebra of germs Cfp .

Hence the cotangent space T, M = Homg (T, M,R) = DM = m,/m?2 is called the Zariski cotangent space.

* where m; = ker(ev, : C37, — R) = {[f]. €

2.5 Submanifolds
For k < n, we identify R* with the subspace {z € R*|zp 1 = -+ =z, = 0} of R".

Definition 2.23. Let A be a subset of M, x € A. A chart ¢ = (U, ¢) at = is a submanifold chart of dimension
kfor Aat xif ANU = o1 (R¥). Let va = @|anu, then cq4 = (U N A, p4) is the restriction of the chart to A.
We call A a submanifold (or embedded submanifold) of dimension k if there exists a collection of submanifold
charts of dimension k for A whose domains cover A.

The restrictions of these charts to A define an atlas, and hence a smooth structure on A, called the induced
smooth structure. The induced topology is the subspace topology.

Definition 2.24. If A is a k-dimensional submanifold of an n-dimensional manifold M, then the codimension of
Ais codimpr(A) =n — k. 13



Example 2.25. Open subsets of M are submanifolds of codimension zero.

Definition 2.26. Let X be a topological space, and Y C X. Then Y is locally closed if for every y C Y, there
is a open neighborhood U 3 y in X, such that Y NU is closed in U.

Equivalently, Y is of the form Y = C NV with C closed in X and V open in X.

Lemma 2.27. Let A be a k-dimensional submanifold of an n-manifold M. Then let i : A — M be the inclusion.
Then

(i) A is a locally closed subset of M ;

(ii) the inclusion map i : A — M is smooth and Ti: TA — TM is injective.

(iii) Let ¢ = (U, ) be a submanifold chart for A. Then Tc = (TU,Tp) is a submanifold chart for Ti(T A). For
x € A, we have T,i(T,A) = (dy) 1 (RF).

(iv) Ti(TA) is a submanifold of TM of dimension 2k.

Proof. (i) Taking a submanifold chart (U,¢) at # € A, we have UN A = o 1(R¥). And ¢ : U — ¢(U) is a
homeomorphism, so ¢~ }(R¥) is closed in U.
(i) i is continuous. Let ¢ = (U, ) be a submanifold chart for A. Then the pair of charts c4 = (U N A, pa),
¢ = (U, ) is adapted for 4, and
uvnA 5% U
pal ) Lo
RF  —'— R"
inclusion
i=poio cpzl is linear and hence smooth. By the chain rule(i.e. apply the functor T to the above graph), the
diagram
Twna TU
Toal= ) =l Ty
e(UNA) xRE I o(U) x R®
commutes. Here 77 is the restriction to (U N A) x R* of the inclusion RF x RF — R™ x R". For z € U N A, we
have the commutative diagram

T, A KLIN T,M
dypa 1= =l dyp
RF inclusion R™

so Tyi: T, A — T,M is injective.
(ii4) & (iv) Ti(T(U N A)) = T~ (RF x R¥). This shows that Tc = (TU,T¢) is a submanifold chart for Ti(T A),
and therefore Ti(T'A) is a submanifold of TM of dimension 2k. O

Henceforth, we identify TA with T%(T'A) C TM, and identify T, A with T,i(T,A) C T, M. (ERROR)
The next theorem gives us an alternative way of looking at charts.

Theorem 2.28. Let V be an open neighborhood of x € M, o1, ,n € C(V). Suppose dyp1,- - ,dxpn € THAM
form a basis of T(M). Let
@:(Sﬁh"‘ 7@%):V—>Rn7

then there exists an open neighborhood U C'V of x such that (U, ¢|u) is a chart at x.

Proof. We need to show that there exists an open neighborhood U C V of z such that ¢|y; U — R™ is a diffeomor-
phism.
Choose chart (W, ) at x, It’s enough to show that

Crpoy™ i 9(U) = p(U)

is a diffeomorphism for a small enough neighborhood U C V NW of x.
Notice that because the d,¢; are independent, then d,p : T, M — R™ is an isomorphism. Now let y = ¥(x).
By the chain rule,

dyC = szOIZ (dzw)ila



so dy( is an isomorphism. So by the inverse function theorem, there is an open neighborhood U’ C ¢(W) of y
such that ¢(U’) is open and ¢ : U’ — ((U’) is a diffeomorphism. Now take U = ¢ ~1(U’) and we have the desired
chart. 0

Fact 2.29. Vo € T M, there exists a germ [f], € Cil . such that dy f = «, i.e. dy : O — T M s surjective.
This will be proved in next homework.

Corollary 2.30. A subset M of an n-manifold M is a submanifold of codimension | = n — k if and only if for all
x € A, there is an open U 3> x and (q,--- , € C°(U) satisfying

(i) dpC1,dzCoy -+ dyC € T M are linearly independent

(i) for ally e U, y € A= Gi(y) = G(y) =--- = Gly) =0.

Proof. ” =7 Choose submanifold chart (U, ) at x, then d, : T, M =N R™, s0 dgp1, -+ ,dgpn € Th M are linearly
independent and also U N A = ¢ (R¥). Let ¢; = @ry1,--- ,{ = ¢n and we can verify this works.

7 &= 7 Put wpy1 = G, o0 = (- We can complete apy1 = dgpkt1, 0, an = dypn, € T2M to a basis
g, ,a, € TiM. By the fact above we can find functions ¢y, -+, € C°(U) for a small enough open
neighborhood U of x with d,p1 = a1, -+ ,dzr = ai. By the previous theorem, ¢ = (o1, -+ ,¢,) : U — R" is a
chart (often shrinking U) and U N A = ¢~ 1(R¥). O

Remark 2.31. Keep the same setup as in the corollary. Let ¢ = ((1,---,() € C(U,RY), then condition (i) is
equivalent to d,¢ : T, M — R! surjective, and condition (ii) is equivalent to U N A = ¢(~1(0).

T, A consists of all v € T, M with d,(1(v) =+ = d;(1(v) =0. So T, A = {v € T, M|d,((v) = 0} = ker(d,().
In the special case of M = R", d,( manifests itself as the Jacobian matrix D(, , which is an [ x n matrix. Then
d.C; = (D(j)y is the j-th row of D¢, . So

T,A = ker(D(,)
ker((D¢1)z) N -+ Nker((DG)z)
< (Vo) >t NN < (VaG) >+

2.6 Rank

Definition 2.32. Let M, N be manifolds of dimension m and n, respectively, and let bef : M — N be smooth.
The rank of f at x € M is

rank, (f) = rank(T f : To M — Ty N) = dim(T% f(Ty(2)N)).

Fact 2.33. A linear map T : R™ — R™ of rank r < min{m,n} has an m x n matriz representation
(I, 0O
= 0)

In coordinate charts with respect to these bases, T'(z1, - ,2,) = (21, ,2z,,0,- -+ ,0).

with respect to suitable bases of R™ and R™.

Theorem 2.34. Let f : M — N be a smooth map of smooth manifolds, m = dim(M), n = dim(N). Choose
a € M, let r = ranky(f), then there exist charts (U, @) centered at a and (V,$) centered at f(a) and a smooth map
g:pU) = R" " such that f(U) CV and

¢Of0§0_1(x17~-~ ,J)m) = (xla"' 7x’rag(x17"' 7xm))
9(0) =0
Dg(0) = 0

Proof. Let E = ToM and F' = Ty()N, T =T, f : E — F,and F|; = T(E). Let r = dimF;. Choose a basis vy, --- , v,
of F; and complete it to a basis vy, ..., Uy, Up11, ..., v, of F. Choose vectors uy,--- ,u, € E with T(u;) = v;,1 <i <r,
then w; must be independent since their images are independent, so E; = span{uy,...,u,} C E has dimension r,
and T|g, : B4 — F} is an isomorphism. 15



If ue EyNkerT, then Tu = 0, so u = 0 because u € E;. So Ey Nker T = {0}.

Choose basis {ty41,- - ,um} of ker T. Then wy, -« ,Up, Upt1,- - , Uy form a basis of E. (rank + nullity = m =
dim F)

The matrix of T with respect to these bases is

I, 0
a=(5 0
nxm

Uy, Uy, € BT . uf(u;)=6; 1<i,7<m .
Let i ™~ . be the dual basis such that i( i) = 0ij - ] — ", then the dual map satisfies
Ula"'7vn€F v; vj):&j 1<4,5<n

T (v}) =v;oT = uj
By the previous theorem, there is a chart (V,$) centered at f(a) such that djqy¢; = v; for j =1,--- ,n. Let
Uy = f~1(V), this is an open neighborhood of a. So for j = 1,--- ,r, define

QOJZQS]'Of,

thendagoj—df QﬁJOTf—U oT = T*( *):u;forjzl’...’r
Then choose functlons Oril, yom € C(Uy) such that

. -0
{cpj(a) , 7 <j<m.

dapj = uj
Again by previous theorem, there exists an open neighborhood U C Uy of « such that ¢ = (¢1,- - ,0m) : U —
R™ is a coordinate map.
Let g; =¢iofop t:U—Rforr+1<i<mn,then g=(g41, - ,9n): U — R"" satisfies that g(0) = 0.
Let x € (U), then

pjofop Hz)=¢gjop  (z)=a; 1<j<r
qb]ofoga (x) = gj(x) r+1<j<n’
SO¢ fOQO( ) (1'17"' Ly (.73))
Finally, dop; = uj for i < j < m implies that do;(u;) = ;i So dap(u;) = e; is the standard basis vector of

R™. Hence for j > r,

df(a)qu(vl) (vz) = 6ji =0 1<:<r
df(a)¢( ):

so Dg;(0) = 0. [

Dg;(0)e; = dy(a)¢j 0 T o (datp) " tei = dy(ay 9 © T(u;) = {

Corollary 2.35. (Semicontinuity of the rank) Every ag € M has a neighborhood U such that rank,(f) >
rankg, (f) for all a € U.

Proof. Choose the chart as in previous theorem, we have

T1
bofoet@=|
g(x)*
_ I 0
D 1 _ r
(o fop @) (Dlg(w) Dgg(fv))
where Dyg(z) is the Jacobian matrix of g with respect to xy,--- , ., and Dog(x) is the Jacobian matrix of g with

respect tO Ty41, - , T S0
rank, (f) = rank,q) (¢ o fop™") = rank(D(¢ o f o 9™ ) (p(a))) > 1

16



Definition 2.36. f : M — N is a subimmersion at a € M (or has constant rank at a) if rank,(f) = rank,(f)
for b in a neighborhood of a.

Theorem 2.37. (Subimmersion or constant rank theorem). Suppose f is a subimmersion at a. There exists adapted
chart (U, p) centered at a and (V,¢) centered at f(a) such that ¢po fop Y (xy. - 2p) = (21, 2,0, -+ ,0).

Proof. Choose adapted charts (U, ¢), (V, ¢) as in previous theorem. Then f has constant rank near a if and only
if f = ¢ofoe ! has constant rank near 0 € R™. So Dyg(x) = 0 for z in a neighborhood of 0 € R™. Hence,
g(z) is independent ofz, 41, -,z for x € W = Wy x Wy, where W is a neighborhood of 0 € R” and Ws is a
neighborhood of 0 € R™™" . So there is a smooth h : W; — R*™" with g(x1,--- ,z,,) = h(z1, -+ ,2,). Hence,

¢Of080_1(37) = (xla"' 7xT7h(x17"' ;xr))~

Define shear transformation
c: Wi xR — Wy x R "

(u,v) = (u,v — h(u))

then it is a
ol Wi xR*™ — W, xR»T
(w,2) = (y,2+h(y))
is the inverse. Now we have 0 oo foo (21, -+ ,2m) = (x1,-+ ,2,0,--+,0). Replace ¢ with o o ¢. Need also
to restrict p to U 1(W) and ¢ to V¢~ (W; x R*~"). (ERROR) O

2.7 Immersions and Submersions

Definition 2.38. Let f : M — N be smooth, f is called an immersion (submersion) at a € M if T,f : T,M —
Tt(a)N is injective (surjective).

Theorem 2.39. (Immersion Theorem). If f is an immersion at a, then ranky(f) = m for b in a neighborhood of
a, and there exist adapted charts (U, @) centered at a and (V,¢) centered at f(a) with

¢Of0g0_1($17~-~ axm):(xla"' 7xm707"' 50)

Proof. If f is an immersion at a, then rank,(f) = m = dim(M), so m < n and for b closed to a we have
m < ranky(f) < n, so ranky(f) = m is a constant. Take r = m in the subimmersion theorem. O

Theorem 2.40. (Submersion Theorem). If f is an immersion at a, then ranky(f) = n for b in a neighborhood of
a, and there exist adapted charts (U, @) centered at a and (V, @) centered at f(a) with
¢ofo<p_1(x17~-~ 7:Em) = (xly"' 7xn)~

Proof. If f is an submersion at a, then rank,(f) = n = dim(N), so n < m and for b closed to a we have
n < ranky(f) < m, so rank,(f) = n is a constant. Take r = n in the subimmersion theorem. O

Definition 2.41. If f: M — N, then A= f~1(c) = {a € M|f(a) = ¢} is the fibre of f over c.

Theorem 2.42. (Fibre Theorem) Assume that f : M — N is a subimmersion of constant rank r at all points of
A = f~(c),c € N, then the fibre A is a closed submanifold of M of dimension dim(A) = m — r and the tangent
bundle equal to

TA=ker(Tf) = H ker(T, f).

acA

Proof. Let a € A, choose adapted charts (U, ¢) centered at a and (V, ¢) centered at f(a) as in the subimmersion
theorem. Let F C R™ be the linear subspace F = {z € R™|z; = --- =z, =0} 2 R™", then

repUNA) s f(z)=0szeF

17



where f(x) = (21, -+ ,27,0,---,0). So UNA = ¢ }(F). This shows that A is a submanifold of M at a: up to
renumbering the coordinates (U, ¢) is a submanifold chart for A. We have that dim(A4) = dim(F) = m —r. We
also have the following commutative diagram

T, M Tad, Tj(a)N
dap = =l dpa)o .
gm =D R

Notice that dq¢ and ds(a)¢ are isomorphism, hence we can write

ToA = (dap) "' (F) = (daw) ™ (ker f) = ker(day o f) = ker(ds(ay¢ o Tuf) = ker(To f)
for all a € A. O
Definition 2.43. The number e(f, A) = n — r is called the excess of f at A = f~!(c).

Remark 2.44. Interpretation: Near a € A, ¢(A) is the solution set of n equations in m variables

f1(x17~-~xm)=0

fn(xh o :Cm) =0
If the equations were functionally independent, we would have dim(A) = m — n. Instead, only r equations are
independent, then dim(A) =m —r =m —n+e(f, A).

In the case where the excess is zero, we have the following important definition.
Definition 2.45. ¢ € N is called a regular value of f if f is a submersion at a for all a € A = f~1(c).

Theorem 2.46. (Regular Value Theorem). If c € N is a reqular value of f , then A = f~1(c) is a closed submanifold
of dimension m —n, and TA = ker(Tf).

Example 2.47. Let M = M(n,R) & R™ be the n x n matrices with entries in R. Define f: M — M by
f(X)=XXT then f~1(I) = {X € M|XXT = I} is the orthogonal group of n x n orthogonal matrices, denoted
O(n) or O(n,R).

Claim 2.48. O(n) is a submanifold of M of dimension n(n — 1)/2 and T;O(n) = {H € M|HT = —H}, the Lie
algebra of skew-symmetric matrices.

Proof. Method 1: check that f is a subimmersion of appropriate rank < n? later! (Lie groups)

Method 2: Let N = {Y € M|Y = YT} be the subspace of symmetric matrices, then f is a map f: M — N.
Check that I is a regular value of f.

Let A € M, then Df(A): M — N is linear. For H € M,

f(A+H)=AAT + AH" + HAT + HH" = f(A) + L(H) + R(H)
where L(H) = AHT + HAT is linear and R(H) = HH”. So considering the matrix norms,

IRCED| _ [HHET] _ | H]?
I1H]] [RcA /el

=||H|| - 0as H— 0.

So we get Df(A)H = AHT + HAT = L(H). To check that f is a submersion at A € O(n), we need to know that
L : M — N is surjective. Let B € N. We want to solve the equation

AH" + HAT = B
for H. To do this, rewrite the above equation as

1 1
AHT + HAT = —B+ =BT
18 2 2



and then we can find that half of the above equation is easy to solve. If we set HAT = %B, then
T 1
H=HA"A= §BA
satisfies the initial equation AHT + HAT = B. So I is a regular point of f. And

. . . 1 1 n
dim(O(n)) = dim(M) — dim(N) = n? — in(n +1) = in(n —-1)= <2>

T10(n) =ker(Df(I)) =ker(H - H+H")={H c M|H" = -H}
O

Remark 2.49. O(n) is our first example of a Lie group. For any A € O(n), 1 = det(AAT) = det(A)? = det(A) = £1.
So O(n) has two connected components, namely the preimage under det of +1 and the preimage under det of —1.
The special orthogonal group is SO(n) = {A € O(n)|det(A) = 1}, the connected component of O(n) of determinant
1 matrices, and the other connected component of O(n) is the coset 45.S0(n) = {A € O(n)|det(A) = —1}, where

Ap is the matrix
-1

Ay =

2.8 Embeddings

Definition 2.50. f: M — N is an embedding if it is an immersion (that is, an immersion at every point of M)
and a homeomorphism onto its image.

Equivalently, f : M — N is an embedding if

(i) f is injective,

(ii) T, f is injective for all a € M,

(iii) f~': f(M) — M is continuous.

Theorem 2.51. (Embedding Theorem).

(i) The inclusion of a submanifold i : A — M is an embedding.

(i) If f : P — M is an embedding, then A = f(P) is a submanifold of M and f : P — A is a diffeomorphism
and TA=Tf(TP).

Proof. (i) Recall that T is injective, so ¢ is an immersion. By definition, the inclusion is injective. Also the
topology on A induced by the smooth structure is the subspace topology inherited from M, ie. i : A — M is a
homeomorphism onto its image.

(ii) Let £ = dim(P) and n = dim(M). Let p € P, a = f(p) € A. Immersion Theorem gives adapted charts
(U, ¢) centered at p and (V, ¢) centered at a such that

QSOfOsp*l(xl’...xk):(xl’... 71'16707”‘ ’0)

is the inclusion R¥ < R™.

We would like f(U) =V N A and f(U) = ¢~ 1(R¥), but this may fail.

First replace (V,¢) with (V, ¢o) where Vo =V N ¢~ (p(U) x R*™*) and ¢g = ¢|vs,.

To get f(U) = Vo N A, use the fact that f is a homeomorphism onto A. So there is open V' C M with
f(U)=V'NA . Replace (Vy, ¢o) with (V1,¢1) where V1 = Vo (V' and ¢1 = ¢o|v,- Then (V1, ¢1) is a submanifold
chart for A at a. The map f~!: A — P is represented near a by

pofod™l: G(Vind) - U)CR:
X g xr

)

so f~1is smooth, f is a diffeomorphism. And Tf : TP — TM sends TP onto T A. O
19



Example 2.52. (Non-example). Let P = (-7, 37”), M =R?, and

10 = (cosironis)

We have chosen the domain such that this is injective. The graph of this function for ¢ € P is the lemniscate. f is

an injective immersion, and
P — sin(t) 0
Fit) = (— sin(t)? + cos(t)2> 7 (0 ’

Then f~1: f(P) — P is not continuous: f is not an embedding, f(P) is not a submanifold.

Example 2.53. 6 (Non-example). Let P =R and M = S* x S! be the 2-torus. Let

0= ( ).

Hence we think of S! as the unit circle {z € C||z| = 1}. Then
it
[ te 0
f (t) - (iaeiat) 7é <0> s

1. fa= % € Q, then f is not injective: f(t) = f(t + 2mq). But f descends to a map

so f is an immersion.

f:R/2rnqZ — S* x S'.

called a torus knot. f is an injective immersion, and in fact f is an embedding because the inverse is
continuous. To check that f~1 : f(R) — R/2mwqZ is continuous, one must check that if C' C R/2mqZ is closed,
then f(C) is closed in S! x S! . True because R/2w¢Z = S* is compact.

2. (Kronecker). If « ¢ @, then f is injective and A = f(P) is dense in M, so it is certainly not a submanifold.

Definition 2.54. An ¢mmersed submanifold of a manifold M is a pair (P, f) where P is a manifold and
f: P — M is an injective immersion. Then f: P — A = f(P) is a continuous bijection, but f~' : A — P is not
necessarily continuous for the subspace topology on A.

Remark 2.55. Identifying P with A, we see an immersed submanifold is a subset A of M equipped with a smooth
structure such that the inclusion 7 : A — M is an immersion. But the topology on A induced by this smooth
structure may be finer (bigger, stronger) than the subspace topology.
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3 Vector Fields

Let M be an n-manifold, and let m = 7y : TM — M be the tangent bundle projection. Then for any a € M,
7 Ya) =T,M for all a € M.

Definition 3.1. A wvector field on M is a smooth section of m, that is, a map £ : M — T'M satisfying mo& = Idy,.
So &(a) € T,M for all a € M. We often write £(a) = &,.

Definition 3.2. A point a € M is a zero or equilibrium of £ if §, =0¢€ T, M.

Let ¢ = (U, ¢) be a chart on M. Then £(U) C TU = 7~ (U), so ¢ and T'c are adapted for £. An expression for
& in coordinates is then
Tpotoyp™ 1 pU) = Te(U) = ¢(U) x R

So this defines a vector field on ¢(U) € R™. For each 2 € o(U), Tpo&op~!(x) = (x,h) for some h € R". We write
h=¢(x), with £ : (U) — R™. (ERROR)
A vector field £ is smooth if and only if £ is smooth for all charts ¢ on M.

Remark 3.3. This meshes with our definition of smooth morphisms of manifolds: f: M — N is smooth if and only
if it’s expression in any pair of charts is smooth as a map R™ — R". We see that ¢ is smooth if and only if it’s
expression T'm o € o ¢~ ! is smooth, if and only if ¢ is smooth.

For vector fields £, 7 and a function f : M — R, we define vector fields £ + 7 and f¢€ by (£ +1n)(a) = &(a) + n(a)

—_—~— —_—

and (f¢)(a) = f(a)¢(a). With respect to a chart ¢ we have (£ + 1) = € + 7 and (f¢) = f€.
Denote T(M) ={¢: M — TM|ro& = Idy, € is smooth}. T (M) is a module over the algebra C°(M).

3.1 k-frame
Definition 3.4. A k-frame on M is an ordered k-tuple (&1,---, &) of smooth vector fields on M such that for
allae M, (&1)a, -+, (€k)a € ToM are linearly independent. In particular, A 1-frame on M is a nowhere vanishing

vector field €. That is, £(a) # 0 for all a.
An n-manifold M is called parallelizable if it has an n-frame.

Example 3.5. M = U is an open subset of R", a smooth vector field on U is a smooth map
E:U—->TU=UxR"

of the form &(z) = (x,£(x)) where £ : U — R™ is smooth.
U is parallelizable: the constant vector field ey, -- ,e, : U = U x R™ form a n-frame.

Example 3.6. Lie groups are parallelizable.
Example 3.7. M =S2, ky = 0.

Fact 3.8. (F.Adams, 1962) Let M = S"~ ', m = maz{l|2! divides n}. Write m = 4b+a withb € Z, a € {0,1,2,3}.
(Euclidean Algorithm)
Let o(n) = 2% + 8b, called Radon- Hurwitz number.
n ||1]2|814|56|6|7]8|9]10]---
on) || 1|21 4|1|2|1]|8|1] 2

Theorem 3.9. (Adam’s theorem) kgn-1 = o(n) — 1.

If n is odd, then m =0, a = b =0, so k,;;, = 0. So every smooth vector field on an even-dimensional sphere has
7Zer0s.
S"—1 is parallelizable if and only if ks» = n — 1, if and and only if o(n) =n

Exercise 3.10. (Next homework)S™~! is parallelizable if and only if R™ has the structure of a division algebra.
Theorem 3.11. (Kerlaire, 1956) p(n) = n if and only if n = 1, 2, 4, 8. Therefore, S*~! is parallelizable if and

only if n =1, 2, 4, 8.
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3.2 Flows
3.2.1 Trajectories

Definition 3.12. Let £ € T(M). An integral curve or trajectory of £ is a smooth map v : J — M where J C R
is a an open interval, which satisfies 7'(t) = £, for all t € J. We say ~ starts at a € M if 0 € J and (0) = a.

For s € R, let J., = {t+ s|t € J}.

Lemma 3.13. (Time Translation Lemma) Let v : J — M be a trajectory of £, define § : J_g — M by 6(t) = v(t+s)
then 0 is a trajectory. If s € J, then 0 starts at a = ~(s).

Proof. Recall tangent map Tyy : TR — Ty, M, we put +'(t) = Tyy(t, 1).
9 is smooth and 0'(t) = 7'(t + ) = & t4s) = &s5(t), S0 0 is a trajectory. If s € J, then 0 € J_,, and
5(0) = y(s) = a. O

Trajectories are partially ordered (by inclusion).

Definition 3.14. A trajectory v : J — M is maximal if for any trajectory v1 : J; — M with J C J; and v = 7|,
we have J = Jj.

The initial value problem for  is to find for each a € M a maximal trajectory v : J — M, with 7/(t) = ),
and starting at a = y(0).

Theorem 3.15. (Ezistence and Uniqueness) For each a € M, the IVP has a unique solution.

Proof. 1. Existence of a trajectory:
Choose a chart (U, ) at a € M. For a path v: J — M, write ¥ = oy : J — ¢(U) C R™. Write

Toofop™t: pU) — p(U) x R?
z o= (2,6(2)

where € : »(U) — R™ is the empression for £ in the chart. Then « is a trajectory of £ starts at a if and only if

{7'@) =&
7(0) = ¢(a)

which is a vector-valued ODE with smooth RHS €. By the existence theorem of ODE, a solution 7 : J — »(U)
exists. So a trajectory v = ¢! o7 :J — U starting at a exists.

2. Uniqueness

Suppose y; : J1 = M 2 : Jo — My are two trajectories starting at a. Let I = {t € J; N Jo|71(t) = 72(¢)} then
0 € I because v1(0) = v2(0) = a.

Let T'(t) = (71(t),72(t)), then T : Jy N Jo — M x M is smooth and I = T'~!(Ay;), where Ay = {(z,2)|x € M},
Since M is Hausdorff, I is closed in J; N Js.

By the uniqueness of solutions of ODE, I is open.

So I = J; N Js is a connected, non-empty component of J; N Jo, and v; = 5 on J; N Js.

3. Maximality

Let {vq : Jo = M|a € A} be the collection of trajectories starting at a. For any «, 8 € A we have v, = g on

Ja N J,@.
Define J = U, J, an open interval containing a, and (t) = 7,(t) for some « € A, ¢t € J such that t € J,, then
v is well-defined and smooth, also maximal. O

Corollary 3.16. Let~ : J — M be the mawximal trajectory of € starting at a . Let s € J and b = ~(s), §(t) = y(t+s),
then 6 : J_s — M is the maximal trajectory starting at b.

22



3.2.2 Flow
For a € M, let 0 € D* = D?(¢) C R be the domain of the maximal trajectory starting at a.

Definition 3.17. The flow domain of £ is D =D(§) = {(¢,a)[t € D*} C R x M. The flow of £ is the map
© : D — M defined by ©(t,a) = (t), where v is the maximal trajectory starting at a.

Note {0} x M C D.
Also put D; = {a € M|(t,a) € D} and O:(a) = ©%(t) = O(t,a) for t € R,a € M. Then we have

0. D* - M
@tZDt—>M

and t € D* & (t,a) € D < a € Dy.
Example 3.18. M =R, {(x) = 2%. Find the flow domain and the flow of ¢, and solve the IVP for &.
Solution. We have the IVP

To solve this ODE, we have

‘0
20
for z # 0,50 by integration of ¢ on both sides
1
=t
o)
where c is a constant. Take the initial value z(0) = —1 = z(, so
Zo
t J—
33( ) 1-— t.’L‘o

holds for both x(0) # 0 and z(0) = 0.
Flow ©(t,z) = 15
Domain:
For 79 =0, z(t) = 0 for all t € R, so D’ = R.
For zo > 0, z(t) exists for t < %, so D*0 = (—o0, ).
For zy < 0, z(t) exists for ¢ > %, so D¥0 = (X o0).

Theorem 3.19. (Flow)

1. The flow domain D C R x M of £ is open and the flow © : D — M is smooth. In particular, for each t € R,
the set Dy C M is open in M and Oy : Dy — M is smooth.

2. DOta) = Do ¢ for all (t,a) € D.
3. Doy 2Dy NO71(Dy) and on Dy N O (D,) the flow law O+ = O 0 O, holds.
Proof. (Flow)

1. Use charts to reduce to the case M = U an open subset in R”, then the result is true by theory of ODE:
for every a € U, there is an open neighborhood V, of a in U and an € > 0 such that for all z € V,, the
trajectory O(¢,x) exists for all ¢ € (—e,¢). This shows D is open. Also ©(t, z) depends smoothly on ¢ and x.

2. For a € M, let v(t) = O(t,a). For s € D%, let 6(t) = y(t+s). The domain of § is D* — s by the time translation
lemma, and ¢ starts at y(s) = O(s,a), i.e. §(t) = O(t,0(s,a)).The definition interval of D is DO(*:®)
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3. Fix a € M, let v(t) = ©(t,a). For s € D*, let 6(t) = v(t +s). We get y(s +t) = O(t,0(s,a)), ie.
O(t,a) = 0O(t,0(s,a)). So
®S+t(a) = @t o @S(a).

For this to hold, we have s € D%, t € D®(*:%) = D — 5. which is equivalent to

a € Dy - a € Dy
O(s,a) € D, a€0;YDy)

On the other hand, if ¢, s satisfies these conditions, then s+t € D%, i.e. a € Dsyy.

Corollary 3.20. 04(D;) = D_; and ©, : D; — D_; is a diffeomorphism with inverse ©_,.
Proof. By the third property in previous theorem, for any (s,t,a) € R x R x M,
s+teD* e seD* —t =D o O(t,a) & O,(a) € D,

Set s = —t, we get 0 € D* < O;(a) € D_;, where LHS is always true, so ©;(D;) C D_;. And ©_;(0(a)) = a.
Replace ¢t with —t, we get ©_¢(D_¢) C Dy, ©:(0_¢(a)) = a. O

Definition 3.21. ¢ is complete if D = D(¢§) =R x M, i.e. D* =R for all a € M and D; = M for all t € R.

If ¢ is complete, each ©; is a diffeomorphism M — M, ie. O; € Diff(M) the group of diffeomorphisms
M — M.In this case, t — ©; is a homeomorphism R — Diff(M) by the flow law. It also defines an action of R on
M.

Lemma 3.22. (Uniform Time Lemma) If there is € > 0 such that (—e,e) x M C D, then £ is complete.

Proof. Let a € M, s = sup(D?). Suppose s < +oo, let ty € (s —,8) C D% b = (tg,a). Since (—¢,e) C D =
DO(0,:@) = D — ¢4, we have (ty — €,t9 4+ ) C D But to + ¢ > s. It’s a contradiction, hence s = 4-00.
Similarly, inf(D?%) = —o0. O

Definition 3.23. The support of £ is supp(§) = {a € M|¢(a) # 0,}.
Theorem 3.24. If supp(§) is compact, then £ is complete.

Proof. Let K = supp(§). If a ¢ K, then £(a) =0. So O(t,a) = a for all t and D* = R.

For every a € K, there exists ¢, > 0 and an open neighborhood U, of a such that (—e,,&,) X U, C D, i.e. for
any b € Uy, (—€4,€4) C DP.

Cover K with finitely many Uy, ,- -+ ,U,,, put € = min{e,,, - €4, }, then (—¢,&) x M C D,by the uniform time
lemma, & is complete. O

Corollary 3.25. On a compact manifold, every vector field is complete.

Example 3.26. An example of complete vector fields: linear vector fields on vector spaces.
Let £ : R™ — R™ be a linear map, i.e. a matrix A.
Flow of & © : R x R® — R™.

{x’(t) = £(a(t)) = Ax(t)
z(0) =z

The solution to this equation is z(t) = eA*xq. This is defined for all t

Example 3.27. A time-dependent linear vector field on R™ is a vector field £ on R x R™ of the form &(¢, ) =
(%, A(t)x), where A: R — M(n,R) is a smooth map. Such a vector space is also complete.
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4 Derivations

Let A be a commutative ring with 1, B be a commutative algebra with 1 over A, C' be a B-module.
Definition 4.1. An A-derivation of B into C is a map [ : B — C satisfying:

1. A-linearity: I(a1by + agbe) = a1l(by) + asl(bs)

2. Leibniz rule: I(b1bs) = 1(b1)ba + b1l(b2)
for all a; € A, b; € B.

Remark 4.2. We should really write bol(b1) instead of 1(b1)bs, because C' is a left B-module, but that is wrong if B
is noncommutative. In that case, need to assume C is a B-bimodule. For commutative B, can make C' a bimodule
by putting bicby = bibac.

The set Der4(B, C) is the set of all A-derivations of B into C. It is a B-module (as well as an A-module):
If by,by € B and l1,ls € Der 4 (B, C), then byl; + bala € Derx (B, C) for commutative B.

Lemma 4.3. Ifl € Dera(B,C), then l(alg) =0 for all a € A.

Proof. l(alg) = al(1g). Ouly need to show that I(15) = 0.
Note that I(15) =1(1p-15) =1(1p)lp + 1Bl(1B), so (1) = 0. O
If C = B, we write Der4(B) = Dera(B, B).

Example 4.4. Let M be an n-manifold, A = R.
1. Let a € M and B = Cfj , be the algebra of germs at a, and C'=R. Here A = R. Recall the evaluation map

ev: Cpp, — R
(/1 = fla)
is an algebra homomorphism. This makes C' a B-module: [f]c = f(a)c.
We call Derg(C37 ,,R) the derivations of M at a. The map

L T,M — DerR(C'J‘@}’@,R)
v Z,(v)

where Z,(v)([f]) = daf(v), is an isomorphism.

2. Let B=C>(M) = C, We call Derg(C>°(M)) the derivation of M.
Each ¢ € T(M) defines a derivation % of M, Z:(f) = df (£).

That is, Z¢(f) is the function defined by Z:(f)(a) = dof(£a). This is the Lie derivative or directional
derivative of f along &.

Z¢ satisfies the Leibniz rule. Need to check Z(f) is smooth: in a chart (U, ), write f = fop!, then
(To oo Nx) = (x,6(x)), ie. Tpolop !t = idg, () x ¢ where £ : p(U) — R” is smooth. Then
Ze(f)(a) = daf(€a) = Df(p(a))é(@(a)) for a € U. Since f and € are smooth, so is .Z(f).

Theorem 4.5. The map
Z: T(M) — Derg(C>®(M))
f —> fg

is an isomorphism.
Ingredients of proof:

Lemma 4.6. For all 0 < p < q, there is a C* function X\ : R™ — [0, 1] with

1 el<s
= {g5||x<q'



Proof. Define

0 <0

o(z) = {e_w x>0

a is smooth: check o(0) = 0 for all k > 0. (We say « is flat at 0. The k-th Taylor polynomial of o at x = 0 is the
zero polynomial.)
Define §: R — [0,00) by 8(z) = a(z — p)a(q — z).

9 B(y)d
Define vy : R — [0, 1] by () ﬁl gg;di

Let A(z) = ~([l=[])- H

. Then + is smooth.

Theorem 4.7. (Extension Theorem) For every point a € M, the restriction map

c*(M) — O,
fe

18 surjective.

Proof. Let [g], € C}7 ,, then g € C>°(U) for some open neighborhood U of a.

Without lose of generality, may assume U is a domain of a chart (U, ¢) centered at a.

Choose 0 < p < ¢ such that B;(0) C ¢(U). Choose A as in previous lemma, and let o = Ao € C*(U), then
supp(o) = ¢~ 1(B,(0)) is compact, hence closed in M because M is Hausdorff. Hence V = M supp(p) is open and
U,V form an open cover of M. Now define

f(x):{o zeV

og ze€U

so f is well-defined. f issmooth on both U and V', hence smooth on M. Also f = gon ¢~ (B,(0)), 50 [f]a = [gla- O
Taking g = 1 in the Extension theorem, we get the following lemma.

Lemma 4.8. (Bump Function Lemma) For all a € M and every neighborhood U of a, there is a smooth p € C°°(M)
with supp(p) C U and p =1 on a neighborhood of a.

Lemma 4.9. (Locality of Derivations) Let | € Derg(C*°(M)) and f € C>(M), let U C M be open. If f =0 on
U, then I(f) =0 on U.

Proof. Let a € U, p € C*°(M) a bump function at a supported at U, then o- f =0,s0 f = of+(1—0)f = (1—0)f.
Then I(f) ==1((1—0)f) =1(1—0)- f+(1—0)-l(f) = 0 on a neighborhood of a. Since a € U is arbitrary, I(f) =0
on U. 0

So now we can prove the theorem: £ : T(M) — Der(M) is an isomorphism. Here T (M) is the smooth vectors
fields on a manifold M, and Der(M) = Derg(C* (M) and Z(f) = df (£).

Proof. Injectivity: suppose %z = 0, then Vf € C>°(M), df(§) = 0.
Let a € M, by extension lemma,
c*(M) — O,
f = [fla

is surjective, so for any [f], € C57 4

)

Zu(&a)([fla) =daf(&a) =0

Now using the point wise version of the isomorphism: %, : T,M — Der,(M) = Der(C}j ,,R), we see that
& =0e€T,M,so¢&=0.

Surjectivity: Use locality of derivations and charts to reduce to the case M = U C R”™ an open subset. In this
case, use Taylor’s theorem. (Next homework) O
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5 Intermezzo: Point-set topology of manifolds

5.1 Paracompactness

Definition 5.1. A topological space X is paracompact if it is Hausdorff and every open cover % of X admits a
locally finite refinement %/’.
Locally finite means: Vo € X, there is a neighborhood which intersects only finitely many members of %’.
Refinement means: every member of %/’ is a subset of a member of % .

In the next statement, “manifold” means merely a topological space with a smooth structure. In particular, we
do not demand that it is Hausdorff or second countable.

Theorem 5.2. . Let M be a Hausdorff manifold. Then the following are equivalent:
1. Every connected component of M is second countable;
2. M is metrizable;
3. M s paracompact.

This theorem tells us that paracompactness is a bit weaker than the property second countable. The following
example is a manifold which is paracompact but not second countable.

Example 5.3. Let M be the disjoint union of uncountably many copies of R (with its standard smooth structure).
Then M is paracompact but not second countable.

Sketch: If we consider the plane R? but with a different topology: choose a line, and all the lines parallel to
it, and say that intervals of these lines are the basic connected components. This makes M a one-dimensional
manifolds.

Proof. Proof of the theorem:

1 = 2: Let C be a connected component of M, C is Hausdorff and second countable. M is also locally compact,
hence regular. (Why?) For each © € M, and each closed subset F' C M with = ¢ A, there are open U,V with
zcU, ACVandUNV = 0.

Urysohn Metrization Theorem: Every regular space with a countable basis is metrizable.

So C' is metrizable. Then M is metrizable. (Let dc be the metric on C, let ¢ (x,y) = %, then ¢ is a
metric on C. Now for z,y € M, set

dc(z,y) x,y € C for some connected component C'
dz,y) =1, o

Then d is a metric on M compatible with its topology. )

2 = 3: Every metrizable space is paracompact. (Why?)

3 = 1: May assume M is connected. Every point € M has a second countable neighborhood. (what does it
mean?) To get M is second countable, we show M is o-compact, i.e. a countable union of compact subsets.

M has open cover % whose member U has compact closure. By paracompactness, may assume % is locally
finite. Let () # Uy C U, then Uy being compact, intersects only finitely many members Uy, --- ,U,,, of % . Likewise,
UoU---UU,, intersects only finitely many U,, 11, ,Up,, of %. Continuing in this way we obtain a sequence
Uogy-+ ,Upy, -+ of % with U;‘;OUj = U2, Uj.

The collection {U;} is locally finite, therefore US2,U; is locally finite. (Why?) The union of a locally finite
family of closed sets is closed, so this implies that US2,U; is closed. (Why?)

But U52,,U; = U2, Uj is open, so U52,U; = M. So M is o-compact. O

Example 5.4. Let w; be the first uncountable ordinal. The elements of ws are all countable ordinals. The
long ray is
R = wp X [0, 1)

equipped with lexicographic order:
(a,8) < (bt) a<bd
(a,s)<§a7t) s<t



and the order topology (subbasis consisting of all segments R, and R-,).
R is a connected 1-manifold with boundary point (0,0). The long line is obtained by gluing two copies of R
together along their boundary. The long line is not second countable, so it is not paracompact.

5.2 Partition of Unity
M is a manifold in the weak sense, i.e. a topological space equipped with a smooth structure.

Definition 5.5. Let % = {U;|i € I} be an open cover of M. A partition of unity subordinate to % is a family of
smooth functions {\; : M — [0,1]|i € I} satistying

1. supp(\;) C U,

2. {supp(\;)|i € I} is a locally finite collection of subset of M,

3.3 Ai=1

iel
Note the second condition implies for any a € M, there is a neighborhood V' of a such that only finitely many
A; are nonzero on V', so the sum Z/\i make sense, and for any J C I, the sum Z)‘i is well-defined and smooth.
el =
Theorem 5.6. Let M be paracompact and let % be an open cover. Then there exists a partition of unity subordinate
to % . In particular, this theorem holds when M is Hausdorff and second countable.

Lemma 5.7. . Let M be paracompact. Then
1. Mis regular, and

2. every open cover % = {U;|i € I} of M has a shrinking: a locally finite refinement ¥ = {V;|i € I}, indexed by

the same set, with V; C Uj;.

Proof. 1. Let A C M be closed, x € M\A. For each y € A, choose open sets U,, V, such that z € Uy, y € V,,,
U, NV, =0. Then {U,, Vyly € A} U{M\(AU{z})} is an open cover of M.

Let {W;|i € I} be a locally finite refinement, J = {i € I|W; N'V,, # 0 for some y € A}.

Choose open U > x such that U intersects only finitely many W, say Wy, ,--- , W, . Let U’ = U\(W,,U- - -UW},),
W =UjesW;. Then U'NW =0, and U’ 5 x is open, W is an open neighborhood of A.

2. Let A; = M\U;, € U;. Use regularity to find a neighborhood W; , > x such that W; , N U, = 0 for
some open neighborhood Uy, of A;, so Ww CU;. Then # = {W,,|i € I,x € M} is an open cover of M and a
refinement of %/. Choose a locally finite refinement % of #'. W' = {W]|j € J}.

Choose functions f : J — I such that W]’ C Wy (), for some x € Uy, then V_Vj’ C Uy (-

Fori e I, set Vi = Ujcp1(yW/ C U;,s0 ¥ = {Vili € I} is a shrinking of % . O

Proof. Now we can prove the theorem.
Choose a locally finite atlas {(V}, ¢;)|7 € J} of M, such that

1. ¥ ={Vj|j € J} refines % and
2. Vj; is compact with ¢;(V;) is bounded in R™.
It suffices to define a partition of unity subordinate to #. Choose a shrinking # = {W;|j € J} of #. Then W; C V;

, so W; is compact. Cover o;(W;) with finitely many closed balls B;1,--- , Bj k) € ©;(Vj).
Choose smooth functions v;; : R™ — [0, 1] such that v, > 0 < = € int(B; ). Let

k(5)
vj = Zvj”“ :R™ — [0, 0)
k=1
then
>0 x€p;(W))
vi(z)q o G
=0 s£R\UY) By,



let

_Juiopila) a€l;
Hj = 0 M\o! k(j)B_
\¢ (Uj:1 k)

then p; is well-defined and smooth. p; > 0 on W; , supp(i;) € V; . The collection {supp(v;)|j € J} is locally
finite. We put

Aj

_ M
Zﬂi

ic€J

5.2.1 Applications

Lemma 5.8. (Smooth Urysohn’s Lemma). Let A, B be disjoint closed subsets of M. Then there exists a smooth
f:M —1[0,1] withf =0 on A and f =1 on B. Hence, there exist open sets U 2 A and V 2 B and UNV = .

Proof. Let U' = M\A, V! = V\B, then {U’,V’'} is an open cover of M. Let {f,g} be a partition of unity
subordinate to {U’, V'}. Then
supp(f) CU' = f=0ond
supp(¢9) C V' = g=0on B
Since f+g=1,wehave f=1—¢g=1on B.
Now take U = f71([0,¢)), V = f~1((1 — &,1]) for small enough e. O
Definition 5.9. Let A C M be closed. A germ at A is an equivalence class [f]4 of smooth functions where
f € C®(U) for some U O A open, and f,g € C*(U) are equivalent, f ~4 g, if f = g for some W DO A open,

wWcunv.
Let Cf7 4be the algebra of germs [f]4 at A.

If M is paracompact, any [f] € C§;7 4 is the germ of a globally defined f € C°°(M).

Lemma 5.10. (Generalized Extension Lemma) Let A C M be closed and U C M an open neighborhood of A. Let
f: A= R be smooth, then there exists a smooth f : M — R satisfying f|a = f, supp(f) C U.

Recall: “f : A — R is smooth” means Va € A, there exists an open neighborhood V, of a and f, € C*(V,) such
that folanv, = [

Proof. For each a € A, choose V,, f, as above. Without lose of generality, we may assume V, C U.
Let % = {V,|la € A} U{M\A} an open cover of M. Let {A;la € A} U {Ao} be a partition of 1 subordinate
to %. Then g, Ao : M — [0,1] is smooth and the collection {supp(A,),supp(Ao)la € A} is locally finite, and

supp(Ag) C Va, supp(Ag) € M\A. Also Z)x + X =1
5 a€A
Define f, : M — R by

F ) — Aa(@)fa(z) T EV,
fa(@) {0 x € M\supp(\,)

, and fo = 0. Thenfa and fo are smooth, put

then for x € A, A\o(z) =0, so

F@) =" fa@) + folx) = O Xa+ Xo)f(z) = f(2)
acA

a€A

on A. Also Supp(.f) c UaeAsupp(fa) - UaeASUpp(Aa) c UaEAVa cv. O
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Corollary 5.11. Let A C M be closed, let Cf; 4 be the algebra of germs of smooth functions at A, the the restriction
map
(M)
f

— C;fj’, A

= [fla

18 surjective.

Proof. Let [g]a € C737 4 be represented by a smooth function g : U — R where U 2 A is open. Then M\U and A

are nonintersecting closed subsets in M, by Urysohn Lemma, there is an open V' 2 A and V C U. (Why need V?)
By Generalized Extension Lemma, the constant function 1 on Vextends to a smooth function

o: M —R
with supp(p) C U. Put
Fe og xeU
0 € M\supp(p)

then f is well-defined and smooth, and f =g on V, so [f]a = [g]a. O

6 Riemannian Metric

Definition 6.1. A Riemannian metric on M is a collection G = {g,|a € M} where for each a € M, g, :
T,M x T,M — R is an inner product (positive definite, symmetric bilinear form) with the property that for each
chart (U, ¢), the map g : ¢(U) x R” x R™ — R given by

gm(hv k) = gtpfl(z)((dcpfl(x)‘p)il(h)a (dapfl(m)(p)il(k))
is smooth.

For z € ¢(U), let Ay = (gz(€i,€j))nxn be the matrix of the inner product g, on R” with respect to the standard
basis. Then g, (h, k) = hT A, k.
So g is smooth < the map A : o(U) — M, (R),z — A, is smooth.

Proposition 6.2. M has a Riemannian metric.

Proof. Choose atlas {U;.;|i € [} on M. For each i € I, a € U;, v,w € T,M, define
(9i)a(v, w) =< datpi(v), dapi(w) >= da‘Pi(v)Tda@i(w)

the standard inner product in R™. Matrix of g; is I,,, so on Uj;, g; is a smooth Riemannian metric.
Choose partition of 1 subordinate to % = {U;|i € I}, put

)\Z—(a)(gi)a a € UZ
0 a € M\supp(\;)

then h; is a smooth, symmetric, positive semi-definite bilinear form on T'M.
Let
9=2> hi
iel

then ¢ is smooth, symmetric, positive semi-definite bilinear form.
Let a € M, v e T, M, then

ga(v,v) = Z Ai(a)(gi)a(v,v) > 0.

1€l,a€supp(A;)

Since (g;)q(v,v) > 0 for at least one i, we get g,(v,v) > 0. So g is positive definite. (Why?) O

Fact 6.3. Every Riemannian manifold, i.e. a Hausdorff manifold M equipped with a Riemannian metric g, is
paracompact. 30



Reason: Without lose of generality, assume M is connected.
Let 7 : [0,1] — M be a smooth path, the length of v is

tength(2) = [ ®)ar

Define for xz,y € M,
d(z,y) = inf{length(7)|7(0) = 2,~(1) = y},

then d is a metric on M compatible with the topology. (Why?)
So M is metrizable, hence paracompact.

7 Lie Groups

7.1 Lie Groups

Definition 7.1. A Lie group is a set G equipped with a smooth structure and a group structure which are
compatible in the sense that multiplication

n=pg: GxG —= G
(9,h) +— gh

and inversion
T=17¢: G — G

g — g*!

are smooth. The identity (or unit) of G is denoted by 1 or 1¢.

Example 7.2. Let F be a finite-dimensional associative division algebra with unit over R, then F = R, C or H by
Frobenius theorem. Let M (mxn,F) = set of m x n matrices with entries in F. In particular, M (n,F) = M (nxn,TF).

Under matrix addition and multiplication, M (n,F) is a ring. The general linear group in n-dimension over F is
its group of units. GL(n,F) = {X € M(n,F)|X is invertible}.

M (n,F) is a vector space over R of dimension n? dim(F).

X is invertible < det(X) # 0.

So GL(n,TF) is an open submanifold of M (n,F).

The matrix multiplication

M(n,F) x M(n,F) - M(n,F)

is bilinear and therefore smooth.
The inversion
7:GL(n,F) - GL(n,F)

is smooth because X ! = ﬁ(x)adj(X) by Cramer’s Rule.
For n = 1, GL(1,F) = F* = F\{0}.

Example 7.3. F" equipped with addition is a Lie group of dimension n dimg(IF).

Let G be a fixed Lie group.
For a € G, define L,, Ry, Ad, : G — G by L,.(g9) = ag, R.(g) = ga, Ad.(g) = aga™'.
Adg(g) = Lgo Ry-1 = Ry-10 L.
Let i,(g9) = (a,g). Then
G % Gxa
Lo~ p
G

commutes, i.e. L, =yt o1, , 80 Ly is smooth. Also L;! = L,-1,50 L, is a diffeomorphism.
Same for R, and Ad,.
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For subsets U,V of G, define
aU = Ly(U),Ua = R,(U),aUa™ " = Ad,(U), U = 7(U), UV = u(U, V).

If U,V are open, so are the above sets. Also define the identity component of G, Go= connected component of
1.

Lemma 7.4. Let G be a Lie group.

1. Suppose G is connected, let U be an open neighborhood of 1, then U generates G. Hence G is second-countable.

2. Go is an open and closed subgroup of G and the connected components are the (left) cosets aGy.

3. G is a pure manifold and a paracompact topological space.
Proof. G is a Lie group.

1. Let H be the subgroup generated by U, i.e.

H = n{K|K is a subgroup of G containing U}
- IR

where U-U~' = p(Ux U1, V® =V .....V so H is open, and gH = L,(H) is open. So H = G\ géJHgH

k times

is closed. Therefore H = G. Taking U to be second-countable, we see G = %(U -U~1)*) is second-countable.

2. Gy is open and closed connected component of G. u(Go x Go) C Go, 7(Go) C Go, so Gy is open and closed

subgroup of G, and every coset gGg is open and closed connected submanifold, hence a connected component
of G.

3. dim(gGo) = dim(L4(Gp)) = dim(Gy), so G is pure. Let Ag = {(g,9) € G x G|g € G} be the diagonal, then
Ag = f~1(1) where
f: GxG — G
(g.h) = gh™t~

G is a manifold, so {1} is closed. f is continuous, so A¢ is closed, hence G is Hausdorff. Combined 1&2, G
is paracompact.

O
Let G, H be Lie groups, a morphism f : G — H is a map that is smooth and a group homomorphism.
Example 7.5. Let G be a Lie group,
1. For all g € G, Adg : G — G is an automorphism of G, called the inner automorphism defined by g.
2. Morphisms G — GL(n,F) are called representation of G over F.
3. detg : GL(n,R) — R*, detc : GL(n,C) — C*, dety : GL(n,H) — R* are morphisms.

7.2 Lie Subgroup

Definition 7.6. A Lie subgroup (or embedded Lie subgroup) of G is a subset that is both a subgroup and an
(embedding) submanifold.

Lemma 7.7. Let H be a Lie subgroup of G, then the smooth structure and group structure on H are compatible,
hence H is a Lie group.

Proof. The multiplication and inversion on H
pg:HXH—H,7g:H—>H

are obtained by restricting domain and codomian of ug a:&d TG , hence by lemma below pg and 7 are smooth. [



Lemma 7.8. Let M, N be manifolds, f : M — N smooth. Let AC M, B C N be submanifolds. Suppose f(A) C B,
let g : A — B be the restriction of f, then g is smooth.

Proof. Restrict domain: f|4 : A — N can be regarded as the composition of two smooth functions f|s4 = foiga ,

A A M
NS
fla N

Restrict codomain g : A — B an be regarded as the composition rg o f|4

A A N
N s
9 B

If we have a smooth global retraction rg : N = B of ig : B — N, then g = rp o f|4 is smooth. We may not have
global retractions, but we have them locally. O

Example 7.9. Lie subgroup
1. Gy is a Lie subgroup of any Lie group G.
2. S! = {z € C||z| = 1} is a Lie subgroup of C* = GL(n,C).
3. S? is a Lie subgroup of H* = GL(1,H). (Homework)

Example 7.10. Non-example
Let G =S? x §%, a € R\Q, the map
f+r R — G
t — (eit’ eiat)
is a morphism of Lie groups. It’s also an injective immersion with dense image. H = f(R) is not a Lie subgroup.
We say H is an immersed Lie subgroup.

Lemma 7.11. Let H be a Lie subgroup of G, then H is a closed subset of G.

Proof. H is a submanifold of G, so locally closed.

Choose open neighborhood U of 1 € H such that U N H is closed in U. After replacing U with UU !, may
assume U = U1,

Let © € H, the open neighborhood 2U = L,(U) intersects H. Let y € 2U N H, then » € yU~! = yU and
yUNH)=L,(UNH)=yUNH is closed in yU.

But x € yU N H, and yU N H is the closure of yU N H in yU, so « € yU N H, hence x € H. O

Fact 7.12. (converse of the above lemma) If H is a subgroup of G, and is a closed subset of G, then H is a Lie
subgroup.

7.3 Vector Fields on Lie groups

The multiplication
nw: GxG@ — G
(9,h) = gh9

is smooth, so the partial tangent map with respect to the second factor

GxTG — TG
(9:6) = TLy(&)

is also smooth. Put g = 771G, the tangent space at the identity. The restriction to

Gxg — TG
(9.6) — TyLe(6) €T,C



is also smooth. Hence for each £ € g, the map

fLZ G — TG
g = Tng(g)

is smooth and &7, € T(G). Hence, if &, -+ , &, is a basis of g, then (£1)r.(9),--- , (&) (9) is a basis of TG for any
g € G. So we have shown the following.

Lemma 7.13. Every Lie group is parallelizable.
Similarly, we have {g € T(G) given by r(g) = Th1R4(§).
Lemma 7.14. £, is complete for every & € g.

Proof. Let 7 : (—¢,e) — G be a trajectory of £, starting at 1¢.

{v’(t) = EL(¥(1)) = Ti Ly (€)

7(0) = 1¢
Let ge¢ Gand 6 = Lyo7y: (—¢,e) — G, then §(t) = gy(t), so 6(0) = glg = g and
a(t) = TyuLe(y'(1)

|
iy
&
~
Q
—
7823
h
—
)
~
S—
=

(
= TyuyLgoTiLy)(§)
—  Ty(LyoLyy)
= T1L gy (€)
= £n(g7(
- €r.(5()).

So ¢ is a trajectory of £, starting at g. So £y, is complete by the Uniform Time Lemma. O

Definition 7.15. For £ € g = T1G, let v : R — G be the maximal trajectory of £;starting at 1g. Define
exp(§) = (1) € G. We have a map exp : g — G.

Example 7.16. Let G = GL(n,F) where F = R,C or H, then g = T'G = M(n,F). Let A € g. To find the
trajectory A, solve the ODE

Y (t) = Ly = (1) A
(0) =1

with solution () = e*4. So exp(A) = e4.
Notice that Ar has the same trajectory starting at 1.
7.4 Actions of Lie groups on manifolds
Definition 7.17. Let M be a manifold and G a Lie group. A (left) action of G on M is a smooth map

0: GxM —= M
(g,a) = g-a

with the properties
1. (gh)a = g(ha), and
2.1'a=a
for g.h € G and a € M. A G-manifold is a manifold M equipped with a G-action.

Remark 7.18. (Notation) Write
0(g,a) = by(a) =0“(g) =ga=g-a

then 0y, = 04 060, 61 =id, or (gh)a = g(ha), 1-a = Ay s



For each g € G, 6, is invertible with inverse (6,)~! =6
group homomorphism G — Diff(M).
The set

1. So each 0, is a diffeomorphism and g — 0, is a

Ga=G-a={galg € G} =60(G)

is the G-orbit of a € M.
The action of G on M is transitive if M = Ga for some (and hence every) a € M.
The set
Go={g € Glga=a}=(0")"(a)

is a closed subgroup of G, called the isotropy or stabilizer subgroup of a.
The action is free at a if G, = {1}, and free if it is free at all a € M.

Example 7.19. Let M = S?, G = S!, then G spins M about the vertical axis with uniform angular velocity 1 and
the action is free at all a € M\{N, S}.

1 a¢{N,S}

G, =

G a€{N,S}

Example 7.20. More examples.

1. A complete vector field £ € T(M) has a flow 0 : R x M — M which, by the flow law, defines an R-action on
M.

[\

. L:G x G — G given by L(g,h) = gh is the left-translation action of G on itself.

3. R: GxG — G given by R(g,h) = hg is the right-translation action of G on itself. It is not a (left) action,
but a right-action: (gh)a = h(ga). However (g,h) — h™1g is a left-action of G on itself.

4. Ad: G x G — @G given by Ad(g,h) = ghg™! is the adjoint or conjugation action of G on itself.

5. Let H be another Lie group and f : G — H a Lie group homomorphism. Then the map G x H — H given
by (g,h) — f(g)h is a G-action on H.

6. A representation of G over F =R,C, or H is a Lie group homomorphism G — GL(n,F). This defines an
action of G on M = F" with the property that each 0, : M — M is [F-linear.

Remark 7.21. For F = H, we regard H™ as a right vector space. For ¢ € H, z € H", we put

r1q
Tq =
Tnq

Matrix A € M(n,F) act on F” be left multiplication:

a11r1 + -+ a1pTy
Az =
ap1T1 + -+ ApnTn

Matrix multiplication is not left-linear:
Algz) # q(Ax)
because multiplication is not commutative. However, it is right-linear:
A(zq) = (Az)q
because H is associative.

Lemma 7.22. Let a € M. Then

1. 0% : G — M has constant rank.
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2. The stabilizer G, is a Lie subgroup of G with T1G, = ker(T16%).
3. If the action is free at a, then 0% is an immersion and Ga is an immersed submanifold.
Proof. Through some notational trickery,
(gh)a = g(ha) < 0%(gh) = g0 (h) < 0%(Ly(h)) = 04(6°(h)).
So the following diagram commutes, expressing that 6 a is G-equivariant.

9°

G — M
Lyl Lo,
¢ YoM

1. Let’s compare the rank of 6 a at two points. Take derivatives of both sides of this equation, and use the chain
rule. We get the following commutative diagram,

ng 2% rmom
TiL, | 1 T.0,
T,0°

T,G TyuM

where L, is a diffeomorphism of G, and 6, is a diffeomorphism of M, so 11 L, and 1,0, are linear isomorphisms.
Hence, 7716 and T40“ have the same rank for each g € G. So 0 has constant rank at each g € G.

2. Combine part (1) and Constant Rank Theorem to see that G, = (6%)~1(a) is a submanifold of G with tangent
space T1G,, = ker(110%).

3. If the action is free at a, then ¢ is injective. Since it’s also constant rank, 7,6 is injective for all g € G. So
0% is an injective immersion, therefore §%(G) = Ga is an immersed submanifold.

O

Remark 7.23. In the lemma, the conclusion still holds if the action is not free at a. In fact, the orbit Ga = 0%(G)
is always an immersed submanifold.

Corollary 7.24. Let H be a Lie subgroup and F' : G — H a Lie group homomorphism, then
1. f has constant rank.
2. The subgroup N =ker(f) = f~1(1g) is a (normal) Lie subgroup of G and TyN = ker(Ty f).
3. If f is injective, then g(G) is an immersed Lie subgroup of H.
Proof. Apply the lemma above to the action of G on H given by g-h = f(g)h. O

7.5 Classical Lie Groups
Example 7.25. Lie groups:
1. Let G = GL(n,F) where F = R, C or H, and

R* F=R,
H=ZF)*={C* F=C,
R* F=H.

Let f =det : G — H. The special linear group
SL(n,F) =ker(det) = {X € M(n,F)|det(X) = 1}

is a Lie subgroup of GL(n,F). 36



2. Let G = GL(n,F), M = M(n,F),
0: GxM — M
(9. X) — gXg*

where g is the transpose of g € G. Then 6 is an action satisfies
{9@h~¥»=ghxmhﬁ’=ghXthf=9@nmh~¥»
0(1,X) = X
if F =R or C. Stabilizer of X = I is O(n,F) = {g € G|gg” = I} the orthogonal group, which is a Lie group.
3. The tangent space of O(n,F) at identity is
T;0(n,F) = {X € M(n,F)| X" = —X7}.

The reason is as follows: the action 6 at identity is

of: G — M

g = g97

and we want to find the stabilizer of the derivative of 87 at I.

T191 : T]G — TiM
u &
M M

We have that if H is a small matrix,

01(I+ H) = (I+H)(I+HT
= I+H+H"+HH"
= ¢(I)+H+H"+HH"

so DOI(I)H = H + HT.

4. To get a version of the orthogonal group over any I, consider (g, X) = gXg* where g* = g7 is the conjugate
transpose. Then
Gr=U(n,F)={geGlgg” =TI}

is the unitary group over F.

Un,R) = O(n,R)

U(n,C) = O(n,C)

U(n H) = Sp(n)
(

The last of these, U(n,H) is often written Sp(n), called the compact symplectic group.

7.6 Smooth maps on Vector Fields (Continuation)

Let M, N be manifolds and f : M — N smooth. Then f induces T'f : TM — TN on the tangent spaces. Does f
induce a map 7 (M) — T(N)?

Example 7.26. M =R N = R?,
cost 0
t) = : ==
ft) < ) §= 5

costsint
there is no vector field 7 on N with the property that n(f(t)) = T, f(£(2)).
Definition 7.27. { € T(M) and n € T(N) are f-related, £ ~f 0, if ) = Taf(&) for all a € M, that is,

nof=Tfo¢
and the following diagram commutes.
™ 1N
€1 mu v W

f
M 3% N



Lemma 7.28. The following are equivalent for & € T(M),n € T(N):
1§~y
2. £(go f) =mn(g)o f for all g € C(N).
3. for every trajectory v of £, f o~ is a trajectory of n.

Proof. In 2 we identify ¢ € T(M) with L¢ € Der(M) given by £(h) = L¢(h) = dh(&) for all h € C°(M). Write
go f=f*(g), then assertion 2 reads £ o f* = f*on.
1. (1) (2) Ifae M,
f(g © f)((l) = da(g o f)(ga) = df(a)g(Taf(ga))
ng)ofla) = dag(nsa)

so the above two equations are equal for all g € C°°(V) if and only if
O‘(Taf(ga)) = a(nf'(a))
for all a € T}‘(a)N, if and only if

Tof(a) = Nf(a)

if and only if
§ g
2. (1) = (3) Let 6 = f((t)). Then
') = (fon)()
= Ty f((t)
= Ty ()

= Nr(v(@))
= N5 (t)

so ¢ is a trajectory of 7.
3. (3) = (1) Let a =+(0), § = f o~ is a trajectory of 7 starting at f(a), so
(@) = 0'(0) = (f 07)(0) = Tuf (v'(0)) = Taf (&)
ie. {~pm.
O
Corollary 7.29. Suppose & ~¢ 1. Let 0 : D¢ — M, 0, : D, — N be the flow of £, respectively, n. Fort € R, let

M, = Den{t}x M
N, = D,n{t}x N
then f(M;) C N; and the diagram
M, LN
beel O

M., L N,
commutes.

Equivalently, f maps trajectories of & to trajectories of 7, or the following commutes.

c=(M) <= o=(N)
Led L,
C=(M) <= =N

Problem. Given &, when can we guarantee the existen%esof a related n?



Lemma 7.30. If f is a diffeomorphism, for every £ € T (M), there is a unique n = f.(§) = T'f o & o f~Lwhich is
f-related to &.

Conversely,

Lemma 7.31. If f is a local diffeomorphism, i.e. T,f is invertible for all x, then for every n € T(N) there id
a unique f-related & = f*(n) € T(M), namely & = (Tof) " (np(z))- This is smooth because f locally has smooth
wmuerse.

Now suppose f is an embedding.

Given any n € T(N), when is there an f-related £ € T(M)?

Identify M with the submanifold A = f(M), Let Then we want &, = 7, for a € A. So n, € T, A.
We say 7 is tangent to A if n, € T, A for all a € A.

Lemma 7.32. For each n € T(N) which is tangent to A, there is a unique & = n|a which is f-related to 7.

7.7 Lie algebras and the Lie bracket

Let k be a commutative ring (e.g. k¥ = R) and let A be a k-module (e.g. A = C*(M)). Let Endg(A) be the
k-algebra of k-linear endomorphisms of A, that is, k-linear maps f: A — A.

Multiplication is composition: f-g= fog.

Commutation: [f,g] = fg—gf.

Definition 7.33. A Lie algebra over k is a k-module L with a k-bilinear product
[]:LxL—1L
satisfying anti-symmetry
[z,2] =0

and Jacobi identity
(@, [y, 2] + [z, [z, ¥]] + [y, [#,2]] = 0

Remark 7.34. Note that the definition of a Lie algebra does not demand that L has a unit, nor does it demand
associativity. Instead of associativity, we have the Jacobi identity, which is an infinitesimal form of associativity.

Lemma 7.35. Endi(A) is a Lie algebra over k.
Example 7.36. Let L = M (n, k), the n x n matrices over k with [z, y] = zy — yx.
Example 7.37. g = T1G is a Lie algebra, where G is a Lie group.

Now suppose A is a k-algebra, then we have the k-derivations of A, the set of k-linear [ : A — A satisfying
the Leibniz rule:
l(alag) = l(al)ag —+ (111(0,2).

So
Derk (A) - Endk (A) .

Lemma 7.38. Deri A is a Lie subalgebra of Endy(A), that is, a k-submodule closed under the Lie bracket [-,-].
Proof. Let l1,ls € Derg(A), a1,as € A, then

[l1,l2](araz) = li(l2(@1)a2 + ailz(az))
= hlz(ar)az + la(a1)li(a2) + 1 (a1)la(az) + arlila(asz)

[lo, l1](araz) = la(l1(@1)a2 + arli(az))

= lli(ar)az + li(a1)la(az) + la(a1)li(az) + arlali (a2)

In the difference of these two, the second-order terms cancel and we are left with

[llv lg](alag) = [ll, lg](al)ag + al [l1, l2](a2).
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A consequence of this lemma is that for every manifold M,
Der(M) = Derg (C*°(M))
is a Lie algebra under the commutator bracket. Hence,
T(M) = Der(M)

is a Lie algebra: for £, € T(M), define
[55 77] = Eil([‘C&? ‘Cﬂ])

This makes £ : T(M) — Der(M) a Lie algebra isomorphism.

Restricting &, n to a chart (U, ), write
0; = ¢*( 0
=9 axi

for the frame on U induced by the standard basis on R™, then

£=) &0
=1

)

n
n= Z 1i0;
i=1

for some coefficients &;,n; € R, For f € C*(U), we have

&) = §(n(f) = n(&(f)
= D &m0 f +m;0i0;f) = > mi(0;60if + 050, f)
ij=1 ij=1
= > (&dimy — m0i&;)0; f
i=1

so as a differential operator,
n

€)= (&0 — m0i&;)0;.

i,5=1

Proposition 7.39. (Naturality) Let f : M — N be smooth, {1,62 € T(M),m1,n2 € T(N). Suppose & ~f n;(i =
1a2)) then [51752} ~f [771,772]'

Proof. We know that & o f* = f*on,; for i = 1,2. Hence

(Cio&)of*=8&o(§jof)=(§iof*)ony = f"o(nion;)

SO

[1,&2] o f* = f* o [n1,m2].

Example 7.40. (Special case)
1. If f is an embedding, and 71,72 € T(N) are tangent to the submanifold M, then so is [11, 72).
2. If f is a diffeomorphism, then f.[¢1,&] = [fi&1, f+&2)-
3. If f is a local diffeomorphism, then f*([¢1,&]) = [£*(m), f*(n2)]-

Two remarks on pulling back and pushing forward vector fields.
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Remark 7.41. Let f: M — N be a diffeomorphism. We define

F*: T(N) — T(M)

n — (TF) lonoF
Fo: TM) — T(N)

I3 — TFofoF !

then F* = (F,)~L.
Remark 7.42. Let f: M — N be a diffeomorphism. We can also define F* : Der(N) — Der(M) by

Fr(O)(f) = FUF)H() =UfoF ) oF

c=(N) £ o)
1l LFHQ)
o=(N) T o)
Since Deer(M) = T (M), we can identify this two, and see the following diagram commutes.

*

T(N) & T(M)
Ly = = Ly
Der(N) Der(M)

=

(homework, chain rule).

7.8 Brackets and Flows
There are three different notations for the derivative of f € C*°(M) along a vector field £ € T(M):

df (&) = Le(f) = &)
There is a fourth notation: Let § = ¢ : D¢ — M be the flow of {. Let a € M, then

d a
fa = %0 (0)

SO
daf(ga) = d f(dt a(o))
d(f o 6")(0)
&(f Oet)(aﬂt =0
d9*( @)=

We write df (&) = 67 (f)]i=o-
This shows us that we may substitute for f any other type of object that can be pulled back under diffeomor-
phism. So we can take derivatives of vector fields along vector fields, for example.

Definition 7.43. For £,n € T(N), define
d .
£el) = 05 m)lms

where 6 = 0; is the flow of .
Interpretation: for each point p € M and t € D?, we have
0; (n)(a) = (Tab:) "6, (a) € TuM.
This is a smooth curve D* — T, M. Hence its derivative at ¢ = 0 exists and is again in T, M.

Theorem 7.44. (Commutate) Le () = [€,7].
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Proof. Let § = 8¢, D = D¢. Let a € M, choose an open neighborhood U 3 @ and € > 0 such that (—¢,¢) x U C D.

Let f € C=(M), we will show Le(n)(f) = [€.7)(f).
Define
F: (—ee)xU — R

tz) = f(Ou(x)) - fz)
then F'(0,z) = 0, so there exists smooth G : (—¢,¢) x U — R such that

F(t,z) =tG(t,x)
%—f(o,x) = G(0,x)

Namely we can take

1
G(t,x)z/ O F(ts, z)ds.
0

Then (1) is equivalent to
{ﬂr(f) = f+1Gy

§(f) =Go
where G¢(z) = G(t,x). Pulling back n (or £,)) along 6; gives
0;(m(f) = 0; (n(0=,(f))
= 07 (n(f o 0-+) )
= 07 (n(f —tG—¢)

So

T e | 1 |
oy

=3
—~
&H

Corollary 7.45. For &,n € T(M), f € C>(M),
1. Le(n) = —Lny(§)
2. Le(fn) = Le(f)n+ fLe(n)
3. F*(Le(n) = L, e (Fe(n))
for any diffeomorphism F : M — N.
Proof. Use some facts.
L&) = =[n¢]
2. If Ais a k-algebra over a commutative ring k, and [y, ly € Derg(A), then
[l1,als] = li(a) - la + aly, o)
holds, because for any b € A,

[11, alz](b) ll(alg)(b) — al2(l1(b))

ll(a)lg(b) + alllg(b) — algll(b)

3. Use naturality of Lie braket [, ]. 49



Lemma 7.46. %927t(n)|t:8 = 07 Le(n)-

Proof. Put 0, =0, then

w0 le=s = lime (07 (n) — 03 ()

= lim —(07,.(n) — 0:(n))

(by flow law) = 6} limy—0 1 (65 (n) — 1)
= 03 (Le(n))

O

Lemma 7.47. Let F : M — M be a diffeomorphism, then & ~p £ if and only if F.(§) = &, if and only if
OeroF =Fofe, forallt.

Theorem 7.48. (Commuting Flow Theorem)
Let &, € T(M), then for all s,t, 0¢ 00, =0, .00, if and only if [{,n] = 0.

Proof. “=” Apply the second lemma to F = ¢ ; and the vector field 67 (1) = 1, then [¢,7] = 407 (1)|s=0 = 0.
“«" Let a € M. Put y(s) = 0f ,(n)(a) € T,M. Then

v:(—¢e,e) > T, M
is smooth and for any s,
A(5) = 02 o= = 0 L) = 02 (16, 0]) = 0

so v(s) = (0), i.e. 6f ((n) =n. So be lemma 2, f¢ 500, =0, 00 ;. O
Theorem 7.49. Let &1,&s, - , & € T(M). Suppose

1. [&,&] =0 for all i, j, and

2. &, -+, &k are linearly independent at a € M.
then there exists a chart (U, ) centered at a such that &|y = go*(a%i) for1<i<k.

Proof. Using g a preliminary chart (V, ¢) centered at a, the vector fields

ni = ¢ (&lv)
on ¢(V) satisfying
1. [n:,n;] = 0 for all 4, j, and
2. m(0) = e, ,m(0) = ex the standard basis on R".
Now assume M to be an open neighborhood of a = 0 € R", and &;(0) = ¢; for 1 <4 < k. Put 6; = 6¢, and

k
F(Z‘) :F(x17"' 7:1;71) :Hez,ajl(oa a07$k+1a"' 7$n>

i=1

then F'(0) =0 and F': W — R" is well-defined, smooth on an open neighborhood of 0 € R™.
For ¢ > k,
F(Oa 707xi70a"' 70) = (07 aoaxiaoa"' 70)7

SO DF(O)Gz = €;.
For : <k,

F(xlv...xi+h7...,xn) = 01711O...oai,zi+ho...00n7mn(0,...’O,xk+l’...7:[:”)

= 43 9i,hOF(x17"' ,:L'n)



by commuting flow theorem. This says
F(0in(x)) = 0in(F(x))

where ¥; , = x + he;. i.e. ¥; is the flow of % Hence % ~p &, ie.

i

0
TwF(axi) = (&) F(a)-

Put z =0, ToF(22) = (&), s0 DF(0)(e;) = e;.

i

Therefore, DF(0) = I,,. F is a local diffeomorphism. Hence

0
al’i

Fu5—-)=6&:

Now let » = F~!, which is defined on a suitable neighborhood of 0 € R™. Then (U, ¢) is a chart centered at a

and w*(ai) =¢&;. O
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8 Vector Bundle

8.1

Let M be a fixed topological space. An M-valued chart on a set M is a pair (U, ), where U C M and ¢ : U — M is
a bijection to an open subset of M. A transition between two charts (U, ), (V,¢) is pop~t: o(UNV) = ¢(UNV).

Variations on the notion of manifolds

These transitions might satisfy various notions of compatibility; see Example 8.1 below.

Example 8.1. Manifolds

Model Transition Type of Manifold
(1) R~ smooth diffeomorphisms smooth manifolds
(2) R» C"-diffeomorphisms C"-manifolds
(r e NU{oo,w})
(3) cCc» biholomorphisms complex manifolds

P
R~ x [0, 0)

BxF

(complex analytic diffeomorphisms)
analytic diffeomorphisms

smooth diffeomorphisms

smooth diffeomorphisms

affine diffeomorphisms

vector bundle transitions

p-adic manifolds
manifolds with boundary
manifolds with corners
affine manifolds

vector bundle over B

B top. space with Fibre F
F vector space

(99 BxF smooth vector bundle transitions smooth vector bundle
B manifold

F' vector space

Table 1: Manifolds

Remark 8.2. Comments:

1. “CY-diffeomorphism” means “homeomorphism”. “C“-diffeomorphism” means “real analytic”.

A function f: U — R (U C R™ open) is real analytic if for all x € U, the Taylor series T'(f, z) at x converges
to f uniformly on a neighborhood of z.

Ezample. (Counterexample) Function
x>0
<0

is smooth but not real analytic. The Taylor series for f at 0 is just T'(f,0) = 0 , which converges, but not to
f . so f is not analytic at = = 0.

Fact. If 1 <r < s, every C"-structure on M contains a C*-structure. [M. Husch, Differential Topology]. This
is false when r = 0.

. An affine map R™ — R" is a linear map composed with a transition. An affine structure on M is a maximal

atlas in which the transitions are (restrictions of) affine map. On an affine manifold, there are well-defined
notions of straight lines and affine submanifolds.

Ezample. R, P*(F), T" = (S')" is the quotient of R™ by a lattice.

Let B be a topological space and F' a finitely dimensional vector space over F = R, C, or H. B is the base, F’
the fibre. Given F' its natural topology.

A vector bundle chart on a set E is a pair (O, ) where O C E and ¢ : O — B x F is an injective map with
the property that p(O) = U x F satisfies U open in B.
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Two vector bundle charts (O1, ¢1) and (Og, p2) are compatible if
woopt (U NU) x F = (U NUR) X F
propyt (UhNU) x F— (U NU) x F
are of the form (z,v) — (x, g(x,v)) where
g: (UhNU) x F = F
is continuous and for each x € Uy N Us,

ge: F — F
v ga(v)

is F-linear. Since 3 o Lp;l is bijective, g, is invertible for each x € Uy N Us.

Suppose E has a vector bundle atlas, i.e. a collection of compatible vector bundle charts over E. Define
projection m = g : E — B as follows: choose chart (O,¢: O — U x F') at y € E and put 7(y) = pry(¢(y)).

O % UxF
T N\ lpr
U

This is independent of choices of chart. ¢ : O — U X F'is a bijection, so ¢ restricts to a bijection
7w (y) = {r(y)} x F

We demand that 7 : E — B is surjective.

4. Assume B is a smooth manifold, Two vector bundle charts (O1, ¢1) and (O2, v2) are smoothly compatible if
P2 © W;la p10 @51 are smooth. Equivalently, g, is a diffeomorphism.

8.2 Vector Bundle

Let F =R,C, or H. Let r € N, E,b be manifolds and 7 : E — B a smooth map.
A (smooth) F-vector bundle chart on E is a pair (U, ) with U C B open and a diffeomorphism ¢ : 7= *(U) —
U x F" with the property that
WUy 5 UxFr
Ty " pry
U

commutes, i.e. 7|1y = pry o ¢. (Here we give F" = R"4m=() jts usual topology and smooth structure.
For b € B, let
oyl (0) D (b} xFT 5 F

be a diffeomorphism.
Two vector bundle charts (Uy, ¢1) and (Uz, ¢2) are compatible if

Fr ©1,b Wfl(b) ¥2,b F"
is F-linear for all b € U; N Us. If that is the case, the map

91,2 - U1 QUQ — GL 7”,]F)
b — glyg(b)

is smooth.
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Definition 8.3. A wvector bundle atlas is a compatible set of vector bundle charts (U, ¢) whose domains cover B.
A maximal vector bundle atlas on E makes E an F-vector bundle over B of rank (or fibre dimension) r. 7 : E — B
is a smooth surjection.

E is called the total space of the vector bundle and B is called the base space.

Remark 8.4. (Notation)

1. For any open U C B, write E|y = 7~ !(U) the restriction of E to U, then 7 : E|y — U is a vector bundle of
rank 7 on U.

2. For b € B, write E, = 7~ (b). We make Ej, an r-dimensional vector space over F by declaring ¢y, : Ej, — F"
to be an F-linear isomorphism. This is independent of the choice of local trivialization because gi2(b) is linear
for all local trivializations (Uy, ¢1) and (Uz, ¢2) in the atlas.

Remark 8.5. 7 : E — B is a submersion, so each 7~1(b) is a submanifold of F and ¢, : E;, — F" is a diffeomorphism.

Example 8.6. The tangent bundle of a smooth manifold M with the map 7 : TM — M of a manifold M is a real
vector bundle of rank r = dim(M). For (U, ¢) a chart on M, we have a tangent chart (TU,Ty), where

To:TU = p(U) x R™.

1

Since (U) is diffeomorphic to U, composing with ¢! x idg~ gives

@: (o xidgn) 0T : TU — U x R"
Then (U, ¢) is a vector bundle chart on TM. The transition from a vector bundle chart (Uy, ¢1) to (Uy, 1) is

91,2 - U1 N UQ — GL(TL, R)
a = D@20 (@1(a))
Example 8.7. Let B be any manifold, and £ = B x F” . Then 7 : E — B is projection onto the first factor, with

the vector bundle atlas generated by the global vector bundle chart (U = B, ¢ = idg). This makes F into a vector
bundle called the trivial vector bundle over B of rank r.

Definition 8.8. The cocycle of 7 : E — B relative to a vector bundle chart atlas {(U;, ¢;)|i € I} is the collection
of smooth maps

gij : Uij — G’L(’I"7 ]F)
b = goj,bosogbl FT—FT
Let U, = U; NU; N Uy, then
Gii; = ldU” x e U;
9k © gij = ik ® € Usji
SO gj; = gigl on Uj;.
Given cocycle g = {g;;}, i.e. an open cover {U;|i € I} and a collection of maps {g;;} satisfying the properties
above, define

E=[Jw: xF")

iel
and define (a,u) € U; x F" to be equivalent to (b,v) € U; x F" if a = b and g¢;;(a)u = v.

Fact 8.9. This equivalent relation is regular and Ey = E/ ~ 1is a vector bundle over B with cocycle g.
If g is the cocycle of E, then there is an isomorphism of vector bundles E s Ey.

Example 8.10. Let B = S!, with open cover given by two line sections and cocycle g1 : Uyjp — GL(1,R) = R*,

1 U
gi12 = {_1 U,

This gives Mobius strip as a real line bundle over S'. A7



Definition 8.11. A section of E is a map o : B — FE satisfying 7 o 0 = idp, i.e. w(o(b)) = b, i.e. o(b) € E} for all
be B.

Composing o with a vector bundle chart (U, ¢) gives a smooth map
g=pryopoo:U —F"

E|ly 2 UxFr

g Ti ™ \/pr1 »L pry
U Fr

We have
poa(b)=(ba(b))

for b € U. 7 is the empression for o in the chart. ¢ is smooth if and only if & is smooth for all vector bundle charts.
Sections can be added (addition in Ep):

(01 + 02)(b) = 01(b) + 02(b)

and multiplied by functions(scalar multiplication in Ej):

We have

for all vector bundle charts.
So if 01,09, 0, f are smooth., then o1 + 02, fo are smooth.

Remark 8.12. (Notation) We denote by T'(E) the set of smooth sections of 7 : E — B. For U C B open,
I'(U, E) = T'(E|y) is the smooth sections of E|y. For each U, I'(U, E) is a C°°(U)-module.

Example 8.13. 7 (M) =I'(TM).

Definition 8.14. A k-frame on E is a k-tuple (o1, -+, 0y) of sections o; € I'(E) such that o1(b),--- ,0x(b) € Ey
are linearly independent in the F-vector space E; for all b € B.

If E has a k-frame, then k < rank(E).

A trivialization ¢ : E — B x F" gives rise to an r-frame (o1, - ,0,) given by the standard basis eq,--- , e, of
]F"I‘
aj(b) = 7 (b,ey)
(1

E ¢ Jp= BxF"

T S

B
Conversely, given an r-frame (oq,--- ,0,) we define

¢: BxF — E

(by) = Y yioi(b)
i=1

Lemma 8.15. ¢ is a diffeomorphism and ¢~' is a trivialization (i.e. global vector bundle chart) on E.

Proof. Since o1,--- ,0, are smooth, so is ¢. Since o1,---,0, are linearly independent, r = rank(F), then ¢ is
bijective. So it remains to show that 7(; )¢ is bijective for all (b,y) € B x F".
Choose a vector bundle chart (U, ¢g) at b € B and also a chart (U, pp) on B at b.

frop(U) x Fr 22499 17 g i>4§:|U PE U x BT 22, op(U) x BT



f is a smooth map of the form
[z, y) = (z, As(y))
where A, (y) = A(z,y) : ¢5(U) x F” — F" is smooth, F-linear for each = € ¢5(U), and
y— Alz,y)
is invertible for each x. Hence
B I, 0
Df(x,y) = (DlA(x, D Al ))
For all x, A(z,-) € GL(r,F) so Df(x,y) is invertible, therefore T(; ,y¢ is invertible. O

For any vector bundle, there is a one-to-one correspondence between trivializations and r-frames, and for any
U C B open, there is a one-to-one correspondence between vector bundle charts with domain U and r-frames on
E|y.

Lemma 8.16. Let (01, - ,01) be a k-frame on E and by € B. Then there exists an open neighborhood U of by
and sections o1, - ,0,. such that (o1,--- ,0.) is an k-frame over U.
Proof. Choose a vector bundle chart (V@) on E at by. The vectors o1(b), - - ,0x(b) € Ej are linearly independent,

50 p(01(b)), - p(ok(b)) € FT are linearly independent. So after composing ¢ with an invertible r x r matrix A, we
may assume ¢(0;(bg)) = e; is the standard basis vector, with 1 < j < k.

For j > k, b € V, put oj(b) = ¢ '(b,ej), then oy,---,0, are linearly independent at by, and therefore
independent for all b in a neighborhood U of by. O

Remark 8.17. Let m: E'— B be a smooth vector bundle over F = R, C,H. FE has a zero section

0p: B —» E
b — 0p € E

O : B — FE is an embedding, and by an abuse of language, 0g(B) = B is often called the zero section of E.

8.3 Subbundle
Let F C E.

Definition 8.18. A wector bundle chart (U, ) on E is a subbundle chart for F' C E of rank s if
7N U) x F = o Y (U x F¥)
where we regard F° as an F-linear subspace of F".

Definition 8.19. F C FE is a subbundle if for all b € B, there is a vector bundle chart (U, ) on E with b € U
and
7N U) x F = o Y (U x F¥)

for some s < r.

A subbundle is a vector bundle in its own right. For each b € B, Fj, is a linear subspace of Ep, and moreover, F
is a submanifold of E.

Proposition 8.20. The following are equivalent:
1. F C FE is a subbundle of rank s.
2. F is a submanifold and F, = Ey, N F is an s-dimensional F-linear subspace of Ey for all b € B.

3. For all by € B, the fibre Fy,, is an F-linear subspace of Ey, and there is an open neighborhood U of by and a
s-frame o1, - , 05 of Ey such that for any b € U, 01(b),--- ,05(b) € Ej is a basis of Fy.

49



Proof. 3 = 1: By previous lemma, after shrinking U we can extend o1, ,0, to a frame o4,--- ,0, of E|y, then
the trivialization given by o1, -- , 0, is a subbundle chart for F.

¢~ @,y) = yio1(x) + -+ yooy(2)

Ely 5 UxF
o
U

1 = 2 immediate from definition.
2 = 3 Let by € B, after a preliminary choice of vector bundle chart (U, ¢g) on F at by and a chart (U, ¢p) on
B at bo,

Ely 25 U x Fr 22249, op(U) x F

we can assume B = U = ¢p(U) is an open neighborhood of 0 € F" and E = U x F" is the trivial bundle, and
Fyy = Fo = FNEy={0} xF*. Let pr: F" — F?® be the projection,

p=idy xpr: E— U x F*®

and
f=plp: F—=>UxF°

is smooth. For each x € U, f restricts to a linear map
fo: Fy = {x} x F?

and in particular fo = idps. So after shrinking U we may assume that f, is a linear isomorphism for all z € U.
F is a submanifold of E containing U x {0} and {0} x F* | so

ToF = ToU e F° = To(U X FS)

(why?) and
Tof : ToF % To(U x F*).

By the inverse function theorem, there is a neighborhood of 0 € R™ (which we may assume to be U) and a
neighborhood V of 0 € F? such that f has a local inverse g : U x V — F..

Choose s vectors vy, ,vs € V which spans F*. For « € U, put ¢;(z) = g(x,v;). Then o1, -+, 0, are smooth,
oj(xz) € Fp and o1(x), - ,05(x) span F. O

Example 8.21. Let B = P(V), the set of lines through the origin in an F-vector space V. Let E = P(V) x V the
trivial bundle, with fibers V. Let F' be determined from E by the incidence relation of a point lying on a line.

F=V={(,v)eEvel}
Then F is a submanifold of E and for [ € P(V),
Fl:ElﬂF:{l}Xlg{l}XV:El
so F' is a subbundle of E, called the tautological bundle over P(V).
1%
e B N\
P(V) V

where 7 is the F-linear bundle projection and 3 is the blow-up map.
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9 Foliation

9.1 Tangent Subbundle
Definition 9.1. Let M be a manifold. A tangent subbundle or distribution over M is a subbundle of T'M.
Example 9.2. Tangent subbundles.

1. Let &, -+ ,& be an r-frame on M, with r < n = dim(M). Let E be the span of {&;,--- &}, that is |

E, = span{&i(2),- -, & (2)} C T M
for any x € M. By the proposition, F is a distribution on M.
2. Let f: M — N be a subimmersion (rank(f) =r). Let E = ker(T'f), that is,
E,=kerT,f

for x € M. For all z € M jthe subspace E, C T,, M has dimension dim(M) — r. Choosing charts (U, ¢) on M,
(V,¢) on N such that }
f(x) = (xh... 71;”0’...0)

we see that the tangent chart (T'U, T'¢) is a subbundle chart for F, so E is a tangent subbundle.

Let Gr(r,R™) be the Grassmannian of r-planes in R".

Definition 9.3. Let E be a subbundle of rank r of the trivial rank n bundle B x R™. The Gauss map of F is
the map f: B — Gr(n,r) defined by f(b) = Eb.

Definition 9.4. Fr(r,R") is the Stiefel manifold of all r-frames in R".
Lemma 9.5. f is smooth.

Proof. We can cover B with open subsets U for which there exists an r-frame o1,---,0, € T'(U,R"™) such that
o1, ,0. span E|y. Define
F: U = F(r,R") C Muy,(R)
b — (o1(b),- -+ ,0n0(b))

f is smooth, and f = po f, where
p: Fr(R™) — Gr(n,r)
(mh'" 71"7‘) — Spa‘n{xla"' 7xT}

(here the smooth structure of Gr(n,r) is compatible with the one defined in homework 1).
p is smooth because it is the quotient map for the action 6 of GL(r,R) on Fr(r, R™) defined by

0(g, (z1,- -+ ,2p)) = (w1, - axn)g_l

This action is free and proper (why?), so p is a smooth submersion. O

Example 9.6. Let 0 < r < n. Let Vi be an open neighborhood of 0 € R" and V5 an open neighborhood of
0cR" ™ and V=V x Vo CR" xR*"™" =R". Let f:V — M(,_)xr(R) be smooth. For (z,y) € V, let

BT = (@, f(z,9)@)|(x,y) €V, d € R"} C R™.
Let
Ef = U {(z,9)} x '@V CV xR" =TV.
(z,y)eV

This is the tangent subbundle on V of rank r. Ef has a global frame: let 9; = % be the standard vector fields
corresponding to the standard basis vectors eq,- - - ,e, € R™. So a basis of Ef®¥) is (e;, f(z,y)e;),i=1,---,r. So

the vector fields



form an r-frame that span E7.
Let m; : V. — V; be the projection for i = 1,2. The first component of ¢; is 9;, that is, & ~, 0;. Therefore

(i, &) ~m [05,05] =0,
that is,
Tiwyymili; &l(2,y) =0
Also if £(0,0) = 0, then E/(09 =R" and &;(0,0) = (9;,0) is the first r standard basis vectors of R”.

This example is important because any distribution (tangent subbundle) locally looks like the one above.

Proposition 9.7. Let E be a tangent subbundle of rank r over M. For everya € M, there is a chart (U, : U — R™)
centered at a and a smooth f: o(U) = M(,_p)xr(R) such that f(0) =0 and E|y = (Te) ' (ET).

Proof. Choose a basis vy, ,v, € T,M such that E, = Span{vy,---,v.}. Let ay, -+ ,a, € T:*M be the dual
basis. Choose chart (U’, ) centered at a such that d,; = a;. Then dyp : T,M — R™ maps E, to R” C R™.

Let F = (T¢)(E|y) be a subbundle of TV’ =V’ x R™ where V' = p(U’). Let f': V' — Gr(r,R™) be the Gauss
map of F. On Gr(r,R"), we have a chart (O, ¢), with R" C O, with ¢ : O = M,,_,)x,. Let V = (f/)~(0) and
U=p }(V),and f = f'|y. Then F = EY. O

9.2 Integral Manifold

Definition 9.8. An integral manzifold of a distribution £ C T'M is an immersed submanifold A C M such that
T,A=FE, for all a € A.

Example 9.9. E = span{¢} where £ is a 1-frame, i.e. a nowhere vanishing vector field. Trajectories v : I — M of
& are integral manifolds of F.

Example 9.10. E = ker(f) where f : M — N is a subimmersion. The fibres f~!(y) are integral manifolds.

Example 9.11. E = E/, where f : V — M(,_,)x,(R) is smooth. V = Vi x V3 CR"™" x R" is a product of open
sets V; C R" and Vo C R™™". E7 is the tangent subbundle over Vgiven by

E(fm,y) = graph(f(l',y) R — Rnfr) C R".

For every (xo,y0) € Vi x Vo and every integral manifold A of E containing (zo,yo), by the implicit function
theorem, there are open U; C V; (i = 1,2), U = Uy X Uy, such that ANU = graph(u) for a unique smooth function
u: Uy = Us.

Conversely, suppose that u : V; — V5 is a smooth map, then A, = graph(u) C V; x V5 = V is an n-dimensional
submanifold of V.

When is A, an integral submanifold?

A, is the image of an embedding

Let (z,y) € Ay, that is, y = u(z). A basis of T(, o)A, is

Di(z)e; = (pi@:)) “T (Du?;ﬂ)@)

and a basis of E(fz ,) are the columns of
I
" =1,
(f (z, y))

( )i—l--~ ,
f(mvy)ei 5’2 ’ ’

that is, the vectors



We want T, ,yAu = E(fm ) to make A, an integral submanifold, so
DU(JU)B,L' = f('l:a y)eivi = 17 e, T

Or more precisely,

In fact, we have the following result.

Proposition 9.12. A, is an integral submanifold if and only if u satisfies the system of first-order partial differential
equations

Du(z) = f(z,u(x)). (3)
The next theorem tells us that we cannot have integral submanifolds that meet in a point or anything like that.
Theorem 9.13. Let Ay, Ay be integral manifolds of E. Then Ay N As is an open submanifold of A1 and A,.

Proof. Let a € Ay N Ay. Without loss of generality, M =V = V; x V5 , where Vi C R", V5, C R"™" are open
neighborhoods of 0, a = (0,0) € R” x R"™" = R", E = E/ for some smooth

f V= M(n—r)XT(R)a

and A; = graph(uy), A = graph(us) for two solutions uy,us : Vi — V4 of the PDE (3).
We have that u1(0) = 0 = u2(0). Without loss of generality, we may assume that V; is connected. Let = € V7,
choose a smooth path

[
v [O, 1] — W Ug]’dlj%
with v(0) =0 € R", v(1) = . Put v; = u; oy for i = 1,2. Then v; satisfies an ODE

vi(t) = Dug(y(t))Y'(t) = f(y(t), wi(v(£))) () = f(v(t),vi(t))7'(t)

for 0 <t < 1. We have v;(0) = 0 =

v2(0). Hence, by uniqueness of ODE solutions, v; = vy. In particular,
v1(1) = v2(1), which means u (z) = ug( ) for

all x € V7. Therefore, u; = ug, and it follows that A, = A . O

Corollary 9.14. Let {A;|i € I} be a family of integral manifolds of E. Then 'UIAi is an integral manifold as well.
1€
Moreover, if I is finite, then QIAi is an integral manifold of E.
K2

9.3 Integrability

Definition 9.15. F is integrable if for every a € M, there is an integral manifold of F containing a.
The union of all connected integral manifolds containing a is the unique largest connected integral manifold of
E containing a, and is called the leaf of a.

So M is a disjoint union of leaves. Each leaf is an r-dimensional immersed submanifold.
Remark 9.16. (Caution) Topology on A = ‘UIAi may be finer than subspace topology inherited from M.
1€
Example 9.17. Let M = R3 with coordinates (r1,72,y). F is spanned by
£ = 3%1 +f($1,332)%
= 3%2 + 9(z1,32) 5,
where f,g:R? — R is smooth. That is, for € R?,

1
E, = Span 0 ,
f(z1,22) g(w1,72)

_ O
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This is the graph of a linear map R? — R with matrix

(f(w1,22), 9(71,22)).

An integral manifold A through z in R? is, near z, the graph of a function v : U — R, where U is an open
neighborhood of (z1,z2) € R?. Let
T
i(z1,T2) = T2 )
u(zy, o)

then A is the image of @ : U — R3, so T,,A is the image of Di(z1,22), which is the column space of the matrix

1 0
0 1
Ou  Ou
6111 6222
so we must have that
Ou _ f
68931
(Y —
oz — 9
The integrability condition is that
af Oy
6$2 h 8:51 '

Let E be a distribution on M. For each open U C M, I'(U, E) is a subspace of I'(U,TM) = T (U).
Definition 9.18. F is tnvolutive if T'(U, E) is a Lie subalgebra of 7 (U) for all open U.
Lemma 9.19. If E is integrable, then E is involutive.

Proof. Let ¢£,n € T'(U, E). For every a € U, &,n are tangent to an integral manifold A containing a. Hence [¢, 7] is
tangent to 4, i.e. [£,n] € T'(U, E). O

Theorem 9.20. (Frobenius Integrability Theorem). The following are equivalent:
1. E is integrable.
2. E is involutive .
3. For all ag € M, there is a chart (U, @) centered at ag such that E|y is spanned by the frame ¢*(01),- -+ ,©*(0y).

Proof. 1 = 2 proved in the above lemma.
2 = 3 Let ag € M. Without lose of generality, assume a« = 0 € R", M =V = V; x V;, where V; is an open
neighborhood of 0 € R™ and V5 an open neighborhood of 0 € R*~". E = E for some smooth

f V= M(nfr)xr(RL

i.e.

E(f$7y) = graph(f(x, y)) g RT X Rn—r o~ Rn.

E' has a global frame
0 :
“= (f(w)ai) A=

and §; ~g, 0;, where w1 : R™ = R", i.e. Tmi(&) = 0;. so
Tmi (&, &5]) = 10:,0;] = 0.

Since I'(E) is a Lie subalgebra of T (M), [&;,&;] € I'(E), which means

6, 6)(@.y) € Blay = B,



for all (z,y) € Vi x Va. Now

Tm B ST,V =R

f
(z,y)
, therefore

[E’ia 5]](337 y) = O,V(ﬂf, y) S

which means [§;,{;] = 0. By a previous theorem, there is a chart (U, ¢) centered at ag such with & = ¢*(9;). O
Remark 9.21. The submanifolds

erp1(z) = a
(Pn(l') = Cn—r

are integral submanifolds of E|y.

Fact 9.22. If M is paracompact, then the leaves of an integrable distribution are also paracompact.

9.4 Distributions on Lie Groups

Let M = G be a Lie group. A vector field £ € T(G) is left-invariant if T1 Ly(&) = &, for all g € G. Write T(G)r,
for the space of all left-invariant vector fields.

Recall left trivialization
pr: Gxg — TG

(gag) — Tng(g)
where g = Ty Ly, is a diffeomorphism. For £ € g, let &1, 4 = ¢1.(g,€), then {1, € T(G) L.

Lemma 9.23. 7(G), is a Lie subalgebra of T(G).
Proof. If §,m € T(G)r, then L;([¢,n]) = [L; (&), L;(n)] = [§,n] for all g € G. O

Via the isomorphism ¢y, : g — T(G)r, this makes g = T1G a Lie algebra, called the Lie algebra of G.

Remark 9.24. If we had done this with right-invariant vector fields instead, we would end up with the opposite Lie
algebra ,g°P which is the same except the bracket has a negative sign.
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10 Differential forms

Let 7 : F — B be a smooth vector bundle over F = R, C. We want to perform algebraic operations on fibres of F.
Example 10.1. Let E* be the dual of E. defined by
beB

where (Ep)* = Homp(E}, F) is the dual vector space of F-linear maps. Define

T=mg: FE* — B
(Bp)* = b

To get a vector bundle chart on E*, take a chart (U, o) for E:

Ely & UxF"

o
U

we have F-linear isomorphisms
op: By 5 {b} xF" — F"

for b € B, and the transpose map

Define a chart (U, ¢*) on E*:

by letting the restriction of ¢* to (Ep)* be the inverse transpose map

o (B 2 () 25 (b x (BT

To verify that this is an atlas, we need to check compatibility. Given two charts (Uy, ¢1) and (Us, p2) on E with
transition map
gi12 : UNnUy;, — GL(’I", F)
b = Q2O (pl_é

then the transition map for (U, ¢7) and (Us, ¢3) is

giz: UinUz — GL(r,F)
b = (o) oty = (g12(b)") 7

i.e. the following diagram commutes,

U,nU, 2% GL(rF)

912 v }
GL(r,T)

g5y = f o gi2, where f(A) = (AT)~L. fis a Lie group homomorphism, so g%, is smooth and E* is a vector bundle.

If oy, -+ ,0. is an r-frame on E|y corresponding to a chart (U, ¢) on F, then the r-frame on E*|y corresponding
to (U, ¢*) is the dual frame o7,--- o € T'(U, E*) characterized by

o;(0j) = 6ij

that is,
i (b)(o;(b)) = 0y

forallbe U. 56



Example 10.2. (Special case) Let E = T'M be the tangent bundle, where M is a manifold, then E* = T*(M) is
the cotangent bundle. A chart (U, ) on M gives rise to an n-frame

0 0

T B
of E|y = TU. The dual frame on E*|y = T*U is denoted by
dxry, - ,dz,.

Sections of T* M are differential forms of of degree 1, or 1-frame.
A general 1-frame on U looks like
o= fida;
i=1

with f; € C(U).

10.1 General Construction

Let C be the category of finite dimensional vector spaces over F. Let F : C — C be a functor.
For a vector bundle 7 : E — B, define

F(E) =[] F(&)

beB

as a set, and define
m: F(E) — B
]:(Eb) — b
A chart (U, ) on E gives rise to a chart (U, F(p)) on F(E) as follows,
FE 2% UxFEn)

+ e
U

for each b € U, we have ¢, : Ej =N

1. F is covariant, then apply F:
F(pp) : F(Ep) — F(F).
Define the restriction of F(¢) to F(FE}p) to be the map

) ]:(Lpb)

F(Ey F(F") — {b} x F(F").

2. F is contravariant, then apply F to ¢, to get
Flpr) : F(FT) = F(Ep).
Define the restriction of F(¢) to F(Ep) to be the map

F(E) 287 75y = {b) x FE).

To check compatibility of the charts, suppose (Ui, 1) and (Us, p2) are charts on E with transition
gi2 : U1 n U2 — GL(’I’,F)
then the charts (U, F(p1)) and (Ua, F(p2)) have transition map

.7:(912) : U1 05g2 — GL(T’, ]F)



given by either
Flg12)(b) = F(g12(b))

in the covariant case, or

Flg12)(b) = F(gr2(b)) "

in the contravariant case.
We need this to be smooth for the charts to be compatible. But F defines a map

Hom(F", F") £ Hom(F(F"), F(F")),
which restricts to a map
GL(r,F) L GL(F(F")), (4)

which is a homomorphism if F is covariant and a antihomomorphism if F is contravariant.

U, 22 GLF)

Flg12) N LF/roF (5)
GL(F(F"))

where 7 is the inversion map.

Theorem 10.3. Suppose F has the property that (4) is smooth, then F(FE) is a smooth vector bundle over B. If
{gij : Uij — GL(F")} is a cocycle representing E, then a cocycle for F(E) is {F(gi;) : F(Ui;) = GL(F(F")} as
defined in (5).

Example 10.4. Let F be the dual functor, F(E) = E*, we obtain the dual vector bundle. Similarly, we could let
F be the tensor algebra, F(E) = T(E), symmetric algebra, F(E) = S(E), alternating algebra F(E) = A(E), or
Clifford algebra, F(E) = CI(E), over a vector space V, giving other bundles.

Remark 10.5. A functor F is smooth if for all objects VW € C, the category of finite dimensional vector spaces
and linear maps over F = R, C,

Hom(V, W) EiN Hom(F(V),F(W)) F covariant
Hom(V,W) < Hom(F(W),F(V)) F contravariant

is smooth.

A smooth funtor can be applied to the fibres of a vector bundle E — B, to yield a new vector bundle F(FE) — B.
Example 10.6. Let F be the dual functor, (V) = V*, F(f) = fT : W* — V*. The map
Hom(V, W) £ Hom(W*, V*)

is smooth because it’s linear.

10.2 Alternating (or exterior) algebras
Let k be a commutative ring and V' a k-module. For example, k =R,V =T, M, or k = C*(M),V = T(M).
Definition 10.7. The alternating algebra of V is the k-module A(V') spanned by all symbols
UL ANug N\ -+ Nup
forn € N, ug, - ,u, € V, subject to all relations of the form:
e MULT (multlinearity):
ug A A(au; +a U A A =alug Ao Aug A Ag) +a (ug Ao AL A Ay,

for a,a’ € k, uy, - ,ug,ul, - uy €V, 58



e ALT (alternating property):
UL A AU N AUy A ANuy =0

if u; = u; for some ¢ # j.
If n =0, we interpret uy Aus A--- Au, to be 1 € k.
Example 10.8. 5+ 3v+vAw € A(V) for any u,v,w € V.
Example 10.9. u Av = —v Awu for all u,v € V, because
(u+v)A(u+v)=0

by the alternating property.

A(V) is an associative algebra over k with unit and multiplication defined on generators by

(up Ao Atum) AL A Avp) =Uur Ao Ay AU A Aoy

Definition 10.10. Some variants.

1. If we omit ALT, the resulting algebra is the tensor algebra T(V') with multiplication denoted by ®.

2. If we replace ALT with SYM (symmetry):

ulUQ...ui...uj...un:uluQ...uj...ui...uT“

[Tk

we obtain the symmetric algebra S(V') of V with multiplication denoted by juxtaposition, or (empty

symbol).

3. If we replace ALT with CL (Clifford Axiom):
uu = qu,

where ¢ : V' — k is a quadratic form, we get the Clifford algebra CI(V,q) of the pair (V,q).

10.2.1 Degree

Definition 10.11. An element of A(V) has degree n if it’s a linear combination of generators u; Aug A -+ A up,
with u; € V. The elements of degree n form a k-submodule, the n-th alternating power A™(V') of V.

We have that -
A(V) = PAan(v)
n=0
where A°(V) =k, A} (V) = V. Therefore A(V) is a graded algebra,
ANV - AI(V) C ATV,
If z € AY(V) and y € A7(V), then y Az = (—1)Y(xz A y).
Definition 10.12. The graded commutator is given on basis elements z € A*(V), y € A7(V) by
[z, )] =2 Ay — (=1)yAw
and extended by linearity. This is also called the Koszul sign rule.

A(V) is graded commutative since [z,y] = 0 for all 2,y € A(V).
The alternating algebra construction V — A(V) defines a functor

A Modyx — Algy,
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where Mody is the category of k-modules and Alg, is the category of k-algebras. If V, W are modules and
f:V — W is k-linear, then define
A(f) : A(V) = A(W)

on generators by
A(f)(wr Aug A+ Auy) = flur) Ao A fug)

and extend by k-linearity.
This is well-defined, k-linear and moreover multiplicative (which means that A(f)(z Ay) = A(f)(z) A A(f)(y)
for all x,y). We also say that A(f) is of degree zero, that is,

deg(A(f)(x)) = deg(x).

We say A(f) is a homomorphism of graded algebras.

10.2.2 Basis

Some questions we may ask are: what does a basis of A(V') look like? What’s the matrix of a linear transformation
A(f) relative to the matrix for f ?
Let V* = Homy (V, k) be the k-dual of V. Define a pairing
AL V) x AYV) — k
(pr A Ag)(ur A Awg) = det(wi(ug))ixi

for ¢; € V*,u; € V. V. This is well-defined and k-bilinear.

Now assume that V is a free k-module of finite rank n. Choose a basis by, - - - , b, of V, with dual basis b7, --- , b},
such that b:(b]) = (Sij.
Let I = (i1,--- ,i,) be a multi-index with 1 <i; <n. Write by = b;, A--- Ab;_and b] = bj A--- Ab; . We say

that I is increasing if 1 <i; < --- < i, < n. Let Z* be the set of such multi-indices.

Lemma 10.13. The elements by (respectively, b ), I € 7, span A*(V) (respectively, A*(V)*).

n
Proof. Let uq,--- ,ux € V, enough to show uj A -+ Auyg is a linear combination of the b;. Expressing u; = Zcijbj
j=1

with ¢;; € k and using MULT we see

k k
ul/\.../\uk: Z'.'chjl".ckjkbjl/\"'/\bjk.

ji=1 Jk=1

U N\ up = Z crbr.

Using ALT, rearrange this in the form

Iesy
O
Lemma 10.14. b5(by) =07y for all I,J € .
Proof. See
bi(by) = (bj, A AB])(bjy Ao Aby)

= det (b7, (b;,))

= det(éitjs)

B det(I)=1 I=J

B 0 I#J
when I # J, there exist zero rows in (&;,,)kxk- O

Theorem 10.15. Suppose V is a free k-module of rank n with basis by, --- ,by,.
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1. The collections {b;|I € #"}, {bi|I € I} are basis of the k-module A*(V'), respectively A¥(V')*. In particular,
A*(V) and AK(V)* are free of rank || = (Z) Also AF(V) = A¥(V)* =0 for k > n.

2. The pairing A*(V)* x A¥(V) — k is nondegenerate in the sense that the associated map
ARV S5 AR (v)*

s an isomorphism.
n
3. As a k-module, A(V') is free of rank Z (Z) =2
k=0

Now let V, W be free k-modules and f : V — W a linear map. Choose bases by,--- ,b, of V and ¢y, -+ , ¢y, of
W. Let (fij) € Myxn(R) be the matrix of f,i.e. fi; =cf(f(b;)) € k.
Recall f:V — W induces a functor
AR(f) AR(V) — AR(W)
up Ao Aug = flun) Ao A flug)
Theorem 10.16. The matriz element of A*(f) relative to the bases {bs|J € #*} and {c;|I € I} are det(fr;)
where fr; € M(k,k) is the k x k minor of the matriz (f;;) with rows ty,--- i and columns ji,--- , ji.

Proof. For by € AF(V) and ¢ € A¥(W),
ci(AM(N)by) = (e, Ao A )(f (b)) Ao A f(bs)

= det(c; (f(bj,))kxk
= det(fjj).
O
Now let k = R, Vecr is the category of finite dimensional real vector spaces.
Corollary 10.17. The funtors A* : Vecr — Vecr are smooth.
Proof. For all VW € Vecgr,
A*: Homg(V,W) — Homg(A*(V), AK(W))
™ x|
Mxn(R) M m\_(n (R)
k k

is a smooth (in fact multilinear) map. O

So for every smooth vector bundle 7 : E — B with cocycles {g;;}, we get new vector bundles A*(E) — B and
A¥(E)* — B with cocycles {A*(g;;)}, respectively {A*(g;;)}.

Also have alternating algebra bundle A(E) = @Ak(E).
k=1

We have isomorphisms A*(E*) — A*(E)*.
Example 10.18. £ =TM, where M is a manifold.

X(M) and Q(M) are algebras over C*°(M).

Remark 10.19. Interpretation of A*(V)* = Hom(A*(V), k).
Let VF =V x --- x V (k times), a map p : V¥ — k is multilinear if

,U/(Ul,"' ,aui—i—a/u;,uk) = Cl/.l/(’l,tl,"' s Ugyt o 7“[@) +G,IH(U1,"' au;a"' 7U'k)7

and alternating if
p(ur, - u,) =0, if u; = u; for some i # j.

We put Alt*(V) = {u: V¥ — k|u is multilinear and 8]1ternating}.



’ Bundles \

Sections

|

Notations

A(TM)

multivector fields

x(M) = éxk(M)
k=0

A(T* M)

differential forms

QM) = éQk(M)
k=0

Example 10.20. V = k", then det € Alt"

Fact 10.21. Al"(V) = A*(V)*.

Table 2:

(V).
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