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Introduction

This is a graduate course in homological algebra, which is a continuation of the course MATH6350 Homo-
logical algebra in Spring 2018. There are several notes from previous years, which are also notes for courses
taught by Professor Yuri Berest in recent years.

The outline for this course are as follows. The first two parts are determined with certainty, but the rest

may be changed according to audience’s preferences.

Part.I Classical Homological Algebra

1. Dold-Kan Correspondence.
This correspondence builds between homological algebra and homotopical algebra. More explicitly, the
(simplicial) Dold-Kan functor
N :sMod (R) = Com, (R)

gives an equivalence between the category of simplicial R-modules and nonnegatively graded chain
complexes of R-modules. The left hand side has a generalization to simplicial model category sC.

There is a dual version of the Dold-Kan correspondence. We have a cosimplicial Dold-Kan functor
N : csMod (R) = Com™ (R)

which gives an equivalence between the category of cosimplicial R-modules and nonnegatively graded

cochain complexes.

2. Variations.

(a) “Differential form” version of DK correspondence. See [MK97] for details.
(b) “Duplical” categories version. See Dwyer-Kan’s DK normalization.
(c) Monoidal versions.

i. Let R = k be a commutative ring. We have a Quillen equivalence sAlg; ~o DGA, which,
however, is not derived from the above functor. See [SS03] for more details.
ii. Beilinson’s Theorem from number theory.

In general, the cosimplicial functor does not restricts to commutative algebras, but if we revise
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a little to a “small” version, we have

small

N : csCommAlg;™" = (CDGA;})
where the second “small” can be explained very explicitly: the differential graded commutative
algebras are generated by A and A', the degree 0 and degree 1 components.

Application: Beilinson’s conjecture on regulator maps for arbitrary schemes, which gener-
alizes Borel’s regulator map at one point (up to a factor 3). See [BG02] for details.

iii. Categorical versions

sMod (k) -Cat ~¢ DGCat;

where DGCat (k) contains the small additive categories enriched over Com. (k), and

sMod (k) -Cat contains the small categories enriched in simplicial modules. In Dwyer-Kan’s

model structure, the weak equivalences are quasi-isomorphisms.

Application: Rational homotopy theory. f : X, — Y, is called a rational homotopy equiv-
alence of simply connected spaces if 7, f : m; (X,*) ®z Q = m; (Y, *) ®z Q as Q-vector

spaces for any i > 0.

rational homotopy types of simply connected spaces
Quillen *69 | 1—1

homotopy types of reduced DG Lie algebra over Q
Sullivan ’71$Koszul duality

homotopy types of CDGA&

Q can be replaced by any field k£ of characteristic 0.
Example. Let X be a l-connected real C*-manifold, then Q°* (X) € Hy (CDGAY).
Problem. What algebraic objects can be taken as algebraic models for general spaces?

Solution 1. Look at “closed tensor” differential graded categories, or “commutative” differ-
ential graded categories. See Katzarkov—Pantev—Toén 2008 [KPT08|, Pridham 2008 [P0§],
Moriya 2012 [Mor12].

Part.IT Simplicial Methods
1. Simplicial groups sGr.

Theorem. [Kan’s Loop Group Theorem] There is a classical Quillen equivalence between the category
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of pointed connected topological spaces and the category of reduced simplicial sets. Furthermore, the
Kan loop functor gives a Quillen equivalence between the category of reduced simplicial sets and the

category of simplicial groups.

~ G
~Q .
Top, ., ﬁ> sSetg sGr
- w

This theorem is a generalization of the classifying space BT of a group T'.

Hy (Topy_,) = > H, (sGr) <—Gr

BT T

Game: Take your favorite group theoretic construction (or property of a group) and extend it (up to

homotopy) to all spaces.

e Homology of spaces is an extension of abelianization of groups.
e Homotopy normal maps is an extension of normal maps N — G where N < G.

e Representation homology is an extension of representation variety of groups.
2. Crossed simplicial groups. (cyclic theory and cyclic homology)
3. Simplicial Chern-Weil theory

Part.IIT A Survey in Simplicial Presheaves in Derived Algebraic Geometry (DAG) and Homotopical Alge-

braic Geometry (HAG)



1 SIMPLICIAL OBJECTS

Part 1
Simplicial and Cosimplicial Objects

1 Simplicial Objects
In this section, we will discuss about
e definitions and examples of simplicial objects

e formal (categorical) properties: simplicial adjunctions

1.1 The (Co)simplicial Category A

Definition 1.1. A is the category whose objects are the finite totally ordered sets [n] ={0<1<2<.-- <n},n >

0, and the morphisms are order-preserving maps

Homa ([m], [n]) = {f € Homset ([m], [n]) [f (i) < f (4), V0 <@ <j < m}

Remark 1.1. (trivial observation)
1. Auta ([n]) = {Id},¥n > 0.
2. A has terminal object [0] but no initial object.
There are two classes of morphisms in A.

e the coface maps d' : [n— 1] < [n],0 <4 < n,n > 1 defined by the property that d’ is injective and

[IPe2i

contains no “¢” in its image, i.e.

k k<i

k—1 k>i

e the codegeneracy maps s’ : [n+ 1] — [n],0 < j < n,n > 0 defined by the property that s7 is surjective

[19¢2)

and takes the value “j” twice, i.e.

k k<i

st (k) =
k—1 k>i

Convention. We will write f : [m] — [n] for cosimplicial case and f : [n] — [m] for simplicial ones.
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Lemma 1.1. Every f € Homa ([n],[m]) can be decomposed (in a unique way) into the composition f =

dndiz ... Jirgitgiz ... gis wherem=n+1r—35, 11 <is < -1 and j1 < jo < --- < Js.
Proof. See [GZ67] Lemma 2.2. O
Example 1.1. Consider the unique morphism f : [3] — [1]

%

[3]

f can be factored as f = s? o s2.

The morphisms d’ and s/ satisfy the cosimplicial relation

dd = didi—! i<
igt = gtgitl i<j

digi=t i< (1)
s'd' = (1d i=j.j+1

di=ts i>j+1

Remark 1.2. A can be defined abstractly as the category with objects {[n]},-, and morphisms generated
by d' : [n — 1] — [n] and s? : [n + 1] — [n] satisfying the cosimplicial relation 1.
(Co)simplicial Objects
Definition 1.2. Let € be a category.
1. a cosimplicial object in C is a functor X* : A — €, [n] — X" = X* [n].
2. a simplicial object in C is a functor X, : A®? — €, [n] — X,, = X, [n].

The category of simplicial ans cosimplicial objects in € are denoted s = 2" = Fun (A, €) = €A and

cs?% = ¢* = Fun (A, %). In both cases, morphisms are natural transformations of functors.

Example 1.2. ¥ = Set,s% = sSet is the category of simplicial sets.
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The dual category A°P has the presentation Ob(A°P) = Ob(A) = {[n],n > 0}, and morphisms are
generated by the face maps d; : [n] — [n — 1] and the degeneracy maps s; : [n] — [n + 1] satisfying simplicial

relations.

Remark 1.3. It’s convenient to think of simplicial objects in C as right “modules” over A and cosimplicial

objects as left “modules” over A.

Any simplicial object X, can be written explicitly in the following manner.

do ~
Xo=| Xoso= Xy <—F -
dq -

where X, == X, [n] and d; = X, (d') ,s; == X, (s7).

1.2 More Terminology

Let C be a category. If X, € Ob(sSet), then X,, := X, [n] is called the set of n-simplices. An n-simplex

x € X, is called degenerate if z € Im (s;) for some j. Denote
n—1
Xgeg = U Sj (Xn—l)

Jj=1

the set of degenerate simplices in X,.

Remark 1.4. Here we abuse the notation s; by taking it as X, (s;) in the category C. We’ll do this a lot in

the future, and the proper elements should be considered when used.

Exercise 1.1. Using simplicial identities we can express

xXdE= ) X(f)(X) = colimX (f) (Xp) (2)
filn]—[k],f#1d

Remark 1.5. Formula 2 makes sense for more general categories so we can define degenerate objects for any

simplicial objects.
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2 Basic Examples

1. Geometric
2. Combinatorial

3. Categorical

2.1 Geometric Examples of Simplicial Sets
Geometric Simplices

This is the motivation for simplicial homotopy theory.

The geometric n-simplex A™ is the topological space defined by

A" = {(Jco,~-- ) 6R”+1|in =1,z EO,VOSiSn},
i=0

i.e. it is the convex hull of unit vectors {e; = (0,---,1,---,0)}"_, in R* 1

9

Given a morphism f : [n] — [m] in A, we define

A*(f): A"CR*Ht — Am CRMF!
€i — €fi)
which defines a functor
A*: A — Top
[n] — A"
i.e. a cosimplicial space.

Let’s compute the coface and codegeneracy maps in A™.

Recall that

) €k, k<1
d* (ex) =
€k+1, k Z {
n—1 i—1 n—1
so it extends to Zxkek — kaek + Z$k€k+1, and we have d* : A"t — A" (zg, -+ ,Tp_1)
k=0 k=0 k=i
(o, - ,2i—1,0,24, -+ ,x,). Geometrically, in A™ we define i-th (n — 1)-dimensional face to be the one

opposite to e;. Then d* : A"~ ! < A" ig the inclusion of i-th face into A™.
Dually, s7 : A" — A" is given by (2o, - ,Tpt1) — (To, s Tj—1,Tj + Tj41, s Tnt1). Geometri-

cally, s/ collapse the differential graded between j-th and (j + 1)-th vertices in A" to a point.

10
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C A", called the o-face of

1€0 —

Given any subset ) # o C [n], we define A, to be the convex hull of {e;}

A. Thus we have a bijection
{nonempty subset of [n]} <—— {faces in A"} .

Definition 2.1. A finite polyhedron X is a topological space homeomorphic to a union of faces in A", i.e.

X = U A,, € A™. The choice of such homeomorphism is called triangulation on X.
i=1

(Abstract) Simplicial Complexes

Definition 2.2. A simplicial complez X on a set V is a collection of nonempty finite subsets in V' which is
closed under taking subsets, i.e.

VoeX,0#7Co = T€X.

Remark 2.1. We do not assume that V' is finite and that V = U 0.
oeX

To associate to (X, V) a space, we consider the R-vector space V := spany (V') and define for 0 € X,
A, C V to be the convex hull of 0 C V C V. A, is a topological space equipped with topology induced
from V.

Definition 2.3. The geometric realization of a simplicial set X is

X|:=(J A, CV
oceX

Definition 2.4. A polyhedron is a topological space homeomorphic to |X| for some simplicial complex.

Remark 2.2. Simplicial complexes have “bad” functorial properties. For instance, if Y C X is a simplicial

subcomplex, the quotient X/Y is not a simplicial complex.

Simplicial sets can be viewed as generalization of simplicial complexes.

To an (ordered) simplicial complex (X, V') we can define the simplicial set S5, (X) as follows,
SS, (X) = {(Uo,--- ,Up) € VT {ug, -+ ,u,} € X} .

Remark 2.3. We allow v; = v; for some i # j, and by { } we mean the underlying set.

11
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For f:[n] = [m] in A, we define

SS«(f): SSn(X) — S5, (X)
(o, vom) > (Vp)s V()
Explicitly,
d; SS,(X) — SSn—1(X)
(v()’...7vn) —_— (U07"'7vi71avi+17"'»7vn)
s; SS,(X) — SSp+1 (X)
(vo, -+ ,vn) > (vo, "+ ,Vj—1,V;,V5, ,,Un)

Exercise 2.1. Show that
1. X can be recovered from S5, (X). More precisely, S, (X)"°"* =~ X This implies (see later)

2. for any (ordered) simplicial complex X, | X| 2 |SS, (X)| where | X]| is the realization of X as a simplex,

and |SS, (X)|is the geometric realization of simplicial set.
Proof. Nondegenerate n-simplices in SS, (X) corresponds to distinguished n-tuples in X, i.e. subsets of V
of size n. O
Simplicial Sets of a Space

Definition 2.5. Given a topological space X, we define the simplicial set S, (X) by
Sp (X) = Hommep (A", X),n >0

and for any f : [n] — [m],
Se(f): Sm(X) —  Sp(X)

® — o A*(f)

This defines a functor S, : Top — sSet, called singular functor.

2.2 Combinatorial Examples of Simplicial Sets

Discrete (constant) Simplicial Set

Set — sSet

X — {Xk:X,diZSj:IdX}k>o

12
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Standard Simplicies

Recall that for any locally small category %, we define the category % = Fun (€°P, Set) the presheaves on
%, or €-sets.

There is a canonical (Yoneda) functor

h € — €
c — he == Homg (—,¢)
hy: he, — he,
(Cl e CQ) — 7
(——)Cl) (——>Cl —>02>

Lemma 2.1. The Yoneda functor h is fully faithful. More generally, for any ¢ € Ob(€) and any X €
b (%)
Homy (he, X) = X (o)
H

¢ ={¢a:hc(d) = X (d)}seon) ve (Id.)
Definition 2.6. A functor ' € Ob (‘5) is called representable if there exists ¢ € Ob (%) such that F' ~ h,.
By definition, sSet = Fun (A°P, Set) is the category of presheaves on A.
Question. What simplicial sets are representable?

Definition 2.7. A standard simplex A[n], is the simplicial set of the form hy,) for fixed n > 0.

An],: A — Set

*

[k] = [n]; = Homa ([k],[n])

Explicitly,

An], ={Jo, - ,Jr)[0<jo<j1 <+ <jp <n}.

Consider in A the special maps

di:k—1—[k 1<i<kk>1

sbik+1] =k 0<I<kk>0

13
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These maps under A, become

d; An], — Aln],_,
(Jos ==+ 1 Jk) (jo,"',ji,"',jk)

s A[n]j — A[n]k_H
(Jo, = Jk) = (o, Ju, iy k)

Inspection. If we think of A™ as an abstract simplicial complex, then A [n], is the associated simplicial

set, A[n], =SS, (A™). This immediately implies that |A[n], | = A™.

Lemma 2.2. Aln|, corepresents the functor

sSet — Set

X, — X,

Proof. This follows from Yoneda Lemma,
HOIIIA (A [n]* ,X*) = HOIHA (h[n],X*) = )(,,< [n] = Xn.

O

Explicitly, to each simplex x € X,, we can associate a unique simplicial map & : A[n], — X, such that

*

& (Id,)) = #. The Yoneda functor (in this case) is

A — A = sSet

[n] — h[”] =A [n]

*

The assignment defines a cosimplicial set A[e] € csSet, where csSet = Fun (A, Fun (A°P, Set)) =
Fun (A x A Set).
We think of objects in csSet as graded-bimodules over A, i.e. functor A x A°? — Set. This allows us

to define two very important simplicial objects in A [n],.

0A], = |J &'(Aln—1],) C A,

0<i<n

where d' : An — 1], — A[n], is the morphism of simplicial sets. A [n], is called the boundary of A [n],.

*

Example 2.1. A[0], = {0,00,000, - --} contains only one nondegenerate simplex 0 € A[0],.

14
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Example 2.2. A[1], ={(jo, -+ i) [0<jo < -+ <jp <1} = 0,---,0,1,---,1],0<i<k+1
i k1
A, - A,
(0,---,0) = (0,---,0)
dt: Al = Afl]
0,--+,0) — (1,---,1)

So 0A[1], = {0,1,00,11,000,111,-- - }. The nondegenerate simplices are 0 € A[1], and (0,1) € A[1];.

Geometrically, OA [n], is the smallest simplicial subcomplex of A [n], generated by its (n — 1)-dimensional

faces.
Definition 2.8. The k-th horn of A [n], is defined as Ay [n], = U d"(A[n—1],) CO0A[n], C An,.
0<i<n,i#k
This is a corn with vertex k.
. Ag [2] ) . T .

Simplicial Spheres S?
Definition 2.9. The simplicial n-sphere S} is defined as the quotient simplicial set

S = Aln, /04 [n],
or equivalently, as the pushout

OA[n],— Aln],

l — 87
Simplicial Circle S!
Let n = 1.
i k+1—i

aA[l]k:{(()? 70)7(1’ 71)}

15
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St = <%, {0,---,0,1,---,1],1<i<ky has (k+1) elements, where * = (0,---,0) ~ (1---,1).
i k+1—1
{*,t = (0,1)} are the only nondegenerate elements.
S§ = {x}.

Si={s0(*),t=(0,1)}.
S% = {3% (*) » SO (t) = (0707 1) y S1 (t) = (Oa ]-7 1)}

Sk= {56 (*)  sk—18K—2-+5i-50 (1) [0 < i <k — 1}

Observe that there is a natural bijection S}, = Ziyr = Z) (k + 1) Z given by

SE (%) > 0,85 1852880 (t) > i+1( modk+1).

Then we can explicitly write
1 -, =
si={0T=z~—27}
>
However, the face and degeneracy maps are not simplicial group homomorphisms, so this is not a simplicial

group. They actually satisfy the crossed relation, i.e.

fgg") = f(9) (")

This is an example of a crossed simplicial group.

To explain this observation, we introduce a new category.

Cyclic Category and Cyclic Objects
Definition 2.10. The cyclic (or Connes’) category AC is defined by
Objects: {[n]}nzo.
Morphisms: generated by
d:[n—1—[n] 1<i<nmn>1 coface

sh:in+1]—=1[n] 0<i<n,m>0 -codegeneracy

Tn @ [n] = [n] n>0 cocyclic
satisfying
1. the usual cosimplicial relations (as in A) for d'’s and s’’s.

16
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2. Tpdt =d" 71,1 <i<n,and 7,d° = d".
Tpsl = Sj_lTn+17 1<j<n,and 7,5° = SnT3+1.

3. T,?‘H = Id[n],n > 0.
Remark 2.4.

1. Although AC has the “same” objects as A, we do not regard [n] as sets, because morphisms cannot be
viewed as set maps. For example, [0] is not the terminal object in AC (see Remark 2.5). In fact, AC

has neither initial nor terminal object. We have Connes duality AC°? = AC.

2. The two relations 7,,d° = d" and 7,,s° = s"72, | are redundant and can be omitted. Indeed,

_ 1gn _ _ -1 0 0
dm =7t = 1 (rpd™) = 70 (A" ) = - = 1 d0T ) = Tod

2 lon2 2 -1 2 _ . .0-n+2 _ _ 0
SPTR = TS T =) (Tes™) T = Th (s" Tn+1) Tl = =TS Th ] = Tns

The structure of AC is described by
Theorem 2.1. AC contains A as a subcategory (but not full) and
1. Autac([n])) 2 Z/(n+1)Z,¥n > 0.
2. every morphism f € Homac ([n],[m]) can be uniquely factored as f = p o~y where v € Autac ([n])
and ¢ € Homa ([n], [m]).
We will prove this in general for any crossed simplicial group.

Remark 2.5. [0] is not the terminal object in AC because for any n > 1, and f € Homac ([n],[0]),

Id # g € Autac ([n]), there exists a unique factorization

[n] ——[n]

® f

0] —2 (0]

i.e. ¢ = fog# f. Hence there exists more than one element in Homac (7], [0]) for any n > 1.
Definition 2.11. A cyclic object in a category ¥ is a functor X : AC? — %.

In AC?? the objects are the same {[n]}, -, and morphisms are

di=(d)’:[n] = [n-1 1<i<nn>1 face
sj=(s)":[n] > [n+1 0<i<nn>0 degeneracy

tn = (1n)" : [n] = [n] n>0 cyclic

17
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Cyclic set C..

We define a functor C, : AC° — Set as follows.
Objects: [n] — C, : Autacer ([n]) X Z/ (n+ 1) Z.

Morphisms: any f € Homac ([n],[m]) can be uniquely factored as f = ¢ o~ where v € Autac ([n])
and ¢ € Homa ([n],[m]). Take any g € Autac ([m]) and any a € Homac ([n],[m]) and consider
f = g oa, by unique factorization, there exists a unique ¢ = ¢g* (a) € Homa ([n],[m]) and a unique

v =as (9) € Autac ([n]) such that goa =@ oy = g* (a) o as (g)-

Thus for fixed g € Autac ([m]), we define a map

*

g*: Homac ([n],[m]) — Homa ([n],[m])

a = g* (a)

and for fixed a € Homac ([n], [m]), we define a map

a.: Autac([m]) — Autac([n])

g = G (g)
Dualize everything we get
g*: Homacer ([m],[n]) — Homaor ([m],[n])
a — g (a)
Ay - AutAcop ([mD — AutACop ([TL])
g — ax (9)

such that a o g = a. (g9) o g* (a).

The second is associative, i.e.

(a'0a), (9) = (a'), (ax (9)),Ya € Homacer ([m], [n]) ,a" € Homacer (1], [n])

18



2.2 Combinatorial Examples of Simplicial Sets

2 BASIC EXAMPLES

which follows from the following commutative diagram

and unique factorization property.
Furthermore, a, (Id[m]) = Id[,,; by unique factorization property.

Thus we can define the functor

C, : ACoP — Set
[n] — C,
(a:[m] = 1[n]) — (ax:Chp — Cp)

Explicitly, by the formula a o g = a. (g) o g* (a), we have

di oty = (di), (ta) © (ta)" (dy).

On the other hand, by the relation in AC°P, we have

diotp, =ty 10di1, 1<i<n .

Hence by unique factorization, we have

A (ty) = tn_1, 1<i<n
ds (t,) = 1d

s§ (tn) = tpny1, 1<j<n
56 (tn) = t%ﬂ

Lemma 2.3. We have the isomorphism of simplicial sets

st 5 ¢,
si(x) b (tn)’ =1
Spe1c 880 (t) = tht!
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Remark 2.6. [A. Connes, J. L. Loday| The geometric realization of simplicial circle is ’SH = |B,Z| = S' the

topological group, which is not a coincidence.

2.3 Categorical Examples
Nerve of a category
Recall a category € is small if its objects form a (proper) set. Associate to such a category a simplicial set

NL€ (or B,€) defined by

M€ = {objectsin €} = Ob(¥)
M€

{morphisms in €} = Mor (¥)

No% = {composable morphisms ¢y Jo, ¢ ELN ¢ in ‘5}

N, € = {n—composable morphisms ¢y Jo, e EENUNELEN ¢y in ‘5}
N - ¢
% h
fifa
e — — —— — — Cy
N3<g : C1
% w\
ol - PN x

\\\7R>\\& //Z
C2

This suggests that

d; N, € — N,1¥
(Cof—°>clf—1>~--h—_1>cn) — (cof—°>-~-fi—_2>ci,1fi—_l>é¢£>ci+1%~--f"—_l>cn)
(fn—1,-+ 5 f1) i=0
(Fa1,e++ fo) — (factseo s fifimts o) 1<i<n—1
(fa—2s7+, fo) i=n
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S5t ./\/'n% — -/\/'n-‘rlg
(CO f—0> C1 f—1> —)fn71 Cn> — (Co f—0> —>fi71 C; E) C; i) Ci+1 —)le —)fn71 Cn)
(fn—lf"afO) — (fn—17"'7fi7fi7"',f0)

Another way to view this construction is the following. Let
e s,t: Mor (%) — Ob(%) the source and target maps.
e i:0b(€) — Mor (%) the identity morphism map.

e o: Mor () xopw) Mor (€¢) — Mor (¢) where Mor (€) X op) Mor (€) is the fibred product

Mor (€) Xoue) Mor (‘gl)l—> Mor (€)

Mor (%) > 0Ob (%)

Notice that the structure of € gives us

Ob(€) === Mor (€) <=2 Mor (%) Xope) Mor (€) .

t <

The new construction can be viewed as an “extension” of a category to a “full” simplicial set

No (€)== N1 (6) === N2 (%)
t <

where

N (€) = Mor (€) xopiey Mor (€) Xou) - -+ Xovw) Mor (€) = Mor, (%)

n

The maps d}s and s;’s are the structure maps of iterated fibred products.

Question. N,% (as a simplicial set up to isomorphism) determines 4 uniquely up to isomorphism. What
kind of simplicial sets do we obtain this way? This gives us a proper way to relax the definition of

category, and therefore we get co-category or quasi-category.

Cech nerve of a covering

Let X be a topological space with a covering = {U;} where I is not ordered. We can define a category

i€l
€ = Xoy by

Objects: the disjoint union of all U;’s, |_|Ui ={(z,Uy) |z €U, e %}

el
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Morphisms: Disjoint union of all intersections of U;’s and U;’s |_| U;nUj,
(i,9)€I?

r—y, z=yeUNU;
Home ((x,Us), (y,U;)) =
0, 0.W.

N. X, is called the Cech nerve of the covering % . This is a simplicial space.

Remark 2.7. (Classical Fact) If % is contractible and “good”, i.e. all U;’s are contractible spaces and all
finite intersection U;, N---NU;, are either empty or contractible, then the geometric realization of the Cech

nerve determines X up to homotopy

This allows us to define homotopy types for various objects (e.g. étale homotopy types).

Question. Given an affine variety X = SpecA over C (with topology induced from the topology on C) we
can consider its (Cech nerve) Grothendieck homotopy type defined in terms of covering. Dually, we
can assign homotopy type to A by viewing it as an object (resolution of A) in sCommAlg, (there is a

model structure on it). What is the relation between the two ways of defining these homotopy types?

The nerve of a group If G is a discrete group, there are two ways to view as a category.

1. C = G is the category with single object {*} and morphisms are the elements in G.
N.G = B,G is the nerve of G.
B,.G =G",n>0.

(92,7 9n) i=0

(915 .00) = (g gigirre - gn) 1<i<n—1

(gla"'mgn—l) t1=n

s G" — Gntt
(917"'7gn) = (g17"'7gi—171ag’ia"'7g”)

2. The category EG has G as its objects and

Hompgg (g1, 92) = {h € Glhgy = g2} = {9297 '}
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The nerve of EG is £,G = N,EG given by &G = G,&,G =G?,--- ,£,G = G"! and

d; : £.G - e
(90:++59n) = (905, Gir " s Gn)
sj &G — Eni1G
(90 sgn) = (9o, "+ 29595, +9n)

Remark 2.8. Note that we don’t use group action, so this also makes sense for any set X. We can define

E.X ={E,X = X""'} with d]s and s;’s as above.

Relation between B.G and E.G

1. There is a natural projection of simplicial sets

p: E.G — B.G

(90, »9n) > (9091 9195 "5 s gn-195")
2. There is a right G-action of E,G

E.G xG — E.G

(90, »9n) X g = (909, " ,9ng)

such that

E.G B.G

N

E.G/G

IR

This gives an example of simplicial principal G-bundle.

3. Note that E,G is a simplicial group which acts on the left on B,G

E.G x B.G — B.G

(907"' agn) X (h17"' 7hn) — (90h19f1a91h292_17"' agn—lhn—lgrjl)

23



2.3 Categorical Examples

2 BASIC EXAMPLES

Remark 2.9. (Twisted nerve) B,G is actually a cyclic set,

B.G : A% — = Set

7
e

e
e

ACeP
called twisted nerve.

More generally, for z € Z(G) C G

t, : G™ — G"

-1
(gla"'agn) — (Z(gl"'gn) 79%"';971)

then tz+1 (917 T 7977,) = (Zglzila e 7Zgn271) = (91, e agn); S0 tZH =1Id.
For z =1, B, (G,1) = B,G is the canonical structure on B.
Borel construction

Let X be a set with a group G action,
GxX — X

(g:2) = g-=
Define a category ¢ = G x X called action groupoid by
Objects: =z € X.
Morphisms: Hom (z,y) = {g € G|gz = y}.\\

The nerve B, (G x X) == N, (G x X) is given by
By (G x X) = X.
B (BGx X)=G x X.

B,(Gx X)=G"x X,n>0.

di: By(GxX) — B._1 (G x X)

(923"'7977.71')7 i =0

(1 gm @) = (g1, Giginn, s gn,t) 1<i<n—1

(glﬂ"'vgn—la'r) t=n

24



2.3 Categorical Examples 2 BASIC EXAMPLES

sjt Bo(GxX) — Bri1 (G x X)
(91""7971737) — (91’"'7gj—1a1agj7"'7gn7x)

Notice that if X = {*}, then B, (G x {*}) = B.G, and if X = G, then B, (G x G) = &,G.
In general,

B. (G x X) =2 E,G xg X ={E,G x X/ ~},~,

where

(glv'" 7g'nu$) ~ (917"' 3 jfla]-vgja"' 7gn7$)~

Exercise 2.2. (Homotopy normal maps) How to extend the notion of a normal subgroup with the inclusion
N — G? The idea of normal group comes from the quotient group G/N. It turns out that Borel construction

is what we want. We cam also extend to normal morphisms in model categories.

Bousfield-Kan construction

If we think of G as a category G, then the action of G on X is a functor

X: G — Set

* = X

Given any small diagram X : ¥ — Set (or Top), define the BK category €x :=¢ x X (or ¢ [ X) by
Objects: {(c,z)|c € Ob(¥),x € X (¢)}
Morphisms: Hom ((c,x), (¢,2")) = {f € Home (¢, ') | X (f) x = 2'}.
Definition 2.12. B, (¥x) = N, (€x) is called the Bousfield-Kan construction.
Remark 2.10. Notice that

1. if

X: € — Set
then B, (%) = B.%.

2. if X : G — Set then B, (Gy) = B. (G x X) is the Borel construction.

Example 2.3. Take @ = {0 — 1} then X : € — Set is just a map f : Xy — X; in Set. €x is given by

Objects: X0|_|X1 = {(0,£E0) |£L’0 c Xo} U {(1,.’E1) |£L’1 c Xl}
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Morphisms: Mor (¢x) = Xo| | Xo| | X1 since

Idxia i:jaxi = Ty
Home (4, 24), (4, 33])) =35/ i=0,7=1,f(x0) =x1

0 0.W.

Hence the BK construction is given by
NMo%x = Xo| ] X1
MEx = Xo | Xo | X1 & |_| Hom (zo, f (z0)) [J{1duo } o, e x, U {1y Fo, e x, -

zo€Xo

Exercise 2.3. Show that the only non-degenerate simplices are (N, %€x ) "% = (Xo| | X1) ] Xo -
dim 0 dim 1

Proof. The only n-composable morphisms in €y are either of the form Id}, = s{~" (Id,,) or Id,, o---old,, o

f o Idxo 0O+-:0 Idxo — 8?_;:12-71820 (f) O

This will imply that the geometric realization of N, %x is the mapping cylinder of f, |[N.%€x| = Cyl(f) =
Xo | (Xo x AY) | X1/ ~ where zg ~ (20,0) and (zq,1) ~ f (20).

Exercise 2.4. Let ¥ = {1 < 0 — 2}, then ¥x gives the double cylinder.

Grothendieck construction

Let Cat be the category of all small categories. Notice that we have a natural inclusion Set — Cat as
discrete categories. It is natural to consider diagrams of categories X : 4 — Cat.

Define the category ¢ [ X (or ¢ x X) by
Objects: {(¢,z)|c€ €,z € Ob(X (¢))}.
Morphisms: Hom ((c,z),(c',2")) = {(f,¢)|f € Hom (c,¢) , ¢ € Homx (o) (X (f) z,2')}.

Composition is defined by (f/,¢’) o (f, ) = (f' o f,¢" o X (') )

This is well-defined. The identity is given by (IdC,IdX(C)). And the composition is ¢ ENWY; f—/> " and
X(f)e
X(f'f) (@) =X (f) X (f) () ——
f2

s . .. - f1 f3 . . c . .
Composition is associative because the composition ¢y — ¢; ~> ¢o = ¢3 in € is associative and X is

X (f) () s 2.

functor,

X (fafotr) (wo) S LEIAZEBIEIE, (£ 1) (21) TR X (fy) () £ 5.
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If £ : X = X'is a morphism of diagrams {{ : X (¢) = X' (¢)}.cop()» We define the functor € [¢:
¢ [X —¢[X on

Objects: (¢,z) — (¢, & (x))
Morphisms: (f7 90) = (.f7 fc’ (90))

This gives a functor
¢ [—: Fun(¢,Cat) — Cat
X — ¢ [X

Theorem 2.2. [Thomson’s Theorem| We have the composition

¢ % Cat N, sSet i> Top

and

hoc(glim(N*X)‘ ~ ‘N'* (%/X)‘
the nerve of € [ X is a simplicial model of hoc(glim (N.X).

This can be restated and proved in terms of simplicial sets (combinatorial).

2.4 Quasi-categories

Question: given a simplicial set X, does there exists a small category % such that X, ~ N,%7?

We want to characterize the image of N, : Cat — sSet, ¢ — N.%. And we can generalize the definition of

categories in this way.

Terminology

Definition 2.13. If ¥ is a category, .# C Mor (%) is a class of morphisms, we say that a morphism

f: A — B has a right lifting property with respect to .# (f € RLP (.#)) if for any commutative diagram

h
_—

A
- T
k ~ i
s

7k
HB

Q

M>g f

-~

)

there exists k : D — A such that fk = k and kg = h.
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Dually, a morphism f : A — B has a left lifting property with respect to # (f € LLP (#)) if for any

commutative diagram

A—lscC
P 7
A igEM
7k
B——=D

there exists k : B — C such that gk = k and kf = h.

Consider the inner horn inclusions

{if : Ag[n], = Aln C Mor (sSet)

]*}0<k’<n,n22

Definition 2.14. (Joyal, J. Lurie) A small quasi-category is a simplicial set X such that the canonical
projection X — e (where e is the discrete simplicial one-element set) has the RLP with respect to the inner

horn inclusion.

Note that i¥ : Ay [n], — A[n], gives

(i*)" : Homgset (A [n], , X.) — Homsgset (A [n], , X.)

* 9

where X,, := X, ([n]) & Homgget (A [1], , X.) by Yoneda lemma, and we denote A} (X)) := Homgget (Ax [1], , Xu)-

*

Hence the definition can be restated as (i¥)" : X,, — Ax (X) is surjective for any 0 < k < n,n > 2. We

n

say that each k-horn in X can be filled to an n-simplex.

Theorem 2.3. (Characterization of N.%) A simplicial set X is isomorphic to the nerve of a small category
€. (necessarily unique up to isomorphism) if and only if (zﬁ)* : Xp — AP (X) is a bijection for any

0<k<n,n>2.

Thus quasi-categories are generalization of categories.

Remark 2.11. The condition (z’fl)* 1 X5, = AP (X) is surjective for any 0 < k < n,n > 2 is called weak Kan

condition, so quasi-categories are weak Kan complexes.

The usual (strong) Kan condition is that (z’fl)* 1 X, = A} (X) is surjective for any 0 < k <n,n > 1.

Examples: simplicial groups (Moore Theorem); simplicial complex of a topological space Sing, (X) :=

{Homop (A", X)}, 5.
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How does a quasi-category look like?
e X = the set of objects
e X; = the set of morphisms
e dy,d; are the source and target maps respectively,

do
S
Xo X1
di

e composable f,g € X1, i.e. dog=d;f,

gives an element o9 € A? (X). The weak Kan condition implies that there exists o € X5 “filling” oy,

so h ="go f” is defined by taking face of o. h is well-defined “up to homotopy” specified by weak Kan

condition. Associativity holds only up to homotopy.

It turns out that basic constructions of category theory can be extended to quasi-categories (thanks to Lurie).

Theorem 2.4. [J01] There is a model structure on the full subcategory of quasi-categories in sSet (and thus

is one of the models for (0o, 1)-categories.

Definition 2.15. A (oo, 1)-category is a higher category with all k-morphisms (k > 2) being invertible.

Motivation. To give Sing, (X) a category-like structure.

Quasi-categories = oo-categories = topological spaces (from the point of view of homotopy the-

ory).
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3 CATEGORICAL CONSTRUCTIONS

Part II
Review of Some Categorical Constructions

3 Categorical Constructions

3.1 Adjoint Functors
Fact 3.1. (Categorical) If F :C D : G are adjoint functors, then we have natural isomorphisms

U4 5 : Homp (FA, B) = Home (A,GB) (3)

together with adjunction morphisms

n:Ide = GF unit
€: FG = Idp counit

such that the compositions eF o 'y and Ge o nG are identities.

(F D par < F) — Idp .
(G € ara S G) — Idg

Lemma 3.1. If F:C — D and G : D — C is a pair of functors given with morphisms 4 satisfying 5, then

F:C D : G are adjoint functors, with 8 given by
Uap(f:FA— B) = (A%GFA%GB).
Proof. The inverse \IIZ}B is given by

Wily(g: A= GB) = (FA ™% FGB 2 B).
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Proposition 3.1. If F:C D : G are adjoint functors. Take any category A and consider

G*: Fun (C, A) = Fun(D,A): F*
(ciA) — (DiciA)
(CQDLA) — (DiA)
F.:  Fun(A4,C) n(A,D): G,

(atse)  — (afcH)
(AafpEe) «—  (afD)
then (G*, F*) and (F\,G.) are adjoint pairs.

Proof. Given n,¢, for H : C — A define Hn : H = HGF by
Hn={H (na) : H(A) = HGF (A)} scon(c)

Varying H € Fun (C, A) we get n* : Idpun(c,4) = F*G*. Similarly we have ¢* : G*F* = Idpun(p,4) and
they satisfy 5, so (G*, F*) is an adjoint pair.
In a similar manner we can get 7. : Idpunca,c) = G.F, and ¢, : F,G, = Idp and they satisfy 5, so

(Fy,G,) is an adjoint pair. O

In the rest of this section, all categories C are locally small, i.e. Hom (z,y) is a set for any =,y € Ob(C),

unless stated otherwise.

3.2 (Co)limits
(Co)limits can be generalized by “local” UMP (objects) or “global” UMP (diagrams).

Let C,D be two categories and d € Ob (D). Define a constant at d to be the functor

constq: C — D
c d

foe Iy
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Definition 3.1. (Local) Given any functor F' : C — D, the colimit colime (F') is the morphism

F consty

\%

CONSteolime (F)

which is universal among all morphisms from F' to constants in D for some unique f : colim¢ (F) — d.

Definition 3.2. (Global) Define a functor

const: D — e
d +> consty

f +— consty

then colimit and limit can be defined as left and right adjoint to const.

D

colim const lim .

DC

Thus we have natural isomorphisms

Homp (colime (F), d) Hompe (F, consty)

1%

Homp (d,lim¢ (F)) = Hompe (consty, F)

Remark 3.1. If the category D is (co)complete, the two definitions agree. For ordinary (co)limits, these two
definitions are essentially equivalent, but once we pass to homotopy (co)limits, there is an important (and

very confusing) difference between these two approaches.

(Co)product

Let C be a discrete category.
Ob(C) =1=/{i},c;-
Mor (C) = {Id;},¢;-

A functor F': C — D is given by F' = {X;},; then colim¢ (F) = HiGIXi and lime (F) = HXi‘
i€l
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(Co)equalizer

!
Let C={e o}.AfunctorF:C%Disgivenby{XO Xl}.

g
!

colime (F') = coeqs Xp X1 ¢ is universal in the following diagram
g

XQ X1 L>)(

f
lime (F) = eq { Xo X1 } is universal in the following diagram
9

f

XX, X,
g

Exercise 3.1. If D is additive, then colim¢ (F') = Coker (f — g).

Fact 3.2. Any colimit (respectively. limit) can be constructed using coproducts and coequalizers. But this is

not true for homotopy colimits.

3.3 (Co)ends

(Co)ends are special (co)limits.

Let C be a small category, D a locally small, cocomplete (all small colimits exist) category.

Definition 3.3. For a bifunctor S : C? x C — D, the coend of S is defined as

*

S (¢, c) == coe S (e1,¢ S (¢, c
e Sted=eoeay I Sy == ] Stee)

Mor(C)3 fico—c1 fx ceO0b(C)

where
f* :S(f71) : S(ClaCO) _>S(CO7CO)
f* :S(laf) : S(ClaCO) — S(Clacl)

33



3.3 (Co)ends 3 CATEGORICAL CONSTRUCTIONS

The Universal Mapping Property (UMP) of Coend

The coend d = S(c,c) € Ob(D) with {p.: S(c,c,) = d such that for any morphism f :
ceOb(C) ceOb(C)

co — ¢1 in C, we have a diagram

*

S (017 Co) L> S (CO, Co)

Pe
S(Cl,Cl)l—>d \
~ 31 \
RS o
~ A

which is universal with respect to this property.

Examples

Colimit.

Given F' : C — D, define
S: CPxC — D

(dye) — F(o

then
fr=Id

/ S (¢, ¢) = coeq H S (e1, co) H S(eye) p =colime (F).
ce0b(C) Mor(C)> f:co—c1 f ce0b(C)
Additive functor tensor product.
Let R be a (not necessary commutative) ring and C be a small category.

Let F': C°? — Mod-R and G : C — R-Mod be two additive functors. From this we can define a additive

bifunctor

§=FRG: C?xC — Ab
(d,e) F (') ®r G (c)
F(fY®orG(f): F(d)orG() — F(/)®@rG(d)
'@y = F(f)a"@G(f)y

" —

c€0b(C)

Definition 3.4. Define FQG = [ F (c) ®g G (c). Explicitly, we have
R

FRG= @ FOerG©)/(F(Ha'oy—a' @G ()yl(f e d)eMor(C),a € F(d),yeG(c)).
R c€0b(C)
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Exercise 3.2. Fix ¢ € Ob(C), consider
R (h.) = R°? [Hom¢ (—, ¢)] : C°? - Mod-R
which sends d € Ob (C) to the free right R-module generated by Home (d, ¢). Similarly we have
R (h°) = R[Hom¢ (¢, —)] : C — R-Mod.

Check that
R (he) Qe G = G (c)

FQec r it (h)=F(c)

Proof. By construction

RP (he) Qe r G = Dacopcy B Home (d,c)] @r G (d) /{(g" o f) @y —g" @G (f)yl)
Bacovie) Prasc RO G () /(fRy—10G(f)yly € G(c))
G (c)

1%

And similarly we have F' @ p R (h¢) = F (c). O

Exercise 3.3. Let R := constg, : C°? — Mod-R, ¢ — Rp, then E@C,R G 2 colime (G).

Il

Proof. By construction RQe G = D cope) Br @r G(¢)/(r@y—r@G(fylf:c =y CG(o)
colime (G).
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4 KAN EXTENSIONS

4 Kan Extensions

4.1 Definitions

Problem. Given two functors F': C — D and G : C —&, we want to extend F' along G. Namely, we want

to find a functor H : £ — D so that the diagram

oD

C
7
7/
o| %
/
£
“commutes” up to isomorphism, that is F = H o G.

In general, such H does not exist for several reasons. For instance, let C,D, £ be discrete categories. It
may happen that there exists some ¢’ # ¢ € Ob(C) such that F (¢) # F () but G (¢) = G (). In this case

it’s impossible to find such H.

Idea. To find the “closest” universal approximation to the equivalence F' = HoG, i.e. construct the universal

morphisms 7 : F'= H o G (left Kan extension) and ¢ : H o G = F' (right Kan extension).

Definition 4.1. (Local) A left Kan extension of F : C — D along G : C —€ is a functor LgF : € - D

together with a morphism 7y, : F' = LgF o G
o

c
£ LgF

which is universal (initial) among all pairs (H : £ — D,n : F = H o G) in the sense that there exists a unique

¢ : LgF = H such that 7 = (¢G) © 7yn,
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where G is the horizontal composition
LoF

c—S.¢e U
S~ 7

H
given by G = {pcx : LaF (GX) = H (GX)} xcone)-

Definition 4.2. (Local) A right Kan extension of F : C — D along G : C —€ is a functor RgF : € — D

together with a morphism ¢, : RgF oG = F
o
RgF

which is universal (terminal) among all pairs (K : £ — D,e: K o G = F) in the sense that there exists a

h=——0Q

unique ¢ : K = RgF such that ey, o pG = ¢,

KoG £ F
X /

RgF oG

where ¢G is the horizontal composition

RGF
7 X\

c_ %o e e D
~—_ 7

K
given by G = {pcx : K (GX) = ReF (GX)} xconc)-

Remark 4.1. Given functors F': C — D and G : C — &, define
Hompyn(c,p) (F, — 0 G) : Fun (£,D) — Set

by H + Hompync,p) (F, H o G) on objects. The Left Kan extension LgF € Ob (Fun (&£, D)) is precisely

the object representing this functor since the UMP precisely gives the isomorphism
Homgyn(c,p) (F, H o G) = Hompun(e,p) (Lo F, H)
for all H € Ob (Fun (€,D)).
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Definition 4.3. (Global) Fix a functor G : C — £ and consider the restriction functor

G.=(—)oG: Fun(£,D) — Fun(C,D)
H — HoG

%) — e
We define the left and right Kan extensions as the left and right adjoints of this functor
Fun (£,D)
La(-) G Rg(-)

Fun (C,D)

i.e. we have natural isomorphisms

Hompun(e,p) (L F, H) = Hompun(c,p) (F, H 0 G)

HomFun(C,'D) (K oG, F) = HomF‘lln(EA,D) (Ka RGF)

4.2 Basic Examples
Group representations

Let G be a discrete group and k a field. Let H < G be a subgroup. We can think of G as a category G with
one object {*} and Homg (%, *) = G. There is an inclusion i : H — G.

Let Repy (G) be the category of k-linear representations of G and G-equivariant linear maps.Then
Rep,, (G) can be identified with the category Fun (G, Vecty).

A linear representation of H in Vecty, given by p : H — Endy (V) can be interpreted as a functor

p: H — Vecty
* v

g = pl9)

There are classical functors relating Rep;, (H) and Repy, (G): Resg which is precisely post-composition
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with the inclusion functori : H — G. Define

Ind$, := k[G] Qr[H] —

and

Coind§} := Homyz, (K[G], —).
For all V € Rep;, (H) and all W € Rep,, (G), the Hom-Tensor adjunction gives
Homg (Indf, (V) ,W) =~ Hom (k [G] @ V, W) = Homy (V, Homye (k [G], W) = Homy (V, W)

where the last isomorphism arises from the isomorphism Homyq) (k [G], W) = Res$ (W) = W of H-
representations. In this way, Indg is realized as a left adjoint to Resg.

Dually, the isomorphism Res% (W) = k [G] @) W together with the Hom-Tensor adjunction gives
Homy (W @y k [G], V) 2 Homg (W, Homy g, (k [G], V) = Homg <W, Coind$ (V))

which realizes Coindg as a right adjoint to Resg.

Identifying Rep;, (G) and Rep, (H) with the functor categories Fun (G, Vecty) and Fun (H, Vecty,)

respectively, then Resg = — o1 =: i, and we obtain the adjunction
Fun (G, Vecty)
Li(-) i Ri(-)

Fun (H, Vecty,)

where L; = Ind$ and R; = Coind$.

Remark 4.2. If i is not injective, we can consider homotopy Kan extension (derived version).

(Co)limits

Let F': C — D be a functor and £ = e,

39



4.3 Properties 4 KAN EXTENSIONS

then H is determined by the choice of one object € Ob(D), so H o G is a constant functor and any natural

transformation 7 : F' = H o G is equivalent to a natural transformation n : F' = constg. Thus

LgF = COlin’lcF

RGF = lime F

Adjunctions

Given an adjoint pair F:C D : G, then we have the natural isomorphism

Homyp (F (¢),d) 2 Home (¢, G (d)),Ve € Ob(C) ,d € Ob(D).

Take d = F'(c), we get the unit 1 : Ide = GF

Id

C——C
7
Fi 7
/
D
and it gives (Lr (Id¢) ,un) =2 (G, 7).
take ¢ = G (d) we get the counit ¢ : FG = Idp
DD
1
G\L 7
Ve
C

and it gives (Rg (Ide) ,eun) = (F,¢).

4.3 Properties

Consider the following situation.

By UMP of left Kan extension, there exists a natural morphism & : Lg (H o F') = H o Lg (F).

Definition 4.4. The functor H preserves left Kan extension of F' along G if both Lg (F) and Lg (H o F)

exists and £ is an isomorphism.
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Definition 4.5. A left Kan extension L¢g (F) is called absolute if it is preserved by all functors H.
Nonexample. Consider ¢ : H — G and take U : Vect; — Set the forgetful functor.

4P>D4H;]_‘

Then UL; (p) = U (k[G] ®kim V) and L; (Up) = G x5 U (V) are very different.
Note that U has no right adjoint, so U is not a left adjoint.

Exercise 4.1. Left adjoints always preserves left Kan extensions.

Proof. Let F:D___— —__ F:G be an adjoint pair. We have
. p *> F

l/

-

HomFun(f,]:) (LK (F o H) ’ N)

I

Hompyn(c,7) (F o H,N o K)

Il

(

Hompyn(c,py (H,G o N o K)

=~ Hompyun(e,p) (Lx (H),GoN)
(

I

Hompun(e,7) (F' o Lk (H), N)

and by Yoneda lemma, Li (Fo H) 2 Fo Lk (H). O

Example 4.1. (Total derived functor) Let C be a model category and F :C D : G be a Quillen pair.

The total left functor is LF' = R, (F') and total right functor RF' = L., (F).

Theorem 4.1. [[Mal07], 2007] Derived functors of Quillen functors are absolute Kan-extensions.
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4.4 Pointwise Kan Extensions

Definition 4.6. A right Kan extension is called pointwise if it is preserved by all (covariant) representable

functors h? = Hom (d,—) : D — Set,d € Ob (D).

c—Lop 1 get

i
G
i Lg(F)

D La(h®oF)

Definition 4.7. A left Kan extension is called pointwise if it is mapped to a right Kan extension by all

(contravariant) representable functors hy = Hom (—,d) : D°? — Set,d € Ob (D).

c—Lr.p T Set?

4
G
J{ Rg(F)

D La (hdoF)

Remark 4.3. This is very similar to the property of limits and colimits.
We have the following:
Absolute Kan extensions C pointwise Kan extensions C Kan extensions.

We will give a characterization (formula) for pointwise Kan extensions.

Comma Category

Definition 4.8. Given a functor F' : C — D and an object d € Ob (D), we can define the comma category

F/d (or F | d) as follows.
Objects: Ob(F/d) = {(c, f)|c€ Ob(C), f € Homp (Fe,d)}.

/

Morphisms: Homp/q ((c, ), (¢, f')) = {¢ € Home (¢, ') |f o Fo = f},i.e. morphisms are those ¢ : ¢ — ¢/
such that the following diagram

commutes.

Dually we can define cocomma category d\F (or d | F).

Note that there is a forgetful functor U : F/d — C which can be thought as a fibre functor.
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Example 4.2. Let F =1dp : D — D, then F/d is the category over d and d\F is the category under d.
Example 4.3. (Category of simplicial sets) Take
F=h,: A — sSet
[n] = Aln],
For any X € Ob(sSet) we call the category AX = h,/X the category of simplices of X, which is given by

Objects: Ob(AX) = {([n],z): [n] € A, 2 € Homgset (A 0], , X) = X, } = [] Xa-
n>0

Morphisms: Hom (([n], ), ([m],y)) = {f : [n] = [m]|X (f)y =y o h.(f) = z}.

Another way to define AX is to consider X : A°? — Set and take the Grothendieck construction

A% = A% [ X where

Objects: Ob(A%) = {([m] y)|[m] € Ob (A7) = Ob(A) .y € X ([m]) = X,u}.
Morphisms: Hom (([n], 2) (fm],y)) = {f € Homao ([n],[m]) X ()& = y}.
Hence A = (AX)”.

Example 4.4. Let C be a small category and take

A*: A — Cat

[n] +— ﬁ:{()*)l%~~%n}

This is a fully faithful functor. Then A*/C := the simplicial complex over C defined by
Objects: Ob(A*/C) ={([n], f)|[n] € A, f: 7 = C} = [[NaC.
n>0

Morphisms: Hom (([n], f), ([m],9)) = {: T — 7ilg o A" (¢) = f}.

Therefore A*/C =2 ANC.

Remark 4.4. AX and (AX)“ are examples of Reedy categories (with fibrant or cofibrant, respectively).

Computing Kan extension via (co)limits

Theorem 4.2. A left Kan extension is pointwise if and only if it can be computed by the formula

Lg (F') (e) = colimg . (G/e el D) .
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Theorem 4.3. (Dual version) A right Kan extension is pointwise if and only if it can be computed by the
formula

Re (F) () = lime e (e\G Yelk, D) .
Proof. Tt suffices (and more convenient) to prove the dual version. Indeed, Lg (F) is characterized by
HomFun(E,D) (LG (F) ) H) = HomFun(C,D) (F, G*H)

~| =
Homgyun(e,pyer (H, Lg (F)) Homgyn(c,pyor (GH, F)

Note that Fun (C,D)”” = Fun (C°?, D), so Rgo (F°) = L¢ (F).

Since limits commutes with representable functors, i.e. given F': 7 — D,
Homp (d, li}n F> = 1{1711 (Homyp (d, F' (—)))

so if R (F) is given by such a formula, then it automatically commutes with representable functors h? =
Homp (d,—),¥d € D.

Assume that Rg (F) is pointwise, then for any d € Ob (D) and any e € Ob (&),

Homp (d, RgF (€)) = h?(RgF () = (h'o RgF) (e)
= HomFun(&D) (he, ]’Ld o R(;F)

1%

HomFun(é',D) (h67 RG (hd o F))
HomFun(C,Set) (he o G, hd o F)

1%

= HomFun(C,Set) (HOmg (6, G (_)) ; HomFun(D,Set) (dv F (_)))

=~ the set of cones under d of the functor FU
= HomFun(e\G,D) (constg, FU)
= HOHID (d, lime\G FU)
By Yoneda lemma, RgF (e) = lim\ g (FU). O

Corollary 4.1. If D is cocomplete then every left Kan extension of F : C — D exists and is pointwise. If D

is complete then every right Kan extension of F': C — D exists and is pointwise.
Corollary 4.2. If D is cocomplete and G is fully faithful, then n,, is an isomorphism of functors.

Proof. Take ¢ € Ob(C) and consider G/G (c), then G is fully faithful implies that G/G (c¢) has terminal
object. Indeed, Ob(G/G (¢)) ={(c/, f')|¢ € Ob(C), f': G¢' — Gc}. Then (c,1dg() is terminal in G/G (c)
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because

Hom ((c’,f’) , (c, Idg(c))) = {h ! = ¢|G (k) oIdg(e) = f’} =G (f)

contains only one element.
Recall, by UMP of colimits, if 7 has terminal object #, then for any F : J — D, colimy (F) = F (x).

Now for any ¢ € Ob(C), take e = G (¢) and apply formula
Lg (F)(e) = COlimg/G(e) (FU)= FU (C, Idg(c)) =F(c)

So LaF oG F. O

Example 4.5. (Co-Yoneda lemma) Simplest version. Consider

o

C
Idci ACF’#F
C

then we have Lyq. ' = F and F (c) = colim¢.. (C/c Yk, ’D).

Example 4.6. Take C = Fun (C°, Set) and Yoneda functor h, : C < C

.0

B
/L: (h)Ids

Every presheaf on a small category C is canonically a colimit of representable presheaf. For any X € Ob ((f),

C
B
C

X = colimy,, /x (h /x Yoty é) .

Example 4.7. Take C = A, then C = sSet and h/X = AX is the category of simplices over X.

Ob(AX) =]1,5¢Xn- Note X, & Homsset (A [n], , X).

*

Homax (([n],2), ([m],y)) = {f : [n] = [m][X (f)y = =}

AC—h; A = sSet

hs
n(h)=ldsset

sSet

45



4.4 Pointwise Kan Extensions 4 KAN EXTENSIONS

So we have X = colima x (AX Al sSet) = colimap,) s xA[n],.

Computing Kan extension via coends

Proposition 4.1. If C is small, D is cocomplete and & is locally small, then
ceOb(C)
LgF (e) = / Homg (Ge,e) o F (c).

Decoding. e is the bifunctor

°: Set x D — D
(X,d) — erxd

(X ER R ER d’) — Jlex 9 uexd = ey @
taking (X, d) to the coproduct of copies of d indexed by xz € X. (D is said to be tensored over Set.)

This f is the coend of the bifunctor

Se CP? xC — D
(c,c) — Homg (G e) o F(c) = H F(c)
h:Gc'—e
(c’f—>d',ci>d> — Se(f, f): H F(c) — H F(d)
h:Gc'—e h:Gd'—e

for fixed e € Ob(€).

Exercise 4.2. Test it on group representations. Deduce L; (p) = Ind$ (p) = k|[G] Q) V from coend
formula.

H — Vect,,
f nd

’ Li(p)

G

Proof. By the formula,

*€Ob(H) *EOb(H)
Lip (¥) = / Homg (*,%) @ p (%) = / GoV e [ V/(w=h0)peywev,, vev, Zk[GIQ V.
g€G k[H]

O
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Exercise 4.3. Compute L; (X) for

or equivalently, the left adjoint of

Set~C”
Lo
sSet
Proof. We can use the coend formula to get
m>0
LX ()= [ Homaco (K eXi= [T X/ (X ()52 pguispistortar sexnn vt

h:[m]—[n]€ Mor(AC)

O

4.5 More Examples of Kan Extensions
Induction from Grothendieck construction

Let C be a small category and X : C — Set be a diagram of shape C in Set. Then we define Cx (: CfX)
be the category with

0b(Cx) ={(c,x)|c€e Ob(C),x € X (c)}.

Home, ((c,z),(d,2")) = {p € Hom (¢, ) | X ¢ (z) = 2'}.

There is an obvious functor
F Cx - C

(c,x) — ¢
¥ =
Take any abelian category A (e.g. Vect, or R-Mod) . Assume that A is complete and cocomplete. Write
Mod := Fun (C, A) and we have F* : Modi — Modi{‘. Since A is complete and cocomplete, the functor
F* has both left and right adjoints.

C
MOdA

ol |

Modi{‘

We want to compute F} explicitly.
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Claim 4.1. F, is given by, for any M : Cx — A,

F.(M): ¢ — A

d = DeexayM(d,x)

Consider the diagram

CXL.A

Lp(M)=F.M
c
For d € Ob(C), the category F'/d is defined as
Ob(F/d)={(c,z,f)|lce Ob(C),z € X (¢),f:c—d}.
Hom ((¢,z, f), (¢, 2", f')) = {¢ € Hom¢ (¢, ¢') [X ¢ (z) =2/, f o p = f}.
By definition, we have LrM (d) = colimp/q (F/d Yo A) =t A € Ob(A) with universal n"" :

M o U = const4. We claim that A = M (d,y) with
yeX(d)

N =, M () 2 P M(dy)

yeX(d) (c.z.f)€Ob(F/d)

where f : ¢ — dinduces X (f) : X (¢) = X (d),z— X (f)x =y and ¢y = f € Homp,q ((c,z, f), (d,y,1d)).
This makes sense because X (f)x =y and Ido f= f. So M (ps) =M (f) : M (¢c,z) = M (d,y) — A.

We need to check that "™ is a morphism of functors. Given ¢ : (¢, z, f) — (¢, 2/, f') we have
1. a commutative diagram

Moz, 1) M(py)

MU (¢,x, f) ———— A M (c,x) A
M(p) = M(p)
; /TI‘(‘:/,I/’f/) . IVI(QOJw)
MU (', f) ——— A M2y ————A

given by
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un

2. n"" is universal.

Given B € Ob(A) and n: MU = constp, n = {nce.p) : M (

(A= @ M(dy —B
yeX(d)

¢, x) = B}(w Feob(r/ay We can define

by UMP of direct sum. Then 7 (d,y,1d) = &|pr(a,) : M (d,y) — B and we have a commutative diagram

n
MU constp
const 4

Example 4.8. Let A = Vect, and
M : CX — A

(c,x) — &k

the trivial module, then F, (k) = k[X] since

F.(k): C — Vecty
d — E[X(d)]

Exercise 4.4. We have natural isomorphisms

ToRS (F.M, N) = ToRSX (M, F* (N)),Vi > 0.

L
where k is a commutative ring, M € Modi", ToR¢ are derived tensor products —®—
C.k
Skeleton and coskeleton
For a fixed n > 0, define As,, to be the full subcategory of A with objects {[0],[1],---,[r]}. Then i, :

A<, — A is an inclusion.

Given a category C, define sC := Fun (A, () and s,C := Fun (A<,,,C). Then the restriction ¢} has left
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and right adjoints if C is complete and cocomplete.

s,C

Definition 4.9. The n-th skeleton of X € Ob(sC) is sk, (X) == L;, (1% X) € Ob(sC).
i, (12 X) € Ob(sC).

Definition 4.10. The n-th coskeleton of X € Ob(sC) is cosk, (X) == R
colim ¢* (X),k < n. Since ¢ can be factored uniquely in A as surjections

[a=3

By our theorem, sk,, (X),,
@:[m]—[K]
>~ colim ¢* (X%),k <n.

" ml— k]
sk, (X) is the simplicial subset of X

followed by injections, this is equivalent to sk, (X)
This implies that when C = Set, sk, (X),, = X, if m < n.

generated by nondegenerating simplicies of degree at most n.
= X.
n— oo

Notice that we have a filtration sk,, (X) < sky,+1 (X) < --- — X, so colimsk,, (X)

Remark 4.5. If we have a map X — Y between simplicial sets, we can define sanY =X U sk, Y by the
sk, X

push-out
sk, (X)X

Augmented simplicial object
The category A has terminal object [0] but no initial object. Define the augmented simplicial set A as

Ob(A4) = 0b(A) U{[-1]}-
Homa ([n], [m])
=3[ = [m]

Homa, ([n], [m])
m=-1,n2>0

0

Definition 4.11. For any category C we define the augmented simplicial object as a functor X : A, — C.

Denote s C = Fun (A4,C) .
Explicitly, each X € Ob(s;+C) is given by X € Ob (sC) together with X_; € Ob(C) and e : Xg — X _1 in

d1

-~
X_1 $X0 Xl
do

Mor (C) such that

agrees in the sense that edy = edy. We can denote ¢ = dy and extend d;d; = d;j_1d;,i < j for n = 0.
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Equivalently we can denote ¢ = dy as a constant simplicial object and then augmentation is a morphism
gv 1 Xo — X_11n sC.

Note that i, : A — Ay implies (iy)" : s, C — sC. If C is complete and cocomplete, this has both left
and right adjoints.

Take C = Set, we have

A —>5 Set s; Set
i+£\ n T x L < i(z_'_} R(trivial)
Ay sSet

where L is given by left Kan extension L;, (X),
_ o op U nop X
Liy (X), = Li, (X)[(n)] = colimao (A /] L ar X set) .

If n >0, Ob(A?/[n]) = {([m], [ :[m] = [n])|f € Mor (AT),[m] € Ob(A°P)}. This category has a
terminal object ([n] ,Id[n]) S0
(X),, = XU ([n],Tdpy) = Xon.

i+ n

It = 1, Ob(A/[n]) = {(m].f: [m] = [~1))|f € Mor (A?) . [m] € Ob(A)}, and A%/ [-1] =
A°P then

L Xo
do

i

dy
(X)_; = colimper X = coeq{ Xy } = 7o (X).

The right Kan extension is given by

Rip (X), = Re (X)(n]) = T ([]\& & A7 %5 Set).

If n >0, Ob([n]\A) = {(Im], f)|f : [n] = [m] € Mor (A%),[m] € A°P}. This category has an initial
object ([n] 7Id[n]) SO
Ru ([n]) =XU ([n] ,Id[n]) =X,.

1 n = —1, Ob (W \A) = {([m] )|/ : [-1) = [m] € Mor (A%) ,[m] € Ob(A)} = 0, 50 Ry, (X)_, =
0. Hence R;, (X) = X.
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Simplicial and cyclic sets

Recall the category AC has the same object as A, Ob(AC) = Ob(A), and morphisms are determined by,
for any f € Homac ([n],[m]), there exists a unique v € Autac ([n]) and ¢ € Homa ([n],[m]) such that
f=¢on.

We have an inclusion i : A < AC, thus we can consider the left (right) Kan extension

A —X Set

| A

AC

which is given by the left (right) adjoint of U = i* : Set*C”" — Set®”,

Set2C”

Set®”

Recall the trick that for any g € Autac ([m]), ¢ € Homac ([n], [m]) and define f = g o a. By unique
factorization, there exists a unique ¢ = g* (a) € Homa ([n], [m]) and a unique v = a. (g) € Autac ([n]) such
that goa = p oy =g"(a)oa.(g).

This is functorial. For fixed g € Autac ([m]), we have

*

9"« Homac([n],[m]) — Homa ([n],[m])

a = 9" (a)
and for fixed a € Homac ([n], [m]), we have

as: Autac (fm]) — Autac([n])

g > ax (9)
Dually in AC®P we have
g*: Homacer ([m],[n]) — Homaor ([m],[n])
a = 9" (a)
Ay - Autacor ([m]) — Autacor ([n])
g — ax (9)
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such that a o g = a. (g9) o g* (a).

Recall we have a functor

C. ACoP — Set
[n] — Cy
(a:[m]—=[n]) — (as:Ch — Cy)

where C,, = Autacer ([n]).

Claim 4.2. The left adjoint of U : Set*C” — Set®” is F : Set®” — Set®C”" given by

On objects: Yi = F (Yi) = {Cp x Yy },,5 - And for any a € Homacer ([m], [n])

FY)(a): CnpxY, — C, xY,

(g:9) = (ax(9),Y (g" (a)y)

On Morphisms: for any o : X, — Y,
(Fa),: CpxX, — C,xY,
(g:2) = (ga()

The counit of this adjunction € = ev, : FU = Idg  acer is given by

ev, (X): Cpx X, — Xn
ev, (X) =

(9,7) w— X(g)=

The unit 1 : Idg4acr = UF is given by

For simplicity, we write X (¢) (z) = g« ().

Proof. First we need to check that ev, is a morphism of cyclic sets.

For any a € Homacer([m], [n]), we have a commutative diagram

€Vim

Co X Xy —= X

FX(a) l la*

evy

CnXXn > Xn
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because
(evp o FX (a))(g,2) = evn(as(g),9" (a), (z))
(

= . (9« (7))

= a.(evm (9,7))

Next we need to show that

1R

b Homgiacer (FY, X)
(FY N X) s (Y 2 ury Yoy UX)

Homsetaop (Y, UX) v

(FY 5, pux = X) “ (Y a, UX)

are inverse to each other.

FU«

Uod(a),: FY,=ChxY, % (FUFY) =C,xCnxY, % (FUX) =C,xX, < X,

n

(9:9) > (1,9,9) > (1,a(g,y)) = al(g,y)

dow(B),: Y, L (UFY), =C,xY, & (UFUX), =C,xX, L% UX) =X,
'_>

y (1,y) > (1,a(y)) > a(y)

Exercise 4.5. Compute F using colimit.
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5 Fundamental Constructions

Given two locally small categories C and D, define Adj (C,D) to be the category of adjunctions as

Objects: {(L,R, w)|L:C D:R,p:Homp (F(—),—) =, Home (-, G (7))} where ¢ is an isomor-

phism of bifunctors C°? x C — Set.
Morphisms: HomAdj(C,D)((L7R7 410) ) (L/a R/? QO/)) = {(Oé,ﬁ) |Oé L= L/a ﬁ ‘R = R7 410/ = ﬁ* ocpo Oé*}-

Explicitly, for each ¢ € Ob(C) ,d € Ob (D), we have a commutative (factorization) diagram

Homp (L (¢) , d) > Homp (L (c) , )

Lpu,dl \Lﬁ%,d
(Ba)

Home (¢, R' (d)) =<—— Home (¢, R (d))

Proposition 5.1. Let C be a small category, and D a locally small, cocomplete, then there exists a natural

equivalence of categories

&: D¢ T Adj (C,D) L0
where V is defined by restriction

P, % h » I
\If(L:C D:R,gp)(h (L)Loh:C%CaD)

U(a,f)=h*(a) =aoh

Proof. Construction of ®. Given F' € Ob (DC), define

where L (F) = Ly (F) and

R(F): D — C
d + Homp (F'(=),d) =haoF:C? — Set

Take any ¢ € Ob(C),d € Ob (D) and consider h, € Ob (c)

Yoneda
~

Homg (he, RF (d)) = RF (d)(c) = Homp (Fe,d) = Homp (L (F))h,, d)

where the last equality follows from lemma on left Kan extension along fully faithful functors.
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Hence R (F) is right adjoint to L (F') on the representable functors.

To extend it to all presheaves X : C°? — Set, we need the following facts

1. Co-Yonada lemma.
ch o
h/dc
C
Every X is canonically a colimit to h.’s.
X = colimy, x (h/X Yool é> = colimy, x (h) .
2. Left Kan extension is given by
L(F)X = LyF (X) := colimy, (h/X Yel, D) — colimy,/y (F).

Since colimit commutes with hom,

Hom, (X, RF (d))

1%

Hom,; (cohmh/x (he), R(F)(d ))

1%

limy,, x Homg (he, R (F) (d))
= limyx (Homp (LF (he),d))

=~ Homp (colimy,,x LF (h.),d)
=~ Homp (LF (colimy,xhc) ,d)

1

Homp (LFX,d)

We have <I>o\IJ<L:(f’ D:R7<p) = (L:é D:R,gp) and a natural transformation F =
Vo ®(F)=ho L,F by the universal property of left Kan extension.

Check that ® and ¥ are inverse to each other. O

5.1 Main Application to Simplicial Sets

Corollary 5.1. Let D be as in Proposition, C = A, then we have a natural equivalence D> = Adj (sSet, D).
In particular, every left adjoint functor on simplicial set with values in D comes from a (co)simplicial object

in D.
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Given (A®: A — D) € Ob (D*)

A2 oD
h
Li(A)
sSet
we have
L : sSet D:R
where

L(X) = Ly (A*) (X) = colimax (AX RN D) :

R(d) = {R(d), = Homp (A", d)} ., A" = A*[n].

n>0"’

Note /X = AX is the category of simplices over X with Ob(AX) =][,,5, Xn-

Geometric realization and singular set

Let D = Top, we have

A*: A — Top

] — A" ={(z0, - ,zn) R x; =12, >0}

and adjunction

|—| : sSet Top : S

where | X| = colima x (A®) is the geometric realization of X, and S (Y) = {S(Y),, = Hompop (A™,Y)}

n>0

is the singular set functor.

Cyclic realization

The standard cocyclic space A® : A — Top is defined by letting

T A" — A"
ey = €

€; = ei_1,1>1

In barycentric coordinates,

n n n
Tn (o, Tn) = Tn (Z xiei> = Zxﬂn (e;) = xoen + ineifl = (21, ,Tn, o) -
i=0 i=0 i=1
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5.1 Main Application to Simplicial Sets 5 FUNDAMENTAL CONSTRUCTIONS

Let’s check the cyclic identities. It’s obvious that 77*1 = Id. Note

d: A — A
(%0,"' 7xn—1) d (an"' ,’127;_1,0,1’2',"' axn)
so we have
. (Il,"',Ii_ho,l'i,"',xn,l’o) 7’7&()’
Tndz (.’L‘O,"' ;xn—l) =
(xlv"'axnflvo) ZZO
di_lTnfl (1'07"' wrnfl) = (mlv"' 7$i71707'” 7£L'n717x())

thus 7,,d* = d""'1,_1,1 < i < n and 7,,d° = d". Similarly we have

s Antl — A"
(x07"' 71'n+1) = (»To,“‘ yLj—1,T5 + Tjp1, 7$n+1)
and
, (1, @+ Tjq1, 0 Tng1,20) P F#0
TnSJ (an"' 7xn+1) -
(2, -+, Tpg1, 20 +21) 1=0
3j_17'n+1 (o, s Tng1) = (w1,--- y i+ Xjya,c e s Tpt1, T0)
s"Trq (T0s - Tng1) = (T2, Tpgr, o + 1)

so we have 7,87 = /7 1, 11,1 < j <nand 7,,s° = s" 72, ;.

This yields a cyclic realization of a cyclic set

|—|Y: Set?C” — Top

X — |X|Cy = colimhcy/x (A.)

Remark 5.1. There are at least two other constructions of cyclic realization.

1. A cyclic set is in one-to-one correspondence to an S'-space |X| via geometric realization, so we can

define | X|?¥ = ES' xg |X].

2. The “fat” cyclic realization || X||¥ := hocolimacer (X) = INACY| via the BK construction for X :

AC® — Set.
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Nerve construction

Let D = Cat, we have
A*: A < Cat

] - AW={0=1—=---—n}

and adjunction

ho : sSet Cat : NV

where
ho (X) = Ly, (A®) (X) = colimax (AX LRy Cat)
N(@C) = {NnC = Homeay (77,C) = {co Jo, 1 — e BN cn}} o

ho (X) is the category freely generated by the graph

do
Xo _ X1
dy
module the relations
s do
Xo—= X; <di— X»
-
da
1. do (.’,E) o d2 (.Z‘) = d1 (l‘) ,VI € XQ.
2. sp (.’13) =1d,,Vz € Xj.
Equivalently, if C = ho (X)), we have
do do
- -
0b (C) —so> Mor (C) <—d: Mor (C) x Mor(C)
<T <7d ob(C)
1 2

satisfying for any f:c¢— d and g:d — e in Mor (C),

do (f) =c,di (f) =d
dO(fag):gadl(fag):gof,dQ(fvg):f
s0 (¢) =1d,

Remark 5.2. Note

1. hooN = Idcat is an isomorphism, so N is fully faithful and we can embed Cat — sSet. Small

categories can be viewed as simplicial sets.
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2. ho (X) is uniquely determined by Xy, X; and X5, and the morphisms between them.

Question: Can we extend this construction to a “higher fashion?

Answer: Via simplicial categories.

Function spaces of simplicial sets

Take D = sSet. Fix Y € Ob(sSet), we can define a functor

A*: A — sSet

] — AlnxY

where “x” is the Cartesian product in sSet, X xY = {X,, x ¥,,},-,. Then we have adjoint pairs

L : sSet sSet : R

where
R(Z) = Hom(Y,Z) = {Homgget (A[n] XY, Z)}nZO

L(X) = colimay (A®) Zcolimax (A[-]) xY ZX xY

Hom (Y, Z) is called the function space of simplicial sets.

Thus we have natural isomorphism

Homgget (X X Y, Z) = Homgget (X, Hom (Y, 7)) (6)

where Hom plays the role of internal hom in the category of simplicial sets.

Remark 5.3. Note

1. Yoneda lemma immediately tells us that, taking X = A [n], we must have

Hom (Y, Z),, = Homgset (A[n] X Y, Z).

2. The equation 6 is the degree zero part of the following isomorphism of simplicial sets:

Hom (X x Y, Z) 2 Hom (X,Hom (Y, 2)) .

Fundamental groupoids of a simplicial set
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Let Grd be the category of small groupoids. We have a left adjoint of the inclusion functor i : Grd —

Cat,
7, : Cat — Grd

c — C {Mor (C)_l}

Take the composition m = 7 o ho, we have

Grd
™ Cat N
ho ( > N
sSet

Representation functor

Let G be an affine algebraic group over a field k of characteristic 0, e.g. GL,, or SL,. Then we have a

functor

G: CommAlg, — Set
A — G(A)

where the representative of G is denoted by O (G),
HOI’nCommAlg,C (O (G) 7A) =G (A) :
The multiplication, inverse and unit in G (A)

ma: G(A) x G(A) = G (4)
ia:G(A) = G(A)

eqa:* = G(A)

are natural transformations, so they give morphisms

A:O(G) = O(G)x O(G)
S:0(G) = 0(G)

e:0(G) =k

which makes O (G) a commutative Hopf algebra.
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We have an (anti-)equivalence of categories

AffShm; = CommHopfAlg,
G — 0 (G)
Spec (A4) + A

Example 5.1. Additive group

G,: CommAlg, — Gr
A — (4,+,0)

Example 5.2. Multiplicative group

Gp: CommAlg, — Gr

A = (A% x,1)
Example 5.3. Forn > 1,
GL,: CommAlg, — Gr
A — GL,(A) =M, (A)"
and O (GLn) = k[ij], <, <, [det (2:5) "],
SL,: CommAlg, — Gr
A — SL,(A)={M € M, (A)|det (M) =1}

and O (GL,) =k [Iij]lgi,jgn / (det (x;5) — 1).

Fix G and define a functor

B.G: CommAlg, — sSet
A — N, (GA)

where we regard the group GA as a category with a single object. Then

B.G € Fun (CommAlg,,sSet) = Fun (A°”, Fun (CommAlg; , Set))
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Explicitly,
B.G: A°” — Fun(CommAlg,,Set) Yopeda CommAlg;”
[n] +— (A B, (GA))
Then it induces
OB.G): A — CommAlg,

[ — O(B.(G)=0(G)*"=0(G")
and O (B.G) = {0 (G")}, 5, is a simplicial commutative algebra. Explicitly, O (B.G) is given by

k:O(G):O(G)@)Q"'

-

d: oYy 5 0G
flg2,+ ,gn) i=0
g1, gnm1) = d'f(g1,gn) = f(91,-++ 19941, »gn) 1<i<n—1
fg1, gn-1) i=n
57 O (G™) — O(G™)
flov gner) = s f (g gn) = flor, - e gn)

By general principle we have

L : sSet CommAlg, : R

where VA € CommAlg,,,
R(4) = {R(4), = HomGommatg, (O (Ba (G) ., 4)) = Homcommatg, (O (G)*", 4) =G (4)" = B, (GA)}

o)
R: CommAlg, — sSet

A — B, (GA)
and VX € sSet,

L(X) = colimax (O (B.G)) = golim (o (G)®") .

In particular, L (A [n]) = O (G)®",¥n > 0. The realization of A in CommAlg, depends on G. This is

similar to the usual geometric realization.
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Take T' a discrete group, X = B.I" € Ob(sSet),

HomCommAlgk (L (B*F) 5 A) =~ Homgget (B*F, B, (GA)) = Homgget (N*F,N* (GA))
~ Homcat (I', GA) 2 Homgp (I', GA) = Repg (T) (4) .

Note that the nerve functor is fully faithful. By Yoneda lemma, L (B.I') = O (Rep (I)).
More generally, if X is reduced, i.e. Xy = {*}, then |X| is a pointed connected space. In this case,

L(X) = O (Repg (m (| X]|,*))) which does not depend on higher homotopies.
Exercise 5.1. Calculate (explicit formula) for any X.

Proof. O
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Part I1I
Homotopy Theory

6 Homotopy Coherent Nerves

Every adjoint pair F :C D : G comes form a cosimplicial object in D.

Ore basic example. = We have the adjoint pair
——
ho : sSet Cat : NV

which comes from

We want to refine this to

¢ : sSet sCatg : )M

where sCaty is the category of (small) simplicial categories. We need to specify a cosimplicial object in
sCaty.

To start with we will introduce the definition of simplicial categories.

6.1 Simplicial Categories
Let Cat be the category of small categories.

Definition 6.1. A simplicial object in Cat is a functor C, : A°? — Cat which consists of C,, = {Cy.},

and morphisms d; : C,, = Cp—1,5; : Cp, = Cppa.

Definition 6.2. A simplicial category C is a simplicial object C, in Cat such that d; and s; are identity
maps on objects. Thus Ob(Cy) = --- = Ob(C,) = -+ ,¥n > 0. Define Ob(C) = Ob(Cy). On morphisms,
for any c1,c2 € Ob(C), C (c1,c2) = Homg (c1,¢2) = {Home, (c1,¢2)},,50 € Ob(sSet) with composition
0:Cy (c1,02) X Cy (co,c1) = Cx (co,C2)

Equivalently, simplicial categories are categories enriched in sSet.

If C is a simplicial category then Cy is called the underlying category of C.
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6.2 Barr-Beck Construction (canonical simplicial resolutions) 6 HOMOTOPY COHERENT NERVES

Intuition. Homg, (c1,c2) are morphisms in C and Home, (c1, c2) are higher homotopies between the mor-

phisms.

Remark 6.1. We can define such enrichment for “large” categories. sSet is given by Ob (sSet) = Ob (sSet)
and

Homgget (X,Y) = Hom (X,Y) = {Homsget (A [n] X X, Y)}nZO
which is a simplicial set.

Definition 6.3. A simplicial functor F : C — D consists of two morphisms

F: 0b(C€) — 0b (D) map of objects

Ci(c1,62) —  Ci(Feq,Fey) map of simplicial sets
or equivalently, F' = {F}, : C;, = Dy}, 50

Definition 6.4. Given simplicial functors F,G : C — D, a simplicial natural transformation £ : F = G

consists of the data
1. & : Fy = Gg natural transformation of functors between Fy, Gg : Co = Dy.

2. 80(55)2F1:>Gl,“-,Sg(fc):FnﬁGn,"'

6.2 Barr-Beck Construction (canonical simplicial resolutions)

Definition 6.5. A monad (triple) on a category C is given by an endofunctor 7" : C = C with two morphisms

n:lde =T and p: T oT = T satisfying

1. associativity

T
TolTol'——ToT

Tol —t—os T

2. unitality

T—" o

| I

ToT —2— T

Remark 6.2. This can be regarded as a “generalized” associative, unital algebras.

Definition 6.6. A comonad (cotriple) on a category C is given by an endofunctor L : C = C with two

morphisms ¢ : 1 = Ide and § : L = | o | satisfying coassociative and counital diagrams.
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Main application

Given a pair of adjoint functors F':C D :U with unit n : Id¢ = UF and counit ¢ : FU = Idp, we

-
can define
T=UF:C—>C pu:ToT=T,UFUFZLUF
FnU

1l=FU:D—-D §:L—- 1ol FU= FUFU

Claim 6.1. (T'=UF,n,u) is a monad on C and (L = FU, ¢, ) is a comonad in D.
Proof. Use identities 5 for adjunction morphisms. Then we have

(FU MY gy py BV FU) — Idpy
F

UeF

(UF U py U UF) — Iy

which gives the unitality diagrams. The associativity diagram follows from naturality of the unit and counit

functors, i.e. we have

UFUFUFy V" UFUFu

\LUEFm

UFzx

UEFUFw\L

UFUFzx

UEFT,

and
F"7Uy
FUy— FUFUy

Fry, FUFnu,

F
FUFUy X FUFUFUy
O
Example 6.1. We have an adjoint pair F : Set R-Mod : U where F (X) = R[X] is the free R-

module generated over the set X. Then

L=FU: R-Mod — R-Mod
M = R[M]

where R [M] is the free module on the underlying set of M.
Claim 6.2. Every monad in C gives a functor C — ¢C and every comonad gives a functor D — sD.

Proof. Given (L,e,d) on D, and A € Ob(D), we define

ly,: D — sD
A J—*A:{J—nA}nzo
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where 1,4 = 1" A and
di=1".¢g. 17"t 1Intlg4 1mA
s; = 1.y 1n=d. Intlg 5 7t24

which is similar to the bar construction. Explicitly, 1. A can be expressed as follows

-
1A 124 <—134...
~ -
The simplicial identities are satisfied because of the functoriality of units and counits and the identity for

adjunction morphisms. In particular, d;s; = Id,i = j,j + 1 follows from

(FU MU oy py cEY FU) — Idpy

(FU Y gy py 8E FU) — Wdpy

Example 6.2. [Dold-Kan| The adjoint pair
AR —> A .

comes from a cosimplicial object

A 2L sset X sab Y Chuo(Ab)

[n] = ARl = Z[AR] — N(Z[APR])

We apply this to the adjunction
F : Quiver Cat: U

where Quiver is the category of small reflexive directed graphs. A graph is called reflexive if for any vertex
v € V (T) there is a specified loop (differential graded) v = v called the identity differential graded on v.
U is the functor forgetting the composition law in a category but remembers objects, codomains, domains
of morphisms and identities.

For a quiver, F' (Q) is the free category generated by @, with objects the vertices in Q, Ob (F (Q)) = V (Q),
and (non-identity) morphisms are the paths of non-identity differential graded in @), and composition o is

the concatenation of paths.

68



6.2 Barr-Beck Construction (canonical simplicial resolutions) 6 HOMOTOPY COHERENT NERVES

Example 6.3. If k is a field, k (Q) = k [F (Q)] is the algebra generated by the path category. If @ is finite,

then k (Q) gives the path algebra of @ with unit 1 = Zev.
veV

The adjunction F : Quiver Cat : U gives a functor L = FU : Cat — Cat which consists of a

comonad (cotriple) (L,¢e,) on Cat, inducing a functor
Q@ : Cat — sCaty

called the simplicial thickening of a category. Hence we can compose this with the functor A* : A — Cat

to get a functor

CA*: A — sCat

n] — QW =_1l.7

and it follows that we have an adjoint pair
—_—
¢ : sSet sCatg : )M

where
CX =Ly, (CA*) (X) 2 colimax (CA*)

N, (C) := Fun (€A™, ()
Theorem 6.1. [DS11] Proposition 3.8. For eachn > 0, €A™ is a simplicial category with objects Ob (CA™) =
Ob(7) = {0,--- ,n} and Homean (i,§) = N. (Pij) the ordinary nerve where Py is the poset defined by all

nonempty subsets in the interval {k:1 <k <j} C{0<1<--- <n}.
Remark 6.3. Note
1. If i > j then P;; = () and Hom (¢, ) = 0.

2. If j > i, P;; is the product of j — ¢ — 1 copies of [1] = {0 < 1}

A* [1]j7’i+1
3. Homear (i,7) = A, [0] j=i

=

<.
N
=~

Vista. The adjoint pair € : sSet sCatg : 91 has natural model structures on both sSet and sCaty.

1. sCat( has Dwyer-Kan model structure. F': C — D is a weak equivalence if

(a) F:Hom¢ — Homp is a weak equivalence.
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(b) 7o (F) : moC — moD is an equivalence of categories.

2. sSet has model structure induced from the one on sCatg, which is very different from the standard
ones.

3. Fibrant objects in sSet are exactly quasi-categories.

4. € :sSet : sCatg : 91 is a Quillen pair. Quasi-categories and simplicial categories gives two

equivalent models of (0o, 1) categories.

Question. An object C € Ob(Cat) induces two simplicial categories, 1,C and € (N,C), what is the relation

between them?

Theorem 6.2. [Riehl] 1.C = &€ (N.C) for any C € Ob(Cat).
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7 HOMOTOPY COLIMITS

7 Homotopy Colimits

The references for this part are [MS09] and [DHKS04].

7.1 Symmetric Monoidal Categories

Definition 7.1. A category S is called symmetric monoidal if
1. there is a bifunctor ® : § x § — S called tensor product, and

2. there exists an object 1 € Ob(S) called the unit object such that for any a,b,c € Ob(S), there are

isomorphisms

a®Rb=ZbRa
(@®b)®c "% a®(boc)

1®a%ap%>a®1

which are natural in a, b, c and compatible in the sense that 2 axioms triangle

Qa,1,b

(a®1 a®(1®b)

)®b
a®b

and pentagon

(a®(b®c)®d

(a®b)®c)®d a®((b®c)®d)

m /@

(@®b) @ (c®d) fobeed a®(b® (c®d))

holds.

Definition 7.2. S is called closed if there exists a bifunctor

Homg (—,—):S? xS —= S

such that

Homs (a ® b, ¢) = Homs (a, Homgs (b, ¢)) ,Va,b,c € Ob(S).
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Thus there exists an (enriched) adjunction
-®b:S____ S:Homg (b,—) (7
Note that there is a natural map (composition law)
o: Homs (b, ¢) ® Homg (a,b) —— Homsg (a, ¢)

which is adjoint (under 7) to the composite map

Homgs (b,¢) ® Homg (a,b) ® a 1®e

e ——

via the adjunction map
Homgs (Homsg (b, ¢) ® Homg (a,b) ® a,c) =, Homg (Homsgs (b, ¢) ® Homg (a,b) , Hom (a,c)) .

Definition 7.3. S is called Cartesian closed if ® = x and 1 = * the terminal object in S.

We will often abuse notation and write (S, x, %) in general.

7.2 Main Example
The category of simplicial set (sSet, X, %)

In § = sSet, the tensor product is given by

® = x : sSet x sSet — sSet

(X,Y) = X xY={X,xYa}s

and internal hom is given by

Hom : sSet’” x sSet — sSet

Y, Z2) — Hom (Y, Z) = {Homgget (Y x An],Z)}

we have

Hom (X xY,Z) 2 Hom (X,Hom (Y, 7)) .
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The composition o : Hom (Y, Z) x Hom (X,Y) — Hom (X, Z) is given explicitly by
((YxA[n] Lz),(XxA[n} &y)) — (XxA[n} Taxdiag, ¥ An] x An] ﬂmxA[n]Lz).

Construction (smash product)

Let (S, x, ®) be a complete and cocomplete Cartesian closed symmetric monoidal category. Define S, = o | S

with objects {0 EN v} on(s)’ There is a canonical way to make this a symmetric monoidal category .
veOb

Given 7, : « = v and 7, : ® = w in S, we define

Id, X710
fo: voUXe " uxXw

To X1d
fw: w—oexw S vXw

The smash product of v and w is given by the pushout
— IR fo I fu
v A w = cofib (fUwa) = colim <o <—va — v X w) .

v][Jw——=v xw

|

o —— VAW

Dually we define the internal hom by the pullback

Homg, (v,w) —— Homg (v, w)

e
(Tw),

Homg (e,¢) —= Homg (e, w)

Then (S,, A, 1,, Homg,) is a closed symmetric monoidal category, called the category of based objects
in S.

There is an adjoint pair of functors

where (—), is strictly monoidal, 14 = (e), and (v Awy) = (v X w), .
Example 7.1.

1. (Top, x,e) => (Top,, A, 1,).
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2. (sSet, x,8) = (sSet;,A,1,).
Let (S, x, ) be a closed symmetric monoidal category.
Definition 7.4. An S-category is a category M enriched over S, thus

(S1) For any objects X,Y in M, there exists an object Homp (X,Y) in S

(S2) For any objects X,Y, Z in M, there exists a morphism

ex,y,z : Hompg (Y, Z) x Homp (X,Y) - Homp (X, Z)

in S called composition law.
(S3) For any object X in M, there is a morphism iy : ¢ - Hom (X, X) called unit.

(S4) There is an isomorphism

Homgs (o, Hom, (X,Y)) = Hom (X,Y).

Thus the usual hom can be recovered from internal hom.
These data satisfy the compatibility axioms (t¢riangle and pentagon) similar to the ones in S.
Example 7.2. For S = (sSet, x,e), the simplicial category M € Ob(sCaty) is S-enriched.
Definition 7.5. An S-enriched category is called

1. tensored over S if there exists a bifunctor

K:SxM—>M

viewed as an action of S on M, such that

Homp (v X z,y) 2 Homu (v, Homp (2,9)) .

2. cotensored over S if there exists a bifunctor

(=) 1 8% x M — M

such that

Hom v (v, Hom v (z,y)) = Hom,y (z,y")
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Example 7.3. Any cocomplete, complete, locally small category M is tensored and cotensored over S =

(Set, x, o).
K: SetxM — M (=) : Set?xM —» M
(K.x) - [[x (K,Y) ~ ]J]Y
keK keK

Main application

Let S = (sSet, x,e) and M = sC = Fun (A°?,C), then M has a canonical structure of simplicial category

tensored and cotensored over S.

e Tensor
X: sSet xsC — sC

(K,X) — KNX-= {]_[Xn}

n>0

e Internal hom

Homgc (X,Y) = {Homge (A [n] ¥ X, Y)}nZO

Note that (K N L)RX 2 KK (LK X) and A[0)]KX = X ~ X X.

Remark 7.1. If M is tensored over sSet, then for any set K viewed as a discrete simplicial set and

X € Ob(sC), we have K X X %HX because
K
KRX~2(KRAD)KRX2KK(A[]RX)= (HA[O]) RX=JJ@aoxx)=]]x.
K K K

e Fix K € Ob (sSet), consider K X — : sC — sC. Since C is cocomplete, so is sC, hence K X — has right

adjoint defined by left Kan extension

sc 1. s

KX-—
l 4®—(Idsc)

sC

Denote

YE = Lgg_ (Idse) (Y),VY € Ob(sC),

then by general properties of Kan extensions, we have
Homge (K K X,Y) = Homge (X, YF).
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This implies for any n > 0,

Homg (KR X,Y), = Homg (A[n]RKRX,Y) = Homee (KKA[RKX,Y)
>~ Homge (A [n] X X, YK) =: Homgc (X, YK)n.

Special cases

1. Let C = Set, M = sSet.

KXX = {HXH} = {Kn x Xp},50 =K x X
Ky n>0

YK is defined by the formula
Homgget (K K X,Y) = Homgget (X, Y.
Put X = A[n], we have
(Y®) = Homgset (A[n],Y") = Homgset (K WA [n],Y) = Hom (K,Y),

so Y& = Hom (K,Y).

2. Let C = Mod (R) where R is a unital (commutative) associative ring. Then [ = . Let M =

sMod (R) = Com>( (R). The tensor product is given by

P : sSet xsMod(R) — sMod(R)

(K, X) — {EB Xn} = {R[K,] ®r Xn},20

where R[K,] is the free bimodule based on K,. We need to check that this agrees with simplicial

operations. Internal hom is defined by
HomsMod(R) (Xa Y) = {HomsMod(R) (R [A [nH ®r X, Y)}HZO ’

And
Y5 = Homgget (X,Y)

where the R-module structure comes from the target.
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3. Let C = CommAlg; with k£ a commutative ring. M = sCommAlg,, then [ = @,. The tensor

product is given by

K&A%{@A}

>0

And internal hom is defined as

HomScOmmAlgk (A, B) = HomsCOmmAlgk ® Aa B

Aln] n>0

4. C can be any algebraic category, e.g. Gr, Alg,, Lie.
5. Let M = Top the category of compactly generated weak Hausdorff spaces, then we have

X: sSet x Top — Top
(K, X) — K| xX

and
(=)" : sSet”” x Top — Top

(K,Y) — YK = Map (|K|,Y)

Usually, Top is viewed as a topological category, but via the adjunction
|—| : sSet Top : S

we can convert topological categories to simplicial ones. One key observation is that geometric real-
ization preserves product

X xY||X]|x|Y].

7.3 Functor Tensor Product

Let S = (S,8),1) be a closed symmetric monoidal category and C be a small category. M is a cocomplete
S-category (tensored over S).

K:SxM—->M
Definition 7.6. Given two functors G : C°? — S and I : C — M, define

*

c€0b(C) f
G%F::/ GORF()=coca! [[ GRF()—= [[ CE@RF()

—_—
fie—c! f ce0b(C)
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where
o GRF) L GorFEe o [ GORF(«@
c€0b(C)
Lo GEeRF(@ D grF@) < [ GOBREF@
c€0b(C)

Example 7.4. Let S = (Ab,Q),,Z) and M = S with Homs = Homap = Homyz. S is enriched and
tensored over itself with & = §),,.
Take a unital associative ring R, we can think of R as the category with one object {*} enriched over S.

A left module over R is an S-functor

Ab

>
=
1

R +— End(M)

A right module over R is an S-functor

G: R — Ab
* — N

R’ + End(N)

Let’s think of R as a monoid and take the underlying (unenriched) functors

F: R — Ab
G: R — Ab

Then

1%

R
N M
G&F:/ N M &z =~ NQM
R = (nr@m —nQrm) =
is the usual tensor product of left and right modules.

Example 7.5. Let S = (sSet, X, x) and C be a small category. M is a simplicial category tensored over S.
Let F: C — M be any functor, and G : C°? — S, c — * be the constant functor at terminal object in S.

Then * % F = colim¢ F. This follows from two facts.
1. If §: C°? x C — D is constant at first argument, then coend (S) = colim (5).
2. x acts as an identity on M.

Intuition. In general for any G : C°? — sSet and FF : C - M, G % F can be thought as a colimit of F

“fattened up” by G.
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Example 7.6. Let C be a small category and M = S = sSet. For a fixed object ¢ € Ob(C), for any

F:C — sSet and h. = Home (—, ¢) : C°? — Set — sSet, we have

he®F = [0 b (d) B F (d)

fr
= coeq H Home (d',¢) K F (d) H Home¢ (d, ¢) X F (d)
frd—d F deon(e)

= colim¢,.F' = F (c)

This also follows from the next example when take G = Id¢.

Dually, for any G : C°? — sSet and F' = h® = Home (¢, —) : C — Set — sSet, we have G % h¢ = Ge.

Example 7.7. (Kan extension) Given
_Fop

C
l In
G
La(F)
E

the left Kan extension can be interpreted as a tensor product
L (F) () = (Goho) K F,e € Ob(G).

where G o he = Homyp (G (—), ) : C°P — Set.

Proof. See later. We can also prove it by universal properties Lg (F') (e) = colimg/, (F).

e
(G o he)RF = coeq [T Home (G (), e)RF(c) — [] Home(G(c),e)RF(c) p = colimg. (F)
fie—=c! f ce0b(C)

7.4 Geometric Realization
Special case (classical geometric realization)

Given

ALTop

In
h
i /Lh (A.)

sSet
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For X € Ob(sSet), L}, (A®) (X) = colimax (A®). Then

Ln (A%) (X) = Homgses (A[], X) A" = X BIA® = [T 20 x A%/ (@, fu (W) ~ (F (2) ) rensora)

n>0

where X, is given the discrete topology.
In particular, if X : A°? — Space is a simplicial space (Top or sSet) then |—| : Space®™” — Space is
given by

|X| ::X|§|A.: HX?LXAn/N
n>0

where X,, x A" is given the product topology.
Internal geometric realization
Let M be a simplicial category enriched over S = sSet, we can define
|—|: sM — M
X = AKX X
Aop

where A[—]: A — sSet is a left A-module, or a right A°?-module.

Example 7.8. Let M = Top and S = sSet, then we have

sSet x Top — Top
(K,Z) — |K|xZ

is the usual geometric realization.

Example 7.9. Let M = sSet, X : A°? — sSet is a bisimplicial category. X = {Xnm}n,mzo with

} h P . . .
s7,d;', %, d} in the following diagram

- P —
X()I%Xll é X21

LW

-
Xoo =—— X0 =— X9

We have a functor
diag : sSet®” 5  sSet

. .gh L oUh
Xis — {Xnmdi—didiasj_sjsj}nzo

then | X| = diag (X).
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7.5 Homotopy Colimits
Motivation

Question: Why do we need them?

These come from topology. Usually colimits are used to build complicated spaces from simpler ones by

“gluing”.
Example 7.10. colim (ID)” <i> S <i> ]D)”) >~ §”.

Problem arises if we want to glue homotopy types.

colim (D" <« S*! < D7) = §"
~| || =y
colim  (x &g 4 ¥) = *

Moral. The objects (spaces) defined by colimits of diagrams, which are defined only up to homotopy, are

not well-defined, even up to homotopy type.

Homotopy colimits are replacements of usual colimits when we glue objects (spaces) together with homotopies
between gluing maps.
There is another use of homotopy colimits, they provide a natural way to deformation (“quantization”)

of objects.

Idea. If we want to deform an object (space), decompose (in a natural way) into a homotopy colimit and

then, instead of deforming the object itself, we deform the underlying diagram of homotopy colimits.

Example

Which diagrams do appear in practice?

Pushout diagram C={e<—e——>0}

1. Mapping Tori.

If f: X — X is a map of unpointed spaces, the mapping torus is defined by

T(X,[) = hocolim{ x <UDy A x } >~ X % I/ (2,0) ~ (f (z),1)
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This comes with projection onto S':

T (e,1):= hocolim{ . ﬂ)o]_[o(ﬂ o } ~ St

The commutative diagram

x Idf)XHX(IdId) x

l 1d f) (Id,Id) J«

induces (by functoriality) the map of homotopy colimits T' (X, f) — T (e,1) = S.

If X is a closed n-dimensional manifold, f : X =+ X is a smooth automorphism, then T (X, f) — S!

s (n + 1)-dimensional manifold fibred over S!.

Example 7.11. Let ¥ = ¥, be a closed oriented surface of genus g > 1.
MCG™ (%) = {gp : ¥ =5 ¥ orientation preserving homeomorphism} /isotopy

for instance, MCG™" (X1) = SLs (Z).

Theorem 7.1. Any orientable S-bundle over S* has the form
M, (2)=T(2,¢) 8! (8)

for some p € MCGT (X).

Remark 7.2. Any Y-bundle over S of the form 8 induces a short exact sequence
lom((E)—=m My (2)—>m(SY)=Z—0

thus

T (My (2)) =2m (X)X Z <+ (2).
Corresponding to 7 (X) C m; (M, (¥)) is an infinite cyclic covering

ExR = M, (%)
(,A) = [z, A)]
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with
t: xR — Y xR
(,A) = (o), A+1)
then

M, (2)=ZE xR/ (z,\) ~ (¢(x),A+1).

2. Suspension (unreduced)

B X x1I
((.’L‘,O) ~ (x/’ 0) ) (m7 1) ~ (2, 1))

EX:hocolim{o<—X*>o}

3. Join operation

X[IXxIxY)[]Y
((x,O,y) ~ X, (Z‘,l,y) Ny)

X*Y:hoconm{X&XxyLY}:

Group Actions

If G is a discrete (or topological) group acting on a space X, then we have a natural diagram X : G —

Space and colimg (X) = X/G.

The homotopy quotient (homotopy orbit space) is X/,G = Xj¢ = hocolimg (X) = EG x¢ X.
Example 7.12. Let G be a discrete group.

1. G acts on {x} trivially
x: G — Set < sSet
¥ %

q >—>Id*

then */,G = hocolimg () = BG.

2. G acts on G by left translation

G: G — Set < sSet
x — G
Ly: G — G

g
h — gh

then G/, G = hocolimg (G) = EG.
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3. G acts on G by adjoint action

Ad: G — Set — sSet
x — G
Ad,: G — G

h — ghg™
then Ad/pG = hocolimg (Ad) = LBG the free loop space over BG.

Simplicial, cyclic colimits

Given a simplicial object X : A°? — Set — sSet, || X ||= hocolimaer (X) =~ |X| (Bousfield-Kan Theorem).
Given a cyclic object X : AC — Set — sSet, || X [|*Y= hocolimacer (X) ~ |X|¥ = ES' xg X

([FLI1]).

Poset diagrams

Let C be a category associated to a poset. Many interesting spaces decompose into homotopy colimits of

poset diagrams.

Example 7.13. Let B,, be the poset of all nonempty faces in n-simplex, ordered by inclusion.

n =1, the 1-simplex 0 — 1 gives By = {0,1,01}, |B;| =22 -1 =3.

gives By = {0,1,2,01,02,12,012}, |By| =23 —1="7.

n = 2, the 2-simplex

Theorem 7.2. [Z83] Given X = {X;};_, n+ 1 spaces, define

Dy : B, — Space
icA
ADB +— (pAB : HXi - HXi>
i€A i€B

where pap : HXi — HXZ' is the canonical projection. Then hocolimp, (X) = Xg* -+ x X,,.
i€A i€B
Assume X; = S',V0 < i < n, we can modify Dy (A) = (Sl)lAl / diagS", then hocolimp, (@) =~ CP".
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More generally, any toric variety can be decomposed in this way.

Example 7.14. n=1. X = {X,, X;} and Dy = { Xo=" Xox X, 2 s X, }

7.6 Homotopical Categories

Definition 7.7. A homotopical category M is a category equipped with a class of morphisms W C Mor (M)

called weak equivalences, such that

(W1) all identities are in W, Vo € Ob(M), Id, € W.

(W2) 2-of-6 property holds: given a composable triple (f, g, h) in Mor (M), if gf,hg € W, then f,g,h, hgf €

W.
f
X ——Y
N N
N \ hg
£ ig N
97« [N
J ——==W
Remark 7.3.

1. Axioms 7.6 and 7.6 implies that all isomorphisms are in W.

If gf =1Idx and fg = Idy then we have

x—toy
AN \»._ g < ldy
Idx N
X —Y
thus f,g € W.
2. Axiom 7.6 implies the usual 2-of-3 property.
If f,g € W, then the diagram
x—toy
N N,
; N ildy\ N
* g
Y—7
shows that gf € W.
If f,gf € W, then the diagram
Xy
AN \ . lf N gf
N N
N\ g§
Y —=7
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shows that g € W.

If g,gf € W, then the diagram

shows that f € W.

This allows us to view W as a subcategory of M, which is wide in the sense that it contains all objects in

M.

Example 7.15. Minimal homotopical category. Any category M can be viewed as homotopical if we take
W = Iso (M) the class of all isomorphisms. I-2ndeed, Iso (M) satisfies 2-of-6 property.

Given f,g,h € Mor (M) such that hg,gf € Iso (M), then v = f (gf)"" is a right inverse of g, gy = Id.
Note that g is monic (since if gfi = gfa, then hgfi = hgfa, so fi = f2), hence v is also a left inverse of g

(9vg = g implies vg = Id). Thus ¢ is an isomorphism, and so are the others.

Remark 7.4. The fact that isomorphisms in any category satisfy 2-of-6 property is used to prove that

homotopy equivalences of spaces are weak homotopy equivalences. If there exists a pair of morphisms

f: X Y:g

-

such that gf ~ Idx and fg ~ Idy, then f, : m, (X,2) — m, (Y, f (x)) is an isomorphism for any n > 0.

Since 7, is homotopy invariant, f,,g. are isomorphisms of groups.

7 (X, 2) — 2 1, (Y, f (2))

7 (X, 9 (&) —2> 70 (Y, fof (2))

Example 7.16. Any model category M is homotopical (or has the underlying homotopical category) with
the same class of weak equivalences. By Quillen axioms, the class of weak equivalences W in a model category

M satisfies 2-of-3 property. But in fact, W satisfies 2-of-6.

Example 7.17. Diagrams in homotopical categories. If M is a homotopical category, and C is a small

category, then MC := Fun (C, M) is a homotopical category with W (./\/lc) defined objectwise.

(a:F=F)eW (M) & Vee0b(C),(ac: F(c)— F'(c)) € W.
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7.7 Homotopy Category

Definition 7.8. Let (M, W) be a homotopical category, then homotopy category of M is Ho(M) =
M [W™1] the formal localization of M at W.

It comes with a localization functor v : M — Ho (M) which is initial among all functors v : M — N

such that ' (f) € Iso (N),Vf € W.

Convention. (M, W) is called saturated if

v(f) €Iso(Ho(M)) = feW. (9)

Theorem 7.3. [Quillen] Any model category is saturated.

Lemma 7.1. If (M, W) is a category with a class of morphisms such that for any X € Ob(M), Idx € W

and the property 9 holds, then (M, W) satisfies 2-of-6, and thus is homotopical.

Proof. By 9, W = {f € Mor (M) |y (f) € Iso (Ho(M))}. Given f,g,h € Mor (M), if gf,hg € W, then
v(9f),7 (hg) € Iso (Ho (M), so v (f),7(9) ;7 (hgf) € Iso (Ho (M)), hence f,g,hgf € W. O

Corollary 7.1. [Q67] Any model category is homotopical.

Question. Given a saturated homotopical category, does it come from a model category?

Example: Noncommutative Poisson structure (not yet from model structure)

Let k be a field of characteristic zero. If A is a commutative algebra over k, then a Poisson structure on A

is a bracket
{—-}: AxA —- A

(a,b) +— {a,b}
such that
1. (A4,{—,—}) is a Lie algebra.
2. {—, —} satisfies Leibniz rule, {a,bc} = {a,b} c+ b{a,c},Va,b,c € A.
Question: how to extend this definition to NC algebras?
Naive definition (forgetting A us commutative) as above is very restrictive.

Theorem 7.4. [FLI8] If A is a noncommutative Noetherian domain, then any Poisson structure {—,—} on

A is a (scalar) multiple of [—,—]: Ax A — A, (a,b) — ab — ba.
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Let DGA} be the category of differential graded associative k-algebras. For A € Ob (DGA}), we have

A=A, A A; C A

€L

equipped with differential d : A — A,d? = 0, |d| = —1, satisfying
d(ab) = d(a)-b+ (-1)""a - db,Va,b € A.

Goal. define a Poisson structure on A.

Idea. instead of A, we put a differential graded Lie algebra structure on Ay = A/[A, A] where [A, A] =
Span,, {[a, b =ab— (=)l pg a,b € A}.

Although Ay is not an algebra, it is naturally a chain complex with differential induced from the differential

on A. Indeed,

d([a,b)) = d(ab)— ()" d (ba)
= d(@) b+ (=D a-d@®) - (=)l (d(b)~a+(—1)'b'b-d(a))
= ld(a) b+ (—1)llel=DMl b-d(a)} +(—1)le [a-d(b) 4 (—1)PI=Dlal g g ~a]
= [d(a),b]+ (1) [a,d (b)) € [4, 4]

Hence d : Ay — Ay, @+ d(a) is well-defined.

If (V,dy) is any complex, then the graded endomorphism ring is

End (V) = @ End (V),, ,End(V), ={f: V = V|f (V;) € Viyn,Vi € Z} = [ [ Homy, (V;, Viin) -
nez 1€ZL

The degree of an endomorphism |f| = n if f € End (V),,.
Define d : End (V) — End (V) by d(f) = [dv, f] = dv o f — (=1)?! fody, then

& (f) = ldv.[dv, f]] = |dv.dv o f — (=) fody | = dof—(~1)/ 1 dyofody—(~1)' dyofody — fod? =0

since d}, = 0, so d is a differential. This makes End (V') a differential graded algebra with unit Idy and

hence a differential graded Lie algebra with bracket

[f.9]=fog— (~1)¥go fvf g e End (V).
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If V. = Ais a differential graded algebra, then End (V) contains a canonical differential graded Lie
subalgebra Der (A) consisting all graded k-linear derivations of A. Recall that a derivation of degree r on
A is a k-linear map d : A — A such that 6 € End (A), and satisfies 0 (ab) =6 (a)-b+ (—1)|a|'r a-6(b). Note
that Der (A) acts on A naturally so that A becomes a differential graded Lie module over Der (A).

Consider Der (A4)* = {§ € Der (A) |6 (A) € [A, A]}. This is a differential graded Lie ideal in Der (A)
since for any § € Der (A),d € Der (A)b

[6,d] (A) = 6(d(A)) — (-1 a(5(4)) C6(14,A]) — (-1)1q () C [A, 4].

Define Der (A), := Der (A) /Der (A)" be the quotient algebra. The action of Der (A) on A induces a

Lie action of Der (A4), on Aj; so that

E Der (4), — End (A;)
p(0): Ay — A

e

is Lie algebra homomorphism.

Definition 7.9. A noncommutative Poisson structure on A is given by a differential graded Lie algebra

structure on Ay

{_’_}:Ah XAh —)Ah
such that the corresponding adjoint representation

ad : Ah — End(Ah)
a — ({a-}:b— {ab})

factor through p, i.e.
Ah ad End (Ah)

N AT

Der (4),

where o : Ay — Der (A), is a Lie algebra homomorphism.
Exercise 7.1. If A is commutative, this definition agrees with the classical one.

Proof. If A is commutative, Ay, = A, the adjoint representation is in fact a derivation on A, i.e. the bracket

{—, —} satisfies Leibniz rule. O
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Exercise 7.2. Let k be a field of characteristic zero. Repeat this construction for simplicial algebras sAlg,

so that NV : sAlg, — DGA,.

Example: Kontsevich’s Bracket

Let A=k({xy, - ,x,) be a free algebra of rank n.
A= @ AW AW = Span,, (noncommutative monomials of length ¢ in 1, -+, z,)
1>0

Note for each i > 0, there exists a cyclic operation

T AW — AW®
Example 7.18. n =3, w = 23231y, 76 (W) = moz33.
Consider Nj =1+7 +---+ Tll_l c AD  A0),
Definition 7.10. A cyclic word in A of length [ is a € AY) such that A (a) = a. Define
ACYe — @Acyc(l) C A
1>0
the subspace spanned by all cyclic words.

Lemma 7.2. The natural map A%Y¢ — A — Ay is an isomorphism of graded vector spaces.

Fix z = x;,9=1,--- ,n and define the cyclic derivative
a .
Bz - A — A

w:'vl...'vl }—) E ’Um_"_l...'Ul’Ul...’vm_l
Um =T
Example 7.19. A =k (x1,29,23) and x = z1, then
0 2 2
% (xlxgxlxg) = T1T22123 + T2X1T3T1 + T3X]X2.

This induces a well-defined map 8%4, : Ay — Ay. Now let A =k (z1,22) and define

{_’_}h: AhXAb — Ah
@0 (e - e mod [4.4]

0x1 Oxo Oz 0z
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Theorem 7.5. This defines a Poisson structure on A =k (x1,x2).

Proof. We need to check (Ah,{—, _}h) is a Lie algebra, and the adjoint representation factors through
Der (4),.

Bilinearity and Alternativity are obvious. Jacobi identity

a.d{b e ed{ab b.iea — Oa 08 (0b 8c _ 9b 9c |\ _ da O ([ 0b dc _ b dc
{a7{b7c}h}h + {c’{a’b}h}h + {b’ {C’a}h}h - 87;13187:132 (TMTM 8:172 8&21) 8&22 8:171 <8I1 6902 8:102 81?1) +
oc & (0a 8 _ da 9\ _ dc o (0da 0b _ da b
8131 BZDQ 89@1 8$2 8902 81121 81122 ('):vl 81131 8$2 8w2 69;1
O 8 (9c da _ Oc da )\ _ 9b O ( 9c Oa _ Oc Oa
811 01}2 89:1 8902 0:E2 81121 81122 (’)wl 89:1 8902 0:E2 8(1?1
= 0
The adjoint action J, = {@, —}, satisfies that d, (b2) = 64 (b) -+ b- 84 (0). O

Question. where does it come from?

For a finite dimensional vector space V,

|-l : Alg, — CommAlg,
A — O(Repy (4))

we can think of this functor as a realization (like geometric realization of simplicial sets), then a a NC Poisson
structure induces a unique classical Poisson structure on |Al,, for any V' and in a sense, this is the weakest

structure on A that does this.

Derived Poisson Algebras

Definition 7.11. A differential graded Poisson algebra is a differential graded algebra A equipped with
a NC Poisson structure. A morphism of differential graded Poisson algebra is a morphism f : A — B of
differential graded algebras such that f : Ay — By is a morphism of differential graded Lie algebras. Write

DGPA;; for the category of differential graded Poisson algebras.

DGAj; and DGLA are both (cofibrantly generated) model categories with weak equivalences being
quasi-isomorphisms and fibrations being degreewise surjective maps. Note that there are two forgetful
functors

DGPA,;

e 2

DGA, DGLA,
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Definition 7.12. f is a weak equivalence in DGPAy, if both U (f) and (f)h are weak equivalences in DG Ay

and DGLA respectively.
Proposition 7.1. DGPA}, is a saturated homotopical category.

Proof. We need to show W the class of weak equivalences in DGPA is saturated, i.e. v (f) is an isomorphism
in Ho(DGPA;) .= DGPA,, [W™!] if and only if f € W.
Take f such that «(f) is an isomorphism in Ho (DGPA}). Since U, (7)h preserves weak equivalences,
they induce
Ho (DGPA,)

Ho (DGA,,) Ho (DGLA,)

so vy (Uf) and v (fy) are isomorphisms in Ho (DGA}) and Ho (DGLA},) respectively. By Quillen’s theorem,

U (f) and ( f)h are weak equivalences, so f is a weak equivalence. O
Conjecture 7.1.
1. DGPA}, has a natural (cofibrantly generated) model structure with weak equivalences being W.

2. This model structure should be “minimal” in the sense that there is a functor

DGPA, - DGA, x" CDGPA,
CDGA,,

where CDGPA,, is the category of commutative differential graded Poisson algebras and x" is the
homotopy fibre product (in the sense of Toen[2006] such that the induced map between homotopical

categories is an isomorphism

Ho(DGPA}) = Ho (DGAk x" CDGPAk>.
CDGA,

Remark 7.5. Téen’s construction. Given

Mo,
;
My i>-/\/13

where M, My are model categories, Fy, Fy are (Quillen) functors, define the category M; x" M, to be the
M3

category with

Objects: {(Al,AQ,Ag,Ul,UQ),Ai (S Ob (MZ) 7F1 (Al) i) A3 & F2 (AQ)}
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Morphisms: f = (f1, f2, f3) € Mor (A1) x Mor (42) x Mor (A) such that

F1 (Al) L> A3 <i FQ (AQ)

F(fl)i ifs J/Fz(fZ)

vy

Fy (By) —— By < F, (By)
commutes.
Theorem 7.6. [T6en]
1. My x" My is a model category with levelwise weak equivalences.

3

2. For any finite dimensional vector space V, (V = k™, n > 0), there is a left Quillen functor

(-)y: DGA, — CDGA,;
A — O (Repy (4))

This induces a homotopy fibred category

DGA, x" CDGPA,——> CDGPA,
CDGA,

l U
DGA, . CDGA,

Definition 7.13. A derived Poisson algebra is an object A € Ob (Ho (DGPA})) such that Ay, = A/ [A, A]

is equipped with {—, f}h : Ay x Ay — Ay compatible with differential graded algebra structure.

Proposition 7.2. The reduces cyclic homology HC' . (A) of any derived Poisson algebra carries a natural

graded Lie algebra structure.
Proof. See later. O

Theorem 7.7. If A is any derived Poisson algebra, then for any V, the representation homology H R, (A, V)GL(V)

carries a unique graded Poisson structure such that the derived character map
Try (A) : HC, (A) — HR, (A, V)¢

is a Lie algebra homomorphism.
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Example: Poisson algebra
Take A = C* (R?) or A = k[z,y] (k 2 Q). R? is a symplectic manifold with w = dz Ady. Ais a

commutative Poisson algebra with

{——}: AxA > A

af 89  dg of
(f,9) = s55r—ordy

To define NC Poisson structure, we need to replace A = k [z, y] with cofibrant (or free) resolution.

Consider R = k (z,y,t) with dt = [z,y], |z| = |y| = 0, |[¢| = 1, then we have a cofibrant resolution

R —» A

 ,y — T,y

Note Ry = k (x,y), by earlier example, (Ro)h carries a Lie algebra bracket defined in terms of cyclic derivatives

(Kontsevich bracket). It turns out that {—, —}, can be extended to (homologically) graded setting:
{_’_}h : Ry x By — Ry

so that {—, —}, |o is the Kontsevich bracket.
This makes R a derived Poisson algebra.

Question: what does this induce on HC, (A) = HC, (R)?

By HKR theorem, since A is smooth of dimension 2,
HC,(A)=HCy(A) @ HC, (A)

where HCy (A) = A= A/k-1 and HC; (A) = Q' (A) /dQ° (A) = Q' (A) /dA.
Q* (A) is the de Rham algebra with Q' (A) = {fdx + gdy, f,g € A}, Q° (A) = A.
HC.(A)=A® Q! (A)/dA is a graded Lie algebra where

{— -4 :HC, (A) x HC, (A) — HC, (A)
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has only two components

{_7_}h |0 : Hic’() (A) XHic'O (A) — HCO (A)
(f.9) = {f.g}

the classical Poisson bracket, and

{=—hh: HCy(A) xHC1(A) — HCi(4)
(/@)

— ﬁgf (w)

QJ‘Q?
<

where f = f( mod k) in 4, and @ = fdz + gdy ( mod dA) 1-form, O; = {f,—} = %8% - y%.
Example: Quillen’s rational homotopy theory. (String topology).
Let Top' be the category of 1-connected topological spaces of finite rational type (i.e. dimg H; (X,Q) <

00, Vi. Define the rational homotopy
1y . 1 -1
Ho (Top'), = Top' [Wy']

where

XY eWge=fiim(X)QQ 5 m(Y)R)Q,Vi>0
Z Z

as Q-vector spaces.

Theorem 7.8. Ho (Topl)Q = Ho (DGLAgd) where DGLA(Efd is the category of reduced differential graded

Lie algebras a = @ a;, a9 = 0.
i>0
For any 1-connected topological space X, there exists a reduced differential graded Lie algebra ax which

is a complete homotopy invariant.

Example 7.20. Let X = S™,n > 0, agn = the free graded Lie algebra £ (z) with single generator of degree

|z| =n — 1 with trivial differential d = 0. There is a Whitehead product
H, (05:) 2 7. (0X) @ Q= 711 (X) @ @
z z

Theorem 7.9. [Jones, 1985] The reduced cyclic homology of the universal enveloping algebra of ax is weak

equivalent to the S'-equivariant reduced homology of the free loop space LX = Map (Sl, X) with coefficients
in Q,

HC (Uax) ~ T (LX,Q) = H, (Egl x cx) .
Sl
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There is a natural fibration

X ~ES'x LX — ES' x LX 5 ES' x {x} = BS*,
St St

0 Fil (LX) = Ker (7).

Theorem 7.10. If X is a closed oriented 1-connected manifold of dimensiond > 2, thenUax € Ob(Ho (DGAy))

has a natural derived Poisson structure of degree 2 — d.

Proof. (Sketch) A theorem of Lambrechts—Stanley (2008) says that there is a finite dimensional cochain
commutative differential graded algebra A over Q such that C* (X, Q) ~ A, where C* (X, Q) is the differential
graded algebra of singular cochains in X with the usual cup product. It comes with a cyclic pairing from
Poincaré duality:

(=, =) A A=A

of cohomological degree n = —d. “Cyclic” means (a, bc) = % (ca, by where £ is the Koszul sign.
Take C = A* = Homg (A,Q). Since A is finite dimensional, this is a cocommutative coassociative
differential graded coalgebra with coproduct dual to the product on A, such that C, (X,Q) ~ C equipped

with cyclic pairing C ® C' — C' of homological degree n = —d. Then
Uax 2 Q(C) = (TxC[-1],d) = (R,d)

is the algebraic cobar construction on C, with d coming from A : C — C' ® C and d¢.
The construction with cyclic derivatives can be generalized to the graded free algebra R = C[-1],
depending on (—,—) on C, and compatible with dg. This gives a natural Poisson bracket on Ry, making

Uax a derived Poisson algebra. O

- _ gl
Theorem 7.11. Under Jone’s isomorphism, HC, (Uax) = HE (LX,Q), a graded Lie algebra structure on

_ql
HC, (Uax) corresponds exactly to the Chas-Sullivan (string topology) Lie algebra structure on Hi (LX,Q).

Remark 7.6. The Chas-Sullivan bracket was originally defined geometrically in terms of transversal inter-

section product on chains on £X.

The theorem gives a (more) algebraic way to define Chas-Sullivan structure.

Problem 7.1. There is a Hodge decomposition on HC', (Uax) which gives

7 (cx.Q=@HE " X0

p>1
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—St (p—1 . . . ; ;
where H, (1) (£X,Q) are the eigenspaces of endomorphisms coming from S! — S!, e s ™% n =p—1.

Probe that the Chas-Sullivan bracket preserves Hodge decomposition.

Proof. See [BRZ]. O

7.8 Derived Functors
Let (M, W), (N, Wxr) be homotopical categories,.
Definition 7.14. A functor F : M — N is homotopical if F' (W) C Wy

By universal property of localization, it induces a commutative diagram

F

M N
Ho (M) T Ho (V)
Note that F' is homotopical if and only if §F is homotopical (if Ho (N) id viewed as a homotopical

category with Wiio(nr) = Iso (Ho (N)).

Example 7.21. Let A, B be abelian categories (e.g. A = B = Mod (Z)) and M = Com™ (A),N =
Com™ (B). Take an additive functor F : A — B , we can extend it to Fy : M — N.

If we take weak equivalences to be chain homotopy equivalences (f : Xo — Y, such that there exists
g:Y, — X,, fg~1dy and gf ~Idyx), then F, is homotopical.

If we choose weak equivalences to be quasi-isomorphisms, then F, is usually not homotopical (unless it

is exact).

Example 7.22. Let M be a homotopical category and C a small category, then MCis a homotopical category

with objectwise weak equivalences,
Wae ={a: F = F'Nce Ob(C),(ac: F(c) = F'(c)) € Wnm}.

In general, colime : M€ — M is not homotopical.

Take M = Top, and C = {® < ¢ — e},

F: D" g1 pr

F/I .%Snflﬁg
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then

colime () : colime (F) = S™ 2, colime (F') e
is not a weak equivalence.

It is a philosophy of homological algebra to replace non-homotopical functors with universal homotopical

approximation.

Definition 7.15. |Quillen| A total left derived functor of F: M — N is defined by the right Kan extension

M—E N —% HoW)
vl /
Ho (M) F:=R.(6F)

which comes together with a natural transformation 7 : LF oy = §F (left approximation).

Definition 7.16. [DHKS04] A left derived functor of F': M — N is a functor LF : M — Ho (N) together

with composition morphism 7 : LF = §F such that
1. LF is homotopical.

2. 7 is terminal among all homotopical functors G : M — Ho (N) with 77 : G = JF.

N A

LF

Note by universal property of localization v : M — Ho (M), giving LF is equivalent to giving LF, both
are defined uniquely up to unique isomorphism.

It’s convenient-although not always possible-to lift LF to the level of homotopical categories.

Definition 7.17. A pointwise left derived functor of F : M — N is a functor LF : M — N given together
with LF = F such that n =LLF := §LF = §F is a derived functor in the sense of Definition 7.16.
LF

M@N$HO(N)
F

Note LF may or may not exist, and if it does, it is defined only up to homotopy.
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Derived Functors Via Deformations
Question. How to construct derived functors?

Idea. If F : M — N is not homotopical, we can restrict F' to a subcategory Mg of M consisting of “good”

objects, “adjusted” for F' in the sense that F' : Mg < M — N becomes homotopical.

Definition 7.18. Let M be a homotopical category. A left deformation of M is a pair (Q,q) where

Q : M — M is an endofunctor on M and ¢q : Q = Idxq which is a natural weak equivalence, i.e. for any

X GOb(M), (thQX—>X) € W

Note that @ is automatically homotopical. Indeed, for any f : X — Y in M, there is a commutative diagram

ox %L gy
(lel ?iqy
x— oy

If f € W, then QF € Wy by 2-of-3.

Definition 7.19. Given a left deformation (Q,¢) of M, call any full subcategory Mg C M such that

Im (Q) € Mg to be a left deformation retract of M with respect to (Q, q).

Lemma 7.3. If Mg is any left deformation of M, then i: Mg — M induces an equivalences of categories
i: Ho(Mg) = Ho(M).
Proof. We have two opposite functors
i: Mg M:Q

which are both homotopical, and hence induce

i:Ho(Mg)____Ho(M):Q

-

which are inverse equivalences. [

Example 7.23. If M is a cofibrantly generated model category, then Quillen’s small object argument implies
that cofibration/trivial fibration factorization (MC5) can be made functorial: there exists @ : M — M with

q: Q = Idy for any X € Ob(M). We have the functorial cofibrant replacement

ax

0 QX L X .
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Hence (Q, q) is a left deformation of M. Mg is the full subcategory of cofibrant objects.

Definition 7.20. Given F : M — N, a left F-deformation is a left deformation (Q,q) such that F|u,, :

Mg — M — N is homotopical. If such a left deformation exists for F', F' is called left deformable.
Exercise 7.3. A left deformation (Q, ¢) is an F-deformation if and only if

1. F'Q is homotopical,

2. FqQ : FQ? = FQ is a natural equivalence of functors.
Proof. O
Exercise 7.4. Any left deformable F" has a maximal subcategory Mg C M such that F|,,, is homotopical.
Proof. O

Theorem 7.12. [DHKS0] If F : M — N admits a left deformation (Q,q) then LF = 6FQ : M 9, ML
N % Ho (N) together with n == 6Fq: LF = 0F define the left derived functor of F.

Proof. We need to show 2 things.

1. LF is homotopical.
LF can be factored as

M—2 M —E o N Ho(N)

N A

Mg

where each component is homotopical, so LF' is homotopical.

2. For any 77 : G = JF with G homotopical, the unique factorization 10 exists.
Since G is homotopical and ¢ is a natural weak equivalence, Gq : GQ = G is an isomorphism of
functors. Indeed, for any X € Ob(M), (qx QX = X) € W, and since G is homotopical,
(GqX (GRX = GX) € Wiovy = Iso (Ho(N)), so Gq : GQ = G is an isomorphism of functors.

Thus there exists (Gqf1 : G = GQ, and the commutative diagram
G—"—u 6F

Gq,HE ﬂ’r/—éFq

GQ —"25FQ = LF
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give us the factorization of

70 60— 5FQ = LF 2— 5F

as=mno( with ( :=7nQ o (Gq)_1

It remains to show the uniqueness of ¢. Take any factorization ¢,

G —= 6FQ

N

oF

Note this yields
GQ :> SFQ?

=6F
50 ﬂn@ qQ
SFQ

Since F|u, is homotopical, 7@ is a natural weak equivalence and hence isomorphism of functors
(because Ho () is minimal). This means that nQ is invertible, so (Q is uniquely determined by 7.
By naturality, we have

GO —=2 §FQ?

Gqﬂﬁ 2ﬂnQ
¢

G == 6FQ

in which both vertical arrows are isomorphisms, so ¢ is uniquely determined by ¢Q and hence 7.

Remark 7.7. The argument shows that LF := FQ is a pointwise left derived functor.

Consider the 2-category HomCat” with

Objects(0-cells): 4-tuples (M, Mg, Q,q)

HorizontalMorphisms(1-cells): deformable functors F': M — M’.

VerticalMoprhisms(2-cells): any natural transformation

PN
M Ja M
~— 7

g
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There is a pseudo-functor

L: HomCat” — Cat
M — Ho (M)
(F:M—- M) - (LF:Ho(M)— Ho(M'))

(a: F=F') (Lo : LF = LF")

Proof is similar to Hovey’s Theorem 1.3.7.9 for left Quillen functors in case of model categories.

The important point is, if F: M — M’ G : F : M’ — M" such that

/ G

M—L M M —E s M
MJ\Q —— /\j\l,Q/ /Q/ —_— Ié//

i.e. F' maps Mg to M’Q/ on which G is homotopical. Then LF := FQ and LG := GQ' compose to
¢ FQ
LG o LF = (GQ') o (F()'e=> GFQ = L (GF).

So (LG) o (LF) 2L (GF), but this is in general, not true.

Proposition 7.3. If F is left deformable, then LF : Ho (M) — Ho (N) is pointwise right Kan extension,

i.e. LF can be computed as a limit in Ho (N)
. U oF
Ry (0F)  lim (7X\’y Y M 25 Ho (/\/)) :
TX\y

even though Ho (N') is not complete.
We can consider right deformation R : M — M and r : Idps = R such that
Definition 7.21. F: M N : G is deformable if F is left deformable and G is right deformable.

Theorem 7.13. [DHKS04]If F : M N : G is deformable , then LF and RG exist and the adjunction
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descends to homotopical categories

LF:Ho(M)___ Ho(N):RG.

-

Example 7.24. Quillen pairs between model categories.

Example 7.25. Representation functor (—) : sGr — sCommAlg;, is not left Quillen but left deformable.

We will study this example in detail in the next part.

Examples of Derived Functors

Classical derived functors

Let A be an associative unital ring or k-algebra. Let M = Com™ (A) be the category of chain complexes
of left A-modules and W be the class of all quasi-isomorphisms in M. (M, W) is a homotopical category.

We want to construct a left deformation @ : M — M with ¢ : Q = Id, which is adjusted to any additive
functor on M. This is given by the classical (2-sided) bar construction. We recall (Quillen’s approach to)
this construction.

Let’s start with a map of A-bimodules ¢ : E — A and define a differential graded algebra as follows.

Take Ty FE = @ <E ® E ® e ® E) with differential d : TaE — T4 E of degree —1 extending ¢, for
n>0 A A A

n

any (21, ,2n) EEQAEQR - Q4 E,

d(Zl,"' 7Zn) = Z(_l)i_l (Zlv"' )Zi—lg(zi)azi-‘rlv”' ,Zn)

=1

where we use the natural isomorphism

E®A®E o E®E
A A A

(21,0, 22) = (212, 22) = (21, a22)
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Then
d (Z17 7Zn) = Z(_l)i_ld(zla s Zi—1€ (Z’L)aziJrl, . 72’1’7,)
Slile _ _
= Z (1770 T (21 (25) s 2igns s 2ie1€ (20) L Zig 0 Zn)
i=1 j=1

(1) 72 (=1)"" (21, 22 (zic1) € (20)  Zigr o 20)F

i=2
n—1
D EDTHED T sz () € (2iga) s Ziga s 2a)+
i=1
Z Z (—1)]'72 (—1)1'71 (21, s zim18 (26) 5 2ig1, - y Bj—1€ (Zg) y Zj+1s" " ) Zn)
i=1 j=i+1
= 0

so (T4FE,d) is a unital differential graded algebra.
Lemma 7.4. (Quillen) If € is surjective, then (T4 FE,d) is acyclic, H, (T, E,d) = 0.

Proof. Fix z € E C TAFE of degree 1 such that dz = ¢ (z) = 1, then for any a € T4 F,
d(za)=d(z) -a+ (-1 2. da=a -z da.

So a = d(za) + z - da, hence the map a — za is a contracting homotopy on T4 E compatible with its right

A-module structure.

> da

7

zar—a=d(za)+ z-da

Similarly, d (az) = d(a) -z + (71)|a‘ a, SO a > (71)‘(1‘ az is a contracting homotopy on T4 F compatible with
its left A-module structure.

Thus the homology of (T4 E,d) is trivial. O

Corollary 7.2. Any projective A-bimodule E with surjective A-bimodule map € : E — A gives a projective

resolution (TAE)Jr = A where (TAE)+ is the positive degree part of TAE.

Example 7.26. E=A® A, e =m: A® A — A is the multiplication on A. Then

BAs = (Ta(A® A),d =)
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is the classical bar construction, with
BAy=A
BA, = A®(+t1D)

and differential b given by

—

n—

b(a07“' 7a"n) = Z (_1)Z (a’07"' 7a’i717aiai+17"' 7an)'
i=0

7

Remark 7.8. Quillen’s main observation was to build cyclic homology theory for algebras, we can start with

projective resolution of A of the form (T4 F,d) associated with € : E — A.

Remark 7.9. Notice that (T,E,d) = hocolim{ AL TAE WO 4 } where (1,¢) is the homomorphism

coming from the universal property of the tensor algebra. We think of ¢ as a deformation parameter.

To give amap f: T4 E — B of algebras is equivalent to give
1. fo: A — B amap of algebras.

2. f1: E — B amap of A-bimodules, where B is viewed as an A-bimodule via
a1 -b-az = f(a1)bf (a2).

Then we have
T4: Bimod(4) = AlAlg:U

By« (44B)
E — (A= TaFE)

Example 7.27. Let A = O (X) 2 k[q] where X = A}, then O (T*X) = k|p, ql.

(1,0)

O (T*X) = hocolim { A0 g B0y }

for £ = RHom 4« (A, A°) = A'. The homomorphism ¢ : E — A is in D? (A°),
L
(e: E— A) € Hompo(ae) (A", A) = H° (RHom 4. (4, A°), A) = Hy (A” ® A) ~ HH,(A) = A.

So the deformation parameters ¢ are exactly elements of the 0-th Hochschild homology, which in this case is
just A itself.
We have deformation

hocolim { A<, B0y } ~ D, (X).
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Claim 7.1. The functor Q :== BA®1— : Com™ (A) — Com™ (A) with ¢ = {qM :BA®@aAM =5 Ay M = M}M Ob(Com*(
S om™ (

is a left deformation of M = Com™ (A), adjusted to any additive functor.
Proof. This is essentially an classical result from homological algebra.
1. gps is a natural quasi-isomorphism because Ty (A ® A) ® 4 M is acyclic.

2. QM = BA®4 M is a complex of free left A-modules and hence projective. Take Mg to be the chain

complexes with projective terms, then Mg D Im (Q).

3. Given another additive functor F' : Mod (A) — Mod (A4), the additive functor
F,:Com™ (4) — Com™ (A)

preserves homotopy equivalences, so since any quasi-isomorphism between (nonnegatively graded) pro-

jective complexes is a homotopy equivalence, Fo|a1, is a homotopical functor.

Simplicial groups and spaces

Twisted Cartesian products and principal bundles
Let sGr = Fun (A°P, Gr) be the category of simplicial groups.
Let G\ = {Gn},>q € Ob(sGr) and X, € Ob (sSet).

Definition 7.22. A twisting function 7 : X, — G,_1 is a family of maps {7, : X, = Gn-1},,>, such that

) = 7(dox)” " 7 (dyz)

z)) = 7(dip17) i>1
) = 7(sj+1x) j=0
)

= lgn Vx € G,

Definition 7.23. A (principal) twisted Cartesian product with fibre G, and base X,, and twisting function

7 : Xi — G4_1 is a simplicial set F, = G, X, X, with

E, =G, xX,,n>0
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and

(T (.’I}) : dOg, do.’I}) i = 07
(dig, dzl‘) > 0.

Sj (gvx) = (Sjgvij) ] > 0.
Proposition 7.4. Any principal G.-fibration p, : E, — X, with right G, action on E, with local cross
section o, : X, — E, (i.e. o : X;, = E,, such that pyo,, = Idx, and d;oc = 0d;,Vi >0, sjo =0s;,Vj >0)

can be identified with G x, X — X where 7 : X, — G,_1 is determined by doo (x) = o (dox) - 7 ().

The classifying space of a simplicial group W

Given G, € Ob(sGr), define a reduced simplicial set W (G,) by

Wo (G) = {5} Wn(G) =Gy X Gpa XX Gpyn >0

with
so: Wo(G) — Wi (G)
* — 1G0
do = dy Wl (G) - Wy (G)
g > *
and for n > 1,
do (gn—1,"-,90) = (Gn—2,""",90)

dit1 (gn-1,""" 90 diGn-1," " ,d1Gn—i, Gn—i—2 - AoGn—i—1; In—i—3, - , 90)

(

( (
$0 (gn—1,""" 90 (L, gn-1,""",90)
( (

Sj+19n—1,""" 5,90 8i9n—2y"""809n—j—1, 1, gn—i—2," " ,90)

This is a simplicial set with a twisting function

™ (G) : W, (G) — Gn

(gnflv"' 390) — gn—1

Lemma 7.5. 7(G) is a universal twisting function in the sense that any principal twisted product G x, X

can be induced from G. X,y X« by a unique classifying map X, — W (G.,) given by

€ Xn s (7(2),7(dox), - ,7(df "'2)) € Wy (G4).
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Example 7.28. If G. = {Gn},,5, is a discrete simplicial group, W (G) = B.G the simplicial nerve of G,

then
G X1(G) W(G) = E.G
Gntt +— E,(G)
(QOagOgla"'agO"'gn) S (907"'3971)

The Kan loop group of simplicial sets Conversely, given X, € Ob (sSety) a reduced simplicial set,

define the Kan loop group of X, G (X), € Ob(sGr) by

induced by
Bn = n+1\50 (Xn) — Xn+1

(but {B,,} do not form a simplicial set), with

Define
7(X): X, = G(X),_,

by
T (X)) X, &> F(X,) » GX,_1.

Given X, € Ob (sSet) and G, € Ob(sGr) define
Tw (X, G,) := {twisting functions 7 : X, — G.}.

Theorem 7.14. There are natural bijections

Homggr (GX.,G.) = Tw(X.,G.) < Homgget (X, WG.)
f = for(X)
T(G)og) g
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Hence we have adjunction

G : sSety sGr:W.
Theorem 7.14, proposition 7.4 and lemma 7.5 implies

Corollary 7.3. For fized G, € Ob(sGr),X € Ob(sSet), there is a natural bijection between the set of
twisting function Tw (X, G.) and the isomorphism classes of pairs (F.,G,) where E, is a principal G-

bundle over X, with local section o : X, — FE,. The bijection is given by
T (G x,;X,0)

where dyoy, () = op—1 (dozx) 7 (2).
Our main theorem is the following.
Theorem 7.15. (Kan)

1. For X, € Ob(sSetg) a reduced simplicial set and G, € Ob(sGr), there are weak homotopy equivalences

of spaces
G(X.)| =~ QIX.|

This shows that the homotopy type of |G (X.)| is the loop space of |X|, and the homotopy type of

|W (G*)| is the classifying space of |G|, which is the reason for the name of the two functors.

2. The adjoint functors (G,W) give Quillen pair of model categories
G : sSet sGr: W

and

Ho (sSetg) = Ho (sGr) .

Relation to spaces

Recall the singular complex

S: Top — sSet
X — S(X), = {Hommep (A", X)}nZO
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and the Eilenberg subcomplex

ES: Top, —> sSet
(X,*) — ES(X), ={f € Homrop (A", X) [f (e;) = %,VO < i <n}, -,

Lemma 7.6. (Eilenberg) If (X, *) is connected, then ES (X), — S (X), is a weak equivalence of simplicial

sets, i.e.

£S (X),| =[S (X),| ~ X.

ol

Corollary 7.4. Let Top, , be the category of pointed connected spaces, then
|—| : sSetg ____ Top,, : £S

is an adjoint pair which is Quillen equivalence,
Ho (sSet) = Ho (Topy ) -

A consequence is
Ho(sGr) = Ho(sSet;) = Ho(Top,,)

G(ES(X),) «— ES(X), « X

For reduced CW complexes, we can construct much smaller simplicial group models.

7.9 Free Diagrams

Let Z be a small (indexing) category, C be any category with all small colimits (hence products).

CT = Fun (Z,C) is the category of Z-diagrams in C, which can be thought of as Z-modules.
Question. What are free Z-diagrams (i.e. analogue if free modules)?
Let Z° be the category 7 “made discrete”, with
Objects: Ob (IS) = 0b(Z).
Id; =y,

Morphisms: Homzs (i,7) =
0 i#j
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Definition 7.24. An Z-diagram X : Z — C is free if it is the left Kan extension

75 Y . ¢

in
f%}/:x

7z

i.e. for any i € Ob(Z),

X (i) = colims,j iy eonz/nY () = [ ¥ ()

fig—i

the coproduct of Y (j) in C indexed by f:j — i in Z.

Example 7.29. Let C = Set and Z be any small category. X : Z — Set is free if there exists a sequence of
objects . C Ob(Z) such that

Xz]_[hs

ses
where h® := Homz (s, —) : Z — Set consists of the elementary free diagrams.

For example, let Z = {1 + 0 — 2}. the Z-diagrams in Set are
f1 f2
X:{Xl%XOHXQ }

When is it free (in terms of fi, f2)?

First, let’s take a look at the elementary diagrams.

= {e——0—>0}
h = {o<—)oc—>o}
P P

Hence X is free if and only if both f1, fo are injective.

Example 7.30. Let C = sSet and Z be any small category. For

X.: I — sSet

i X (1) ={Xn ()},50

or equivalently,

X, ={X, T — Set}, -,

X, is free if and only if X, is free in Set, Vn > 0.
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Example 7.31. Let C = Cat and Z be any small category, for any functor

X: T — Cat

i = X (4)
it consists of the following data,
ob(X): I — Set
i = 0b(X (1))
Mor(X): T — Set
i = Mor(X (i)

Thus X is free if and only if both Ob(X) and Mor (X) are free in Set.

Example 7.32. Let C = Grp C Cat be the category of small groupoids. X : Z — Grp is free if and only
it Ob(X) :Z — Set is free.

A free diagram of groupoids need not to be free as a diagram of categories.

Simplicial Diagrams

Let A4 C A be the subset of surjective maps in A (i.e. Mor(A,) are generated by codegeneracy maps

shin+1]—=[n],0<j<n,n>0).

Definition 7.25. A simplicial object X : A°? — C is called semifree if
X|A3_p : Az_p — Set

is a free diagram.

Assume that C has adjunction to sets,
—_—
F : Set cC:U

then we can make this definition explicitly.
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X : A% — (C is semifree if and only if X|Ao+p : A%” — Set factors as

Xl i AP ——C
N %
Set

Example 7.33. Let ', : A°? — Gr be a simplicial group, then T, is semifree if and only if there exists a

subset B,, C I',,Vn > 0 such that

2. B= U B, is closed under s; : '), = 'y, 41, ie. 55 (By) € Bpy1,V0 < j <n,n>0.
n>0

Example 7.34. The Kan loop group of a reduced simplicial set X € Ob (sSet) is semifree.

G(X), =F(Xni1)/ (s0x = 1,¥z € X,) 2 F(B,)

n

where B,, = X,,11\s0 (X)-

Definition 7.26. If I", is semifree, then we can define

the set of nondegenerate generators of I' in degree n, and

B:=|JB.

n>0

Note that this gives a semifree simplicial group I',, we need to specify the set B and the values of face
maps d; : T, > IT',,_1 on B,

{di (.r) el,_1,x € En}n>1 .
Definition 7.27. (Kan) A set of nondegenerate generators of semifree I, is called CW basis if d; (z) =1 C
I, 1,V2 € B,,0<i<n—1 (not including n).

Recall we have
Ho(sGr) = Ho(sSetg) = Ho(Top,,)

G(ES(X),) < ES(X), < X

I, is called a simplicial group model of X if its homotopy type corresponds to X under the above functor.
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For any X we have a “big” functorial model given by
IYE (X) = G (£8 (X),).

One of the main observation of Kan is the following theorem.

Theorem 7.16. Let X be a reduced CW complex, (sko(X) = {*}, sk, (X) = X,Vn > 0). There exists

rsmall (X)) a semifree simplicial group model of X such that
1. |Tsmelt (X)| ~ QX.

2. Tsmell (X)) has a CW basis B = J,,~o Bn such that there is a one-to-one correspondence
B,,_1 <— {n-dimensional cells in X}

for any n > 1.

The corresponding attaching element d,, (z),x € B, _1 depends only on the homotopy class of attaching maps

[f] € Tp—1 (Sknle) Of X.

Example 7.35. Let X = S!, then I, (X) = {F1},50-

7.10 Homotopy 2-types
Moore Complexes

A simplicial group I'y induces a chain complex of nonabelian groups
N,T'= (\Ker(d; : Ty = Tyy) i #0
i=1

in the following way.
If © € N,T, then d; () = 1,Vi > 0,and thus didox = dodgs+12,Vk > 0. Hence dox € N,_1T, and

d%r = didox = 1. Therefore we have a chain complex

N*F:{NOF ¢ N <2 NQF---}

where d = dy

N1 = 0.

Theorem 7.17. (J. C. Moore) There are natural isomorphisms w,I' .= m, (|I'|) =2 H, (N,I',d).
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Remark 7.10. |T'| is a topological group.

Corollary 7.5. If X is pointed connected space, let T', = T'x (X) be a simplicial group model of X, then
Uy (X) = Ti—1 (F* (X)) = Hi—l (N*F, d) ,\V/Z Z 1.
Proof. By Kan’s theorem, QX ~ |I', (X)|, then

T (X) = Ti—1 (QX) = Ti—1 (‘F* (X)l) ,Vi Z 1.

Homotopy 2-types

Definition 7.28. A connected space X is called homotopy n-type (n-coconnected) if 7; (X) =0,Vi > n+1.

Write Ho (Topéf) the homotopy subcategory of n-types.

Since Ho (T0p07*) >~ Ho(sGr) a natural question is to characterize the image of Ho (Topéf) in
Ho (sGr).

For n = 1, we have aspherical spaces with

Ho (Topéi) = Gr
X = M (X)
BT — r

so Ho (Topéi) can be identified with discrete simplicial groups I'x = {I's },,~-

If I'g is a discrete simplicial group, then

1 n#o0.

and the Moore complex is

N*F:{l r 1 1}

We want a similar characterization for Ho (Top&i). This is given in terms of crossed modules of groups.
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7.11 Crossed Modules

Recall if A, G are fixed groups with A being abelian, then it is well-known that the equivalence classes of

extensions

are in bijection with cohomology classes in H? (G, A).

To give a class in H? (G, A), choose a section G % E such that ms = Idgand s (1) = 1, and define

G — Aut (A)
g (Adg ca s 5(g)as (g)_l)
and
c: GxG — A
(9:h) = s(gh)s(9)" s(h)™"
then c is a 2-cocycle, hence [c] € H? (G, A).

We want a similar interpretation of H3 (G, A).

Definition 7.29. [Whitehead] A crossed module is a group homomorphism p : M — N given together with

a left action
p: NxM — M

(n,m) +— ™m

or equivalently
p: N — Aut(M)

n — (m—"m)
satisfying
1L pu(™m)=n-p(m)-n~tin N.
2. (Peiffer relation) »"™m’ = m -m’-m~! in M.
Remark 7.11. The following lifting property is equivalent to axioms 1 and 2.

Given any group homomorphism p: M — N there is a natural commutative diagram

M —24 Aut (M) s Ad,,

e R

N 24 Aut (N) 1 (m) —> Ad,,(m)
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then g is a crossed module if and only if there is a lift p: N — Aut (M) making the diagram commutes.

Example 7.36. (Algebra) Let M < N be a normal subgroup, then i : M < N is a crossed module with

1

"m=n-m-n_".

Example 7.37. [Whitehead] (Topology) A Serre fibration

F—'sp-_".B

yields the natural crossed module

p=m (i) :m (F) > m (F).

Example 7.38. (classical algebraic K-theory) If R is a unital ring, recall for n > 3 we can define the n-th

Steinberg group

St,, (R) = (xij (r),re R1<i#j<n)

zij (1) - @iz (8) = @ij (r + )
1 Ty

(235 (1) 2w ()] = Qayy (rs)  j=k,i#l

g (—rs) j#ki=1
Note that the elementary matrices satisfy these relations.
So pun, : St, (R) — E, (R) = [GL, (R),GL, (R)] — GL, (R) is a well-defined group homomorphism.

We have a natural commutative diagram

Hn

Sty (R)

GL, (R)

Hn+1

Stn_;,_l (R) —_— GLn+1 (R)

which induces

w:St(R) — GL(R)

where St (R) = limSt,, (R) and GL (R) = imG Ly (R).
This is naturally a crossed module with respect to the natural conjugation action of GL (R). This follows

from
Lemma 7.7. (Whitehead) Im(u) = E(R) = [GL(R),GL(R)]<GL (R).
Theorem 7.18. (Kervaire—Steinberg)
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1. St(R) is universal central extension of E (R).

2. There is an exact sequence

where K; (R) ,i = 1,2 are the first and second algebraic K-theory groups of R.

Example 7.39. Any group object in Cat naturally determines a crossed module (i.e. Homgat (—,G) :
Cat — Set factors through groups

H al _7g
Cat Omc—t()> Set

Gr
Note that N : Cat — sSet the usual nerve functor is right adjoint, hence it maps group objects in Cat

to group objects in sSet, i.e. simplicial groups. N, (G) € Ob (sGr). Take the Moore complex of NG,

N(/\f*g):{N@ ¢ N <2 N, }
then d : Ny — Ny is a crossed module.

The Relation of Crossed Module with H? (G, A)

Lemma 7.8. Given a crossed module (M £ N, p), define A := Ker(u) and G = Coker(u). Then

1. G and A are groups with A being an abelian central subgroup of M.
2. the action p: N x M — M induces a well-defined action p: G x A — A making A a G-module.

Proof. By axiom 1 n - pu(m)-n~! € Im (u) for any m € M,n € N, so Im (u) < N, thus G = N/Im (p) is a
group.

1 so [a,m] = 1, thus A is a central

By axiom 2, for any a € A,m € M, we have m =% m =qa-m-a~
subgroup of M.
The action p restricts to A since for any a € A,n € N, p("a) =n-pu(a)-n~! =1€ N, so "a € A.

1

Furthermore, for any m € M, “™q == m -a-m~! = a, so Im (1) acts trivially on A, thus the action

descends to p: G x A — A making A a G-module. O

Example 7.40. If we take the Steinberg crossed module St (R) £ GL (R), in this case G = K; (R) and
A =K (R).
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Fix a group G and an abelian group A with a G-module structure, consider the set CrMod (G, A) of all
crossed modules (M £ N, p) with G = Coker (1) and A = Ker (1), and the induced action p being the one
given.

We say that two such crossed modules (M £ N, p) and <M ! ”—/> N' o ) are related if there exist group

homomorphisms o : M — M’ and 8 : N — N’ such that

0—=A——>M N—sG—>0
|k
0— A M — = N — G —>0

commutes.
Let CrMod (G, A) / ~ be the set of equivalence of classes of crossed modules in CrMod (G, A) modulo

the equivalence generated by the above relation.

Proposition 7.5. (Mac Lane) There is a natural bijection
CrMod (G, A) / ~= H? (G, A).
The cohomology class k (11, p) € H? (G, A) corresponds to (M £ N, p) is called its Mac Lane invariant.

Topological interpretation. = We need the notion of s classifying space for crossed modules.

Given a crossed module (M 2 N, p), define a (small) category C = C (p, p) as follows:
Objects: Ob(C) =N

Morphisms: Mor (C) := M xN where M xN = M x N as a set and composition is given by (m,n)-(m/,n’') =

(m ™ m/ nn').

The source and target maps are

s: Mor(C) — O0b(C)
(m,n) +— n

t: Mor(C) — 0Ob(C)
(m,n) — p(m)n

so (m,n) € M x N corresponds to the arrow
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The composition is given by

(m’m,n)

(u(m)nMu(m’)u(m)n) o (0 i) = (0 D oy

The nerve N,C of the category ;looks as follows
NoC = N.
N1C =M x N.

NoC=Mx(Mx(--x(MxN))=M"x N as a set.
All face and degeneracy maps d;, s; are group homomorphisms, so N.C is a simplicial group. We denote

this simplicial group by N//M € Ob(sGr).

Definition 7.30. (Mac Lane) The classifying space of the crossed module (M AN, p) is
X (p, p) == B|N//M|

the usual classifying space of a topological space |N//M]|.
We want to understand the homotopy type of X (u, p).
We will use the Kan loop group adjunction
G : sSet sGr: W .
In these terms, we can identify B|N//M|~ |W (N//M)|, then use Kan’s theorem. for any i > 1,

™ (B|N//M|) = (|W (N//M)|) = mi—1 (W (N//M)|) = mi—1 (|GW (N//M)|) = mi—1 (IN//M|) = H;—1 (No (N//M) ,

where the second lats isomorphism follows from the fact that the unit of Kan loop adjunction is a weak
equivalence.

We need to see what is the Moore complex of N//M. Be definition, N//M looks as follows

dl =s
-

N —so> M x N

<
do=t

where so : N — M x Nis the canonical inclusion so that dysg = d1so = Idy. Thus do|y = di|n = Idn.
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A straightforward calculation shows that Ne (N//M,d) has the form

N <" Ker (dy) = M 1 1

where d = d0|Ker(d1) = W.

Claim 7.2. This is exactly the crossed module we start with.

Lemma 7.9. If T, is a simplicial group such that its Moore complex has length 1, then the following relation

holds.
dy
I,=|Tyg—so>=T) =—=...
4
0

and [Ker(dy) ,Ker(dy)] =1 in T;.

Proof. (Sketch).

For z € Ker (dp) and y € Ker (d; ), we consider [so (z)s1 ()", 50 (y)} € I'y then

do ([so (z) 51 (x)f1 , S0 (y)D = [doso (z) dy <31 (:U)71> , doSo (y)] = [x (sodox)fl ,y} =[x,y =1
and
di ([s0 @ s1 @) 50 W)]) = [drso @) i (s1 (@) ) s ()] = L) = 1

so by assumption

[so (z) 51 (2)"", 50 (y)} € Ker (do) NKer (dy) =1

Note

L=do ([s0 (@) 51 (@), 50 )] ) = ).
O

Lemma 7.10. In the case of simplicial group N//M, the commutator relation [Ker(do), Ker(dy)] =1 is

equivalent to the aziom 2 of crossed module.

Corollary 7.6. We have

m (BIN//M|) = Hy(NJIN//M|,d) = G
7 (BIN//M|) = Hy(NJ|N//M|,d) = A
m (B|N//M|) = 0,i>3.
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Moreover, the action of w1 on my agrees with the G-module structure on A, and

H? (Brmy;m) = H3(G;A)

Postnikov’s k3-invariant <k (u,p)

Recall for any connected CW complex X, the Postnikov decomposition is given by
cosky (X) <——cosks (X) <—cosks (X) <=— - <—X

such that

1. 7 (X) =2 m; (cosk, (X)),i <n.
m; (cosky, (X)) =0, > n.

2. For n > 2, , there is a fibration
cosk,,—1 (X) =<=— cosk,, (X) =— K (7, (X) ,n)
with characteristic classes
EnTH(X) € H (cosk, 1 (X);m, (X))
called the (n + 1)-th Postnikov invariants.

In our case, if X = X (u,p) = B|N//M]|, then we have
Bry (X) = cosky (X) =<— cosky (X) <—coskg (X)) <— - <— X

the Postnikov invariant k* € H3 (BmX,mX) = H? (mX,mX) = H?(G, A) coincide with Mac Lane’s
invariant.

As a summary, we have
Theorem 7.19. (Loday) The following are equivalent:
1. crossed modules of groups (M £ N, p)
2. group objects in Cat
3. simplicial groups T, with Moore complex of length 1

Proof. We have construct the proof of 1 =— 2 =— 3 = 1 as follows.
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Given a crossed module of groups (M £ N, p), we can define a group object C (u, p).
For a group object C, the nerve N,C is a simplicial group with Moore complex of length 1.

The Moore complex of T',
[N:FO<—”M:Ker(d1)<—1<—m

gives a crossed module p : M — N. Note the axiom 2 of crossed module is equivalent to [Ker (dp) , Ker (d)] =

1lin Fl- O]

7.12 Homotopy Normal Maps

The references for this part are [FS10, FH11].

There is another view on this based on the notion of homotopy normal maps.

Motivation: recall an injective group homomorphism p : M < N is normal if it is the kernel of some group
homomorphism N — I'. Up to homotopy, and group homomorphism can be viewed as an inclusion, so

it’s natural to ask how to extend this notion to an arbitrary homomorphism.
Definition 7.31. A group homomorphism p : M — N is homotopy normal if the corresponding map of
spaces By : BM — BN is the map of a homotopy fibre of some fibration

BM-2'S BN Yo X

where X is a pointed connected space. The homotopy class of v is called the normal structure on p.

Note if M < N is a normal subgroup in the normal sense, we have a canonical normal structure on p: M —

N,ie. BN —% B(N/M) where N —% N/M .

Theorem 7.20. [FS10] A group homomorphism u : M — N is homotopy normal if and only if there is
an action p : N — Aut(M) making p : M — N a crossed module. The corresponding space for which
BM — BN is the homotopy fiber map is B|N//M]|, the classifying space of (M 4 N, p).

Alternative way to state this is in terms of homotopy colimits.

123



7.12 Homotopy Normal Maps 7 HOMOTOPY COLIMITS

Given p: M — N, we can consider the diagram

w: M — Cat — sSet
* > N
l;m: N — N
m —

n +— plm)n

and take the homotopy quotient (Borel construction) to get a simplicial set

N//M = hocolimy (1) = E.M Xy N

with
(N//M), = MxyN=N
(N//M)n = MX]V[MXM---XMMXMNgMnXN
n+1

where N = (N//M), acts by right multiplication on (N//M),,, so we get an N-simplicial set.
Similarly, for any simplicial group I'y, I'g acts on the right via the degeneracy maps sy on all T';,, so T,

is a ['g-simplicial set.

Theorem 7.21. p: M — N is homotopy normal if and only if there is a simplicial group T, such that

Ty =& N which extends to an isomorphism of I'g-simplicial sets T, = N//M.
Remark 7.12. This extends to other monoidal model categories.

Example 7.41. A map p : M, — N, between simplicial groups is homotopy normal if there exists homotopy
fibration of simplicial sets

W (M) S W (N B X

Example of Crossed modules

If G is a group, z € Z (G) is a central element, then the twisted nerve of G is a cyclic set

B.(G,z): AC°® — Set

[n] —~  G"

such that B. (G, z) |ae» = B.G. The cyclic action is

—1
tn(gb?gn):(z(glgn) 7923"'7gn)~
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The cyclic realization of B, (G, z) is
X (G,2) = |B. (G, 2)|” = ES' xg1 |B. (G, 2)|.

Question. what is the homotopy type of B, (G, 2)?

Aside. Let C. ={Z/(n+1)},-, and X, be a cyclic set. We have a canonical map
Cix X, = X,

via the the action of Autacer ([n]) = Z/(n+ 1) on X, which is not a map of simplicial sets. So we

need to replace it by FUX,, — X,, where

F:Set® =~ Set®C”" .U .

Consider the crossed module

with the trivial G-action on Z.

Thus
m (X (G,z)) = 0 1>3

m (X (G,2)) = Cokery
m (X (G,2)) = Kery

If z is of finite order,
X (G, 2) = B(G/(2)).
Quillen’s + Construction
We will work with pointed connected CW complexes. Given such a complex X, denote 7 := 7 (X, ).

Theorem 7.22. Let N < 7 be a normal perfect (i.e. [N,N]| = N) subgroup of ©, then there exists a CW

complex X]T, with a map 5 : X — X]J\? such that
1. w1 (§) : = my (X)) is surjective with Kerny (j) = N.
2. j.: H,(X,Z) = H, (XJ"\},Z) is an isomorphism.
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Remark 7.13. The second condition can be restated as, for any m; (X]T,)—module A (local system on X]J(,),
j* - H* (X]T,,A) = H* (X, A).
Idea. Add 2-cells to “kill” N C 7 and add 3-cells to neutralize the effect of 2-cells on homology groups.

Remark 7.14. There is an abstract analogue of this construction for various model categories (e.g. differential

graded Lie algebras) where “perfect” makes sense.
Analogy.

1. m, for spaces +— H, of differential graded objects.

2. H, for spaces <— Quillen’s homology of differential graded objects.

Basic properties of + construction

(P1) (X3,j) is universal in Ho (Top, ,) among all pairs of (Y, f: X —Y) such that 71 (f) (N) = 1 in

71 (Y), in the sense

4
s
Q

where f is unique up to homotopy.

(P2) If G is a group such that N = [G, G] is perfect, i.e. [[G,G],[G,G]] =[G, G], then i : N — G induces
Bi: BN — BG which gives a universal covering o = (Bi)" : (BN)}, — (BG)%

BN —2" . Ba

Application. If R is a unital associative ring, define GL (R) = imG Ly, (R) and E(R) = limE, (R) <
GL (R) the elementary subgroup generated by elementary mat;}ices. !

Lemma 7.11. (Whitehead) The derived group of the stable general linear group is the group generated by

elementary matrices.

E(R) = [GL(R),GL(R)].
Definition 7.32. (Quillen) For n > 1, the higher algebraic K-theory
K, (R) =, (BGL (R)+)
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where the + construction is taken with respect to E (R).

Applying property 7.12 to E,, (R) < GL (R), we get BE (R)" — BGL (R)" which gives a universal covering
T (BE (R)+) 3 K, (R),n>2.

The Bousfield-Kan Completion of A Space

The Bousfield-Kan completion is a natural extension of pronilpotent completion of groups to spaces.

Recall, if F is a (discrete group), then the lower central series is given by

F=Ihelhlk.--BIyB-
where I'y =T, Ty = [['1,T],--- ,T, = [[y-1,T],n > 0.
T is abelian if and only if Ty = {1}.
T is nilpotent if and only if there exists n > 2 such that T, = {1}.

Definition 7.33. The pronilpotent completion of I" is

['=C(I) = liml/T,

n

with completion map
p: I' — CT

Y o= (’yrla’YI‘Qa"')

where

D2 p1

/Ty T/T, /Ty =1.

Explicitly,

CT = (713?27"' a) € H F/Fn|pn (in—i-l) = Yn,Vn >1

n>1

The completion map p is universal among all maps I' — N.

Remark 7.15. In categorical terms, this can be defined as the right Kan extension of the inclusion of nilpotent
groups NGr&——~ Gr along itself.
NGr&—— Gr

Gr
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and

Next, recall the Kan loop group construction

G : sSet sGr: W .

Note

e X = WGX is a weak equivalence for any reduced simplicial set X.

e GWT = T is a weak equivalence for any simplicial group T.

Definition 7.34. The Bousfield-Kan(integral) completion of a reduced simplicial set X is defined by

Zoo (X) = WCOG (X)

where C' : sGr — sGr is the degreewise pronilpotent completion. If X € Ob (Top07*), then

Zoo (X) =20 (ES« (X))].

Basic properties [BK]

(I1) [Lemma I 5.5, p25] For a map f : X — Y in sSety, Zso (f) : Zoo (X) — Zoo (Y) is a homotopy

equivalence if and only if f, : H, (X,Z) — H. (Y,Z) is an isomorphism.

(I2) [Prop V 3.4, P34] For any reduced simplicial set X, the canonical map i : X — Zo (X) is a weak

equivalence if and only if X is nilpotent, i.e. 71 (X) is nilpotent and 71 (X) acts nilpotently on higher

homotopy groups m; (X),i > 2.

Proposition 7.6. [D. Farjoun] Let R be a unital associative ring, then there exists a natural homotopy

group equivalence
1. |ZWE(R)| 2 BE(R)".
2. |ZWGL(R)| = BGL(R)".

Moral. Z., can be viewed as a simplicial realization of + construction.
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Corollary 7.7. K, (R) = 7, |ZWGL (R)| ,n > 1.

Corollary 7.8. The functor C : sGr — sGr has left deformation Q = GW : sGr — sGr and therefore it

has derived functor

LC : Ho(sGr) — Ho (sGr)

such that
mLC (GL (R)) 2 K41 (R),n > 0.

Remark 7.16. This applies to many functors on groups.
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Part IV
Derived Algebraic Geometry

8 Simplicial Presheaves
Motivation. In classical algebraic geometry, basic objects are schemes.

Fix a commutative ring k (base ring). Consider Schy the category of schemes over k& and the Yoneda

embedding
Sch, — Fun (Sch;”, Set)

X — hX

where hyx is called the functor of points of X. X is determined by hx up to unique isomorphism.

We can refine Yoneda lemma in the following way.

Recall affine schemes over k are schemes of the form X = Spec (4) where A is a commutative k-algebra,
thus we have a functor

Spec : CommAlg;,, — Schy,

with images being affine schemes.
Note we have

Sch,—"Fun (Schl?, Set) —-**> Fun (AffSch?”, Set)

~
~
~ o
~ =
~
~

~
-

i—Reson~ — — > Fun (CommAlg,, Set)

where & = Res o h is the composition of Yoneda functor and restriction functor.

(Enhanced) Yoneda lemma. the restriction of the functor of points to commutative algebras
h : Schy — Fun (CommAlg,, Set)

remains fully faithful. Thus the category of schemes over k can be identified with a certain subcategory of

functors F': CommAlg; —— Set .

Question. How to characterize this subcategory?
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Example 8.1. Every (co)representable functor

h4: CommAlg, — Set

B — HomCommAlgk (A7 B)

is a scheme functor (such functors are exactly affine schemes).

For example, take X to be the elliptic curve defined by y? = 23 + 22 + 1, then
h: CommAlg, — Set
B — {(z,y) e Bx Bly* =2+ 22 + 1}
However, not only representable functors may occur.
Example 8.2. Fix 0 < d < n,n > 1 and consider the functor
Gr(d,n): CommAlg, — Set
B +— {rank d summands of B®"}

Gr(d,n)(B1) — Gr(d,n)(B2)

Q — By ®p, Q

This is the functor of points that represents the classical Grassmannian.

However, this is not a representable functor. .

Theorem 8.1. [Grothendieck] A functor F :CommAlg, —— Set has the form hx for some X €
Ob (Schy) if and only if

1. F is a sheaf in the Zariski (Grothendieck) topology in AffSch;, = CommAlg;”.

1

2. There are commutative k-algebras A; € Ob(CommAlg,.) and natural transformations o; € F (A;)

Hompun (hAl,F) such that for any field K Ok,
F(K) =] (W (k)
iel

i.e. F'(K) is covered bu h™i (K) via o;.
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Derived algebraic geometry.  Generalize classical schemes (viewed as functors CommAlg, —— Set

) in the following ways.

schemes
Set

CommAlg,

stacks

derived séhemes Grpd

~higher stacks
nerve

sSet

sCommAlg &

derived stacks

Goal. Need a homotopy theory on simplicial presheaves, local homotopy theory [Joyal & Jardine].

8.1 Grothendieck Topology

Motivation. If X is a topological space, we define and then replace X by the category C = O (X) of open
sets in X.
Objects: open sets in X
U=V UCV
Morphisms: Home (U, V) =

0 0.W.

Note

1. X is the terminal object in C.

[\

. For any finite index set I, |I| < oo,

AU =]] U

i€l i€l

3. For any index set I,

Yui=]]uv

iel iel

4. A presheaf on X is a functor F' : C°? — Set.

(38

. A sheaf on X is a presheaf I : C°? — Set such that for any U C X open and open covering {U;},.;

of U, we have

FU)=eqq [[F W) —Z]]FWinUy)
iel i,j

Grothendieck’s generalization of this notion of topology consists of replacing a space X (or the corresponding

category O (X)) by an abelian category C in which we specify a system of covering for each object U € Ob(C),
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i.e. the data

cov(U) = {{U; = U},c; € Mor (C)}
satisfying the following 3 axioms
1d
T1. For any U € Ob(C), {U 1, U} e cov (U).

T2. For any f:V — U, and {U; = U},.; € cov (U), all fibre products {U; xy V' = V},.; € cov (V), i.e.

pulling back of coverings are still coverings.
T3. For any {U; — U}, € cov(U) and {Ui; — Ui}, ; € cov (U;), we have {Us; = U}, jycpy s € cov (U).

Modification.
¢ — C=Fun(C,Set)

U — hU

we can define covering in terms of subfunctors of hy, called sieves.

Simplicial Presheaves

Let C be a category. Denote Pr(C) := Fun (C°, Set) the category of presheaves on C. For X € Ob(C),

hx = Home (—, X) : C°? — Set is a presheaf on X. The assignment X — hx gives a functor b : C — Pr (C).
Goal. Define derived stacks as functors sCommAlg; — sSet.
We approach this in two steps:

1. define nonderived (higher) stacks as functor CommaAlg, — sSet

2. extend this to sCommAlg,.

Definition 8.1. A sieve over X € Ob(C) is a presheaf u € Pr (C) which comes with © < hx (subfunctor
of hy,ieu(Y) C hx (Y),VY € Ob(C), and for all arrows f:Y’ — Y of C, u(f) is the restriction of hy to
u(Y)).

Note u may or may not be representable,

Definition 8.2. A Grothendieck topology 7 on C consist of the data, for any X € Ob(C), there is a family

of sieves cov (X)) over X (covereing sieves) satisfying

1. hx € cov (X).
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2. Forany f:Y — X and u € cov (X), f* (u) = hy Xp, u € cov(Y).

fr () ——uv

\L }Lf

hy*>hX

3. For any u € cov(X), and any sieve v C hx over X, if for any Y € Ob(C) and any f € u(Y) C

hx (Y) = Home (Y, X), f* (v) € cov(Y), then v € cov (X).

Remark 8.1. The reason to use presheaves instead of objects in C to define covering is that C is not cocomplete
(even coproducts may not exist). For example, let X be a topological space and C = O (X)) the category of

open sets in X. If uy,us € Ob(C), then uy [Jua ¢ Ob(C), {u1,uz}is a covering of u if uy |Jus = u.
Question. How to associate to {uj,us} a subfunctor v C h,,?

v = Coeq{ hulﬁU2 > hul H hu2 } — h"

i
is a covering sieve.

Definition 8.3. A sheaf on a Grothendieck site (C,.7) is a presheaf F' : C°? — Set satisfying the sheaf

axiom: for any X € Ob(C) and u € cov (X), the inclusion u < hx induces a bijection of sets
F(X) = Hompr(c) (hx,F) l} HOHIC (U,F) .

Fact 8.1. The inclusion functor i : Sh(C) — Pr (C) has a left adjoint the shifification functor a : Pr (C) —
Sh (C) which is exact in the sense that it preserves all finite limits. For F € Ob(Pr (C)), aF is called the

associated sheaf of F.

Notation. Let sPr (C) be the category of simplicial presheaves, i.e. simplicial objects in Pr (C).

sPr(C) = Fun(A°?,Pr(())

I

Fun (A°?,Fun (C°, Set))

R IR
g 2

(
(
n (A% x C°, Set)
n (C°7, Fun (A%, Set))
(

= Fun (C°,sSet)
Thus any object F' € Ob(sPr (C)) can be viewed as a functor F': C°? — sSet.
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Definition 8.4. Let f : F' = G be a morphism of presheaves in sPr (C). We say that
e fis a global weak equivalence if for any X € Ob(C), (fx : FX — GX) € WE (sSet).
o fis a global fibration if for any X € Ob(C), (fx : FX — GX) € Fib (sSet).
e fis a global cofibration if it has LLP with respect to all acyclic fibration.

This makes sPr (C) a proper cofibrantly generated model category.

It does not depend on 7 at all. We want to refine this such that it depends on 7. For this, we need to
introduce homotopy sheaves of F' € Ob (sPr (C)).
Given F : C°? — sSet, define the presheaf 7o (F') € Pr(C) by

o

For X € Ob(C) choose p € F (X), a 0-simplex in F' (X) and for i > 1, define

#(Fp): (€/X)" — Gr(CSet)
(v LX) — m(FOLS )

where
f*: F(X) —» F()

p = f*(p)

Denote 7o (F') :== a7rg (F) ,7; (F') := a7; (F,p) and refine to these as homotopy sheaves of F'.
Definition 8.5. (local model structure on sPr (F) )) Given f : F = G in sPr (C) we say
e fis a local weak equivalence if

1. mo (f) : mo (F) — 7o (G) is an isomorphism of sheaves, and

2. For any X € Ob(C), p € F(X),,i > 1, and f induces isomorphisms m; (F,p) = m; (G, f* (p))-
e fis a local cofibration if it is a global cofibration.
e fis a local fibration if it has RLP with respect to all local cofibrations.

Theorem 8.2. [R. Jardine, A. Joyal] sPr (C) equipped with local weak equivalences, local cofibrations, local

fibrations, is a model category. We call it the local model structure on sPr (C).
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Hypercovering
Question. What are fibrant objects?

The key is the notion of hypercovering [Verdier].

Definition 8.6. A hypercovering of X € Ob(C) is a simplicial presheaf H € Ob (sPr (C)) with morphisms
p: H — hx (covering map) such that
1. For any n > 0, the presheaf H,, : C°P H, sSet ﬂ> Set is a disjoint union of representable presheaves,

i.e. there exists X,,; € Ob(C) such that H, =[], hx

n,i"

2. For any n > 0, the map of presheaves
H, = Hom (A [n], H) — Hom (0A [n], H) Xtom(oa[n],hx) Hom (A [n], hx)

induces an epimorphism of associated sheaves.

Remark 8.2. A[n] is the standard n-simplex

Aln]: A°®? — Set
(k] = Homa ([k],[n])
and
Hom (An],H): C? — Set
X +— Hom(A[n],H (X))
Remark 8.3. Condition 2 can be equivalently restated as local lifting property: For any Y € Ob(C), and any

commutative diagram

OA [n] H(Y)

| ip

An] ——hx (Y) =Hom (Y, X)

there is a covering sieve u € cov (Y') such that for any (f : U - Y) € v (Y) C Hom (Y, X) there is a morphism

A [n] — H (u) such that

This is a local analogue of the lifting property characterizing acyclic fibration of sSet. In particular, p :

H — hx is a local weak equivalence.
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Remark 8.4. If n > 2, condition 2 can be restated as: H,, — Hom (0A [n], H) induces an epimorphism of
associated sheaves. Note this statement is independent of X nor covering map.

Let F € Ob(sPr(C)). For any X € Ob(C) and hypercovering p : H — hx, define an coaugmented

cosimplicial diagram of simplicial sets

F(H,): A — Set
[n] — F(H,)

as follows.
Forn >0, (p: H— hx) <= {pn : Hy = hx} where hx € Pr(C) — sPr (C).

Applying Hom (—, F') and use condition (1)

F(X)=Hom (hy, F) 229, Hom (H,, F) = Hom (H hXM,F) = HHom (hx, .. F) = HF (Xn:) = F(H,).
Fi
Thus, we have a map of cosimplicial diagram in sSet
F(X)— F(H,)
so we have
a: F = hocolimF (H,,). (11)

[nleA

Theorem 8.3. [DHI] An object F € Ob(sPr (C)) is fibrant if and only if
1. For any X € Ob(C), F (X) is fibrant in sSet, i.e. Kan complez.

2. For any X € Ob(C) and any hypercovering p : H — hx over X, 11 is a weak equivalence of simplicial

sets.
Definition 8.7. A simplicial presheaf F' € Ob (sPr (C)) is called a stack if it satisfies 2.
By theorem, the fibrant objects of sPr (C) are all stacks.
Notation/Terminology.

1. Ho (sPr (C)) is the category of stacks (because every object is isomorphic to a fibrant one). Stack,

morphisms, isomorphisms of stacks are all referred to Ho (sPr (C)).

2. For any F, F' € Ho (sPr (C)), [F, F'] := Hompy, (F, F’).
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Proposition 8.1. A presheaf F' : C°? — Set (viewed as a constant simplicial presheaf) is a stack if and

only if it is a sheaf (in the usual sense).

Proof. This is because homotopy limits becomes limits and condition 2 becomes the usual sheaf axiom. [
Moral. Condition 2 is homotopy (analogue of) sheaf axiom.

Put differently, a presheaf is fibrant in sPr (C) if and only if it is a sheaf. Thus homotopy theory of sPr (C)

knows about the relation between sheaves and presheaves.

Corollary 8.1. Let F' be an object in Pr (C) — sPr (C), and oF € Sh(C) is the associated sheaf, then for
any G € Ob (sPr (C)),

1. [G,F] =[G, aF] = Homgpycy (F,aF).

2. Moreover, if G is an object in Pr (C) — sPr (C), then
(G, F] = [aG,aF]| = Homgpy(c) (aG, aF) =2 Hompy ) (G, F')

where the last isomorphism follows from the fact that Sh (C) is a full subcategory of Pr (C).

Corollary 8.2. The natural functor
Sh (C)—— Pr (C)— sPr (C) —X£ Ho (sPr (C))

is full embedding. Moreover, it has left adjoint

mo: Ho(sPr(C)) — Pr(C) % Sh(C)
F — ’fr()(F) — aﬁo(F)

so the category of stacks is just extension of the category of usual sheaves.

Warning. In general, sheaves of sets are exactly stacks, sheaves of simplicial sets are far from being stacks.

Example 8.3. Take a sheaf of groups H : C°? — Gr then

BG: CP sSet
X — N*G(X) = {G(X)n}nzo

is a sheaf of simplicial sets, but not a stack.

Stacks are generalization of sheaves.
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8.2 Example: Generalized Manifolds

We will consider simplicial presheaves on smooth manifolds following [FH13] and Joyce 2011.

Let C = Man be the category of finite dimensional smooth manifolds over R with smooth maps. C has
a natural Grothendieck topology, where coverings are usual open coverings of manifolds, , i.e. a covering of
X is a collection U = {U;},.; of open subsets such that (J,.; U; = X. Associated to U a sieve

el —t

—_—
u=eq HhUmUj it HhUi
i il

We identify X as representable sheaves

hx : Man®”” — Set

Y = hx(Y)=Hom(Y,X)

so Pr (Man) is the category of generalized manifolds in the sense that every F' : Man®® — Set is deter-
mined by its action on test objects (manifolds) X — F (X). The point is to extend differential geometric

constructions from usual to generalized manifolds.

1. Differential forms on generalized manifolds.

For p > 0, and fix a manifold X, consider the set QP (X) of smooth p-forms on X. In local coordinates,
W(X)>w=23 fi,,i, (x)dry A---Ndx;,. Since for any map f : X — Y between manifolds, the pull-back
map gives fP: QP (V) — QP (X), QP : Man°? — Set is a presheaf on Man (generalized manifold).

For p =0, Q° (X) = C* (X) is a sheaf of sets, so is QP (X),Vp > 1. Thus Q” : Man” — Set is a stack

on Man.

2. G-connection

Let G be a Lie group, a group object in Man.
Let m : P — X be a principal G-bundle on X. Recall 7 is a locally trivial fibre bundle such that P is
equipped with a right G-action
PxG—P

such that each fibre 77! (z),2 € X is preserved under the action and the restriction of the G-action to
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71 (x) is free and transitive, i.e. for any p € 7! (), the action map
G — 71 (2)
g = p-g

is a diffeomorphism.

A connection in P is a natural way to relate different fibres. More precisely, a G-connection is a direct
sum decomposition of the tangent space T, P for each p € P: T,P = H,, &V, (which is invariant under the
action of G) where

Vp = Tpﬂ'_1 (7 (p)) — TP

is the subspace of vertical vectors, contained canonically in 7),P. Thus a connection is determined by the

choice of subspace H, (horizontal vectors) for each p € P, i.e. p— H,.

Definition 8.8. [Ehresmann] A G-connection a distribution on the total space (i.e. a subbundle of T, P)

which is G-invariant and transverse to fibers of 7.
Note for each p € P, the differential (at e € G) of the natural map
i,: G — 7w rm(p))
g = p-g

identifies

0=T.G=T,m ' (7 (p) =1V,
A G-connection is thus determined by the projection
Op TP =V, =
such that ©, o dpi, = Id, i.e. ©, € Q' (P) ® g = Q' (P, g) is a g-valued 1-form (connection form) on P.

Formally, © is characterized by 2 properties.

1. © is G-invariant form, i.e. © € Q! (P,g)G, ie. for g € g, R, (©) = Ady-1 (©) where R} is induced by
the right G-action
Ry, P — P

p = p-g

2. For any p € P, i%(0) = Op¢ where 4 is induced by i, : G — 7! (7 (p)) — P and Oy¢ is the
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Maurer-Cartan form.

(If G is a matrix group, then ©,;c = g~ 1dg.)
Goal. To classify principal G-bundles with G-connections.

Example 8.4. Fix a Lie group G. Define

F: Man”” — Set
X = F(X)

F (X) = {equivalenc classes of G-connections on X} = {(7: P — X,0)}/ ~

where (m,0) ~ (7/,0') if there exists isomorphism ¢ : P — P’ such that

P—>P’

A

such that © = ¢* (0’).

F is a presheaf but not a sheaf. Indeed, consider X = S' and take covering {U; = S™\ {i}, U, = S'\ {—i}},
then Uy N Uy = I; U I, a disjoint union of two open intervals. If F' is a sheaf, then we have a Cartesian
diagram

F(SY) F(Uy)

-

F(Uy) ——= F (I, UI)

Since (flat) G-bundles are determined by equivalence classes of holonomy representations p : 7 (X) = G

under the adjoint action. The equivalence classes of holonomy representations in this case are

/G (s}

L

{o} ——{o, 0}

which is not Cartesian.
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Stack G-connection

Idea. Instead of classifying connections up to isomorphisms we will classify connections together with iso-

morphisms.

Define a presheaf of groupoids By G and EvG by constructing two categories for each X € Ob(Man)
Ob(ByG (X)): (7,0) where 7 : P — X is a principal G-bundle, © € Q! (P) ® g is a G-connection.

Mor(ByG (X)): commutative diagram

such that © = ¢* (©’).
Ob(EvG (X)): (m,0,s: X — P) where s: X — P is a global section (trivialization), ws = Id.
Mor(ByG (X)): commutative diagram

"

P . p
X
such that © = ¢* (0’).

Definition 8.9. The simplicial presheaves By G and Ey G are defined by

ByG: Man®”” — sSet

X  — N (ByG(X))

and
EvyG: Man® — sSet

X — N (BEvG (X))

Note that there is a natural map of simplicial presheaves
p: EvyG — ByG

induced by the forgetful functor of presheaves of groupoids (r, ©, s) — (7, ©).
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Theorem 8.4. [FH13|
1. Both ByG and EvG are stacks (i.e. satisfying homotopy sheaf axiom).

2. EvG is weak equivalent to the sheaf Q' ® g, viewed as a discrete simplicial presheaf

EvG~0'wog.

Proof. For (2), the weak equivalence is induced (at the level of groupoids) by the two functors

a: BEyG Nwg:B

defined by
ax EvG(X) — Ql(X)®g
(m©,s) —  s7(0)

and
Bx: A (X)®g — EvG(X)

w —  (Tw, Ow, Sw)

where 7, = mx : X X G — X the canonical projection gives a trivial G-bundle and

Sw: X — X xG

x +—  (z,€)

and O, = m{w + 75Oy c where O /¢ is the Maurer-Cartan 1-form on G.

Note ax - Bx = Idx and

Bx-ax: EvG(X) — Q'(X)®g — EvG(X)

(m,0,5) = w=s"(0) — (7w,Ou,5y)
we have a commutative diagram

Bx-ax

EvG (X)) ——= EvG (X) (7,0, 8) —— (74, O, Sw)
EvG (X) %> BEgG (X) (7,0, s) —> (7,0, s)
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where

Thus EvG ~ Q' @ g. O

Differential Forms on Stacks

Idea. If we want to extend a natural geometric construction on a manifold X, we have to express this

construction in terms of hx and replace hx by arbitrary F.

Note if we identify a smooth manifold X with its corresponding presheaf hx : Man°” — Set, then by
Yoneda lemma,

HomPr(Man) (th Q;D) =P (X) :

This suggests that for any F' : Man®” — Set, we may define
Q° (F) = Hompy(man) (F,Q°).

For example, take ' = Q9 for fixed ¢ > 0, and look at QP (2?) = Homp,(man) (27, Q7) differential
p-forms on differential g-forms.

Explicitly, an element, 7 € QP (Q9) is a natural transformation of from ¢-forms to p-forms on manifolds,
in the sense, for any f: X — Y,

Q1 (V) QP (Y)

m(f)l lﬂp(f)

Q7 (X) — QP (X)

Example 8.5. (Topology) Take p = ¢ and consider 7 = w? : QP = QF given by w% = Idgr(x), then
T € QP (QP).

Take ¢ = 1 and consider Q7 (Q').

Theorem 8.5. [FH13]

p/2
—_—
spang { dw' A Adw! p even,
1. The space QP (') =
spang { widw' A Adw! b, p odd.
—_————
(p—1)/2
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2. The de Rham complex of Q' looks as

Q.(Ql): R! 0 R! 1 R! 0 RY 1
$0
1 Rla p:07
H%R(Q’R):
0, p#0.

Definition 8.10. For F € Ho (sPr (Man)) any simplicial presheaf, define de Rham complex

Q° (F) = [F, Q% = { [F,Q] 4= [F, 0] L~ ... }

where [—, —] := Homy, (spr(Man)) (— —)-

Since each QP is a sheaf, hence a fibrant object in sPr (Man), by corollary 8.1,

0 F) = £

= HomsPr(Man) (]:7 Q.)
do

= eq HomPr(Man) (]:07 Q.) - s HomPr(Man) (]:17 Q.)
di

= Ker[(d; —d&) : Q°* (Fo) — Q* (F1)]

where

d
f3{f0<Lf1<<:f2"'}
dy

and

O° ::{Q':Q’(EEQ-...}

From this definition it’s immediate that Q° (F) is a homotopy invariant construction (while we cannot

see this from the usual definition).

Universal G-connection

Let F : Man°® — Set be a presheaf on Man and G be a Lie group.
A (left) G-action on F is defined by
a:GxF—F
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which on test manifold

ax :Hom (X,G) x F(X) — F (X)

is the action of the over group Hom (X, G) on F (X).
Associated to a G-action of F' is a presheaf of action groupoid G x F' defined objectwise by the nerve of

the category associated to a manifold X with
Objects: Ob(G x F (X)) = F(X)

Morphisms: Mor (G x F (X)) = Hom (X,G) x F (X) with

s: Mor(Gx F(X)) — Ob(Gx F (X)) t: Mor(Gx F(X)) — Ob(Gx F(X))

(9,€) — 3 (9,€) — ax (9,§) =9-¢

Thus
Gx F: Man®” — sSet

X  — MN(GxF(X))

Apply this to F := Q! ® g, this has the obvious right G-action
a: (Ql®g) XG—>(QI®9)
defined objectwise by

ax : (Ql(X)®g)><Hom(X,G) — (Ql(X)(X)g)

(w,9) — 9" (Onc) + Adg-1 (w)

Thus
BEYG = G x (Ql ® g) € Ob(sPr (Man)).

There is a natural map of presheaves of groupoids
¢ : Be™VG — ByG
defined on objects as

vx: @ (X)®g — {(7,0)}

w — (mx : X X G — X,0, =75 (w) + 75 (Oumc))
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Proposition 8.2. ¢ is a weak equivalence.

Then we have a commutative diagram

Ql ® g can BtvrlvG

Bi~ le

EvG —Y - BvG

Hence EvG AN By (G is a generalized principal G-bundle.
Note (8 is G-equivariant and G acts on Ey G freely.
Recall any map
a: EyG — Qg
(r,0,s5) —— s*(0O)
is equivalent to

a € [EvG, Q' ®g] = [EvG, Q' ®g= Q' (EvG) @ g,
so O"" := o can be viewed as a G-connection on FEvG . BvG .

Theorem 8.6. ©“" is the universal G-connection in the strong sense: given any (m,©), there is a unique

classifying map (f, f) such that

r—' Boc
7
x — Boa

and © = f* (©"").
Remark 8.5. This is to be compared with classical classification of principal G-bundles (without connection).

For a Lie group G, there exists two infinite-dimensional spaces EG and BG defined (up to homotopy)

P f*(EG) — EG

|,

X BdG

where f is also defined up to homotopy.

One point in common: classifying spaces are not usual manifolds. (infinite-dimensional /generalized).

Theorem 8.7.
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1. Q° (EvG) =W (g) = A(g") @ Sym(g").
2. Q* (ByG) = Sym (g*)°.
3. There is a canonical map Sym (g*)° = A (g%) ® Sym(g) called the universal Chern-Weil map.

Problem 8.1. The representation homology can be defined in smooth category, then it has a new argument
(“coefficients”) given by simplicial presheaves on Man.

Given X € Ob(Top,,) .G € Ob(LieGr),F € sPr(Man), define HR, (X, G, F) such that when F =
0% = O (G), then HR, (X,G,0) = HR, (X, G).

HR. (X,G,F) is a cochain differential graded algebra.

Solution. HR. (X,G,F) = B(G(X,G,FG)) where B is the May bar construction and G (X) : G? —
sSet,

FG: G — ¢, Man®” -~ sSet .
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