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Introduction

This is a graduate course in homological algebra, which is a continuation of the course MATH6350 Homo-

logical algebra in Spring 2018. There are several notes from previous years, which are also notes for courses

taught by Professor Yuri Berest in recent years.

The outline for this course are as follows. The �rst two parts are determined with certainty, but the rest

may be changed according to audience's preferences.

Part.I Classical Homological Algebra

1. Dold-Kan Correspondence.

This correspondence builds between homological algebra and homotopical algebra. More explicitly, the

(simplicial) Dold-Kan functor

N : sMod (R)
'−→ Com+ (R)

gives an equivalence between the category of simplicial R-modules and nonnegatively graded chain

complexes of R-modules. The left hand side has a generalization to simplicial model category sC.

There is a dual version of the Dold-Kan correspondence. We have a cosimplicial Dold-Kan functor

N : csMod (R)
'−→ Com+ (R)

which gives an equivalence between the category of cosimplicial R-modules and nonnegatively graded

cochain complexes.

2. Variations.

(a) �Di�erential form� version of DK correspondence. See [MK97] for details.

(b) �Duplical� categories version. See Dwyer-Kan's DK normalization.

(c) Monoidal versions.

i. Let R = k be a commutative ring. We have a Quillen equivalence sAlgk 'Q DGAk which,

however, is not derived from the above functor. See [SS03] for more details.

ii. Beilinson's Theorem from number theory.

In general, the cosimplicial functor does not restricts to commutative algebras, but if we revise
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a little to a �small� version, we have

N : csCommAlgsmall
k

'−→
(
CDGA+

k

)small

where the second �small� can be explained very explicitly: the di�erential graded commutative

algebras are generated by A0 and A1, the degree 0 and degree 1 components.

Application: Beilinson's conjecture on regulator maps for arbitrary schemes, which gener-

alizes Borel's regulator map at one point (up to a factor 1
2 ). See [BG02] for details.

iii. Categorical versions

sMod (k) -Cat 'Q DGCat+
k

where DGCat+ (k) contains the small additive categories enriched over Com+ (k), and

sMod (k) -Cat contains the small categories enriched in simplicial modules. In Dwyer-Kan's

model structure, the weak equivalences are quasi-isomorphisms.

Application: Rational homotopy theory. f : X∗ → Y∗ is called a rational homotopy equiv-

alence of simply connected spaces if πif : πi (X, ∗) ⊗Z Q ∼−→ πi (Y, ∗) ⊗Z Q as Q-vector

spaces for any i > 0.

rational homotopy types of simply connected spacesOO

Quillen '69 1−1

��
homotopy types of reduced DG Lie algebra over QOO

Sullivan '71 Koszul duality

��
homotopy types of CDGA+

Q

Q can be replaced by any �eld k of characteristic 0.

Example. Let X be a 1-connected real C∞-manifold, then Ω• (X) ∈ H0

(
CDGA+

R
)
.

Problem. What algebraic objects can be taken as algebraic models for general spaces?

Solution 1. Look at �closed tensor� di�erential graded categories, or �commutative� di�er-

ential graded categories. See Katzarkov�Pantev�Toën 2008 [KPT08], Pridham 2008 [P08],

Moriya 2012 [Mor12].

Part.II Simplicial Methods

1. Simplicial groups sGr.

Theorem. [Kan's Loop Group Theorem] There is a classical Quillen equivalence between the category
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of pointed connected topological spaces and the category of reduced simplicial sets. Furthermore, the

Kan loop functor gives a Quillen equivalence between the category of reduced simplicial sets and the

category of simplicial groups.

Top0,∗ |−|

'Q // sSet0

G //
sGr

W
oo

This theorem is a generalization of the classifying space BΓ of a group Γ.

H0

(
Top0,∗

) ∼= // H0 (sGr) Gr? _oo

BΓ Γ
�oo

Game: Take your favorite group theoretic construction (or property of a group) and extend it (up to

homotopy) to all spaces.

• Homology of spaces is an extension of abelianization of groups.

• Homotopy normal maps is an extension of normal maps N ↪→ G where N / G.

• Representation homology is an extension of representation variety of groups.

2. Crossed simplicial groups. (cyclic theory and cyclic homology)

3. Simplicial Chern-Weil theory

Part.III A Survey in Simplicial Presheaves in Derived Algebraic Geometry (DAG) and Homotopical Alge-

braic Geometry (HAG)
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1 SIMPLICIAL OBJECTS

Part I

Simplicial and Cosimplicial Objects

1 Simplicial Objects

In this section, we will discuss about

• de�nitions and examples of simplicial objects

• formal (categorical) properties: simplicial adjunctions

1.1 The (Co)simplicial Category ∆

De�nition 1.1. ∆ is the category whose objects are the �nite totally ordered sets [n] = {0 ≤ 1 ≤ 2 ≤ · · · ≤ n} , n ≥

0, and the morphisms are order-preserving maps

Hom∆ ([m] , [n]) := {f ∈ HomSet ([m] , [n]) |f (i) ≤ f (j) ,∀0 ≤ i ≤ j ≤ m}

Remark 1.1. (trivial observation)

1. Aut∆ ([n]) = {Id} ,∀n ≥ 0.

2. ∆ has terminal object [0] but no initial object.

There are two classes of morphisms in ∆.

• the coface maps di : [n− 1] ↪→ [n] , 0 ≤ i ≤ n, n ≥ 1 de�ned by the property that di is injective and

contains no �i� in its image, i.e.

di (k) =


k k < i

k − 1 k ≥ i

• the codegeneracy maps sj : [n+ 1]� [n] , 0 ≤ j ≤ n, n ≥ 0 de�ned by the property that sj is surjective

and takes the value �j� twice, i.e.

sj (k) =


k k ≤ i

k − 1 k > i

Convention. We will write f : [m]→ [n] for cosimplicial case and f : [n]→ [m] for simplicial ones.
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1.1 The (Co)simplicial Category ∆ 1 SIMPLICIAL OBJECTS

Lemma 1.1. Every f ∈ Hom∆ ([n] , [m]) can be decomposed (in a unique way) into the composition f =

di1di2 · · · dirsj1sj2 · · · sjs where m = n+ r − s, i1 < i2 < · · · ir and j1 < j2 < · · · < js.

Proof. See [GZ67] Lemma 2.2.

Example 1.1. Consider the unique morphism f : [3]→ [1]

[3] 0

��

1

��

2

��

3

��
[2] 0

��

1

��

2

��
[1] 0 1

f can be factored as f = s0 ◦ s2.

The morphisms di and sj satisfy the cosimplicial relation



djdi = didj−1 i < j

sjsi = sisj+1 i ≤ j

sjdi =


disj−1

Id

di−1sj

i < j

i = j, j + 1

i > j + 1

(1)

Remark 1.2. ∆ can be de�ned abstractly as the category with objects {[n]}n≥0 and morphisms generated

by di : [n− 1]→ [n] and sj : [n+ 1]→ [n] satisfying the cosimplicial relation 1.

(Co)simplicial Objects

De�nition 1.2. Let C be a category.

1. a cosimplicial object in C is a functor X∗ : ∆→ C , [n] 7→ Xn := X∗ [n].

2. a simplicial object in C is a functor X∗ : ∆op → C , [n] 7→ Xn := X∗ [n].

The category of simplicial ans cosimplicial objects in C are denoted sC = C ∆op

= Fun (∆op,C ) = C∆ and

csC = C ∆ = Fun (∆,C ). In both cases, morphisms are natural transformations of functors.

Example 1.2. C = Set, sC = sSet is the category of simplicial sets.

8



1.2 More Terminology 1 SIMPLICIAL OBJECTS

The dual category ∆op has the presentation Ob (∆op) = Ob (∆) = {[n] , n ≥ 0}, and morphisms are

generated by the face maps di : [n]→ [n− 1] and the degeneracy maps sj : [n]→ [n+ 1] satisfying simplicial

relations.

Remark 1.3. It's convenient to think of simplicial objects in C as right �modules� over ∆ and cosimplicial

objects as left �modules� over ∆.

Any simplicial object X∗ can be written explicitly in the following manner.

X∗ =

[
X0 s0 // X1

d0oo

d1

oo
//
// · · ·

oo
oo
oo

]

where Xn := X∗ [n] and di := X∗
(
di
)
, sj := X∗

(
sj
)
.

1.2 More Terminology

Let C be a category. If X∗ ∈ Ob (sSet), then Xn := X∗ [n] is called the set of n-simplices. An n-simplex

x ∈ Xn is called degenerate if x ∈ Im (sj) for some j. Denote

Xdeg
n :=

n−1⋃
j=1

sj (Xn−1)

the set of degenerate simplices in Xn.

Remark 1.4. Here we abuse the notation sj by taking it as X∗ (sj) in the category C. We'll do this a lot in

the future, and the proper elements should be considered when used.

Exercise 1.1. Using simplicial identities we can express

Xdeg
n =

⋃
f :[n]�[k],f 6=Id

X (f) (Xk) ∼= colimX (f) (Xk) (2)

Remark 1.5. Formula 2 makes sense for more general categories so we can de�ne degenerate objects for any

simplicial objects.
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2 BASIC EXAMPLES

2 Basic Examples

1. Geometric

2. Combinatorial

3. Categorical

2.1 Geometric Examples of Simplicial Sets

Geometric Simplices

This is the motivation for simplicial homotopy theory.

The geometric n-simplex ∆n is the topological space de�ned by

∆n =

{
(x0, · · · , xn) ∈ Rn+1|

n∑
i=0

xi = 1, xi ≥ 0,∀0 ≤ i ≤ n

}
,

i.e. it is the convex hull of unit vectors {ei = (0, · · · , 1, · · · , 0)}ni=0 in Rn+1.

Given a morphism f : [n]→ [m] in ∆, we de�ne

∆∗ (f) : ∆n ⊆ Rn+1 −→ ∆m ⊆ Rm+1

ei 7−→ ef(i)

which de�nes a functor

∆∗ : ∆ −→ Top

[n] 7−→ ∆n

i.e. a cosimplicial space.

Let's compute the coface and codegeneracy maps in ∆n.

Recall that

di (ek) =


ek, k < i

ek+1, k ≥ i

so it extends to
n−1∑
k=0

xkek 7→
i−1∑
k=0

xkek +

n−1∑
k=i

xkek+1, and we have di : ∆n−1 → ∆n, (x0, · · · , xn−1) 7→

(x0, · · · , xi−1, 0, xi, · · · , xn). Geometrically, in ∆n we de�ne i-th (n− 1)-dimensional face to be the one

opposite to ei. Then di : ∆n−1 ↪→ ∆n is the inclusion of i-th face into ∆n.

Dually, sj : ∆n+1 → ∆n is given by (x0, · · · , xn+1) 7→ (x0, · · · , xj−1, xj + xj+1, · · · , xn+1). Geometri-

cally, sj collapse the di�erential graded between j-th and (j + 1)-th vertices in ∆n+1 to a point.
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2.1 Geometric Examples of Simplicial Sets 2 BASIC EXAMPLES

Given any subset ∅ 6= σ ⊂ [n], we de�ne ∆σ to be the convex hull of {ei}i∈σ ⊆ ∆n, called the σ-face of

∆. Thus we have a bijection

{nonempty subset of [n]} oo // {faces in ∆n} .

De�nition 2.1. A �nite polyhedron X is a topological space homeomorphic to a union of faces in ∆n, i.e.

X ∼=
r⋃
i=1

∆σi ⊆ ∆n. The choice of such homeomorphism is called triangulation on X.

(Abstract) Simplicial Complexes

De�nition 2.2. A simplicial complex X on a set V is a collection of nonempty �nite subsets in V which is

closed under taking subsets, i.e.

∀σ ∈ X, ∅ 6= τ ⊂ σ =⇒ τ ∈ X.

Remark 2.1. We do not assume that V is �nite and that V =
⋃
σ∈X

σ.

To associate to (X,V ) a space, we consider the R-vector space V := spanR (V ) and de�ne for σ ∈ X,

∆σ ⊆ V to be the convex hull of σ ⊂ V ⊆ V. ∆σ is a topological space equipped with topology induced

from V.

De�nition 2.3. The geometric realization of a simplicial set X is

|X| :=
⋃
σ∈X

∆σ ⊆ V

De�nition 2.4. A polyhedron is a topological space homeomorphic to |X| for some simplicial complex.

Remark 2.2. Simplicial complexes have �bad� functorial properties. For instance, if Y ⊆ X is a simplicial

subcomplex, the quotient X/Y is not a simplicial complex.

Simplicial sets can be viewed as generalization of simplicial complexes.

To an (ordered) simplicial complex (X,V ) we can de�ne the simplicial set SS∗ (X) as follows,

SSn (X) :=
{

(v0, · · · , vn) ∈ Vn+1| {v0, · · · , vn} ∈ X
}
.

Remark 2.3. We allow vi = vj for some i 6= j, and by { } we mean the underlying set.

11



2.2 Combinatorial Examples of Simplicial Sets 2 BASIC EXAMPLES

For f : [n]→ [m] in ∆, we de�ne

SS∗ (f) : SSm (X) −→ SSn (X)

(v0, · · · , vm) 7−→
(
vf(0), · · · , vf(n)

)
Explicitly,

di : SSn (X) −→ SSn−1 (X)

(v0, · · · , vn) 7−→ (v0, · · · , vi−1, vi+1, · · · , , vn)

sj : SSn (X) −→ SSn+1 (X)

(v0, · · · , vn) 7−→ (v0, · · · , vj−1, vj , vj , · · · , , vn)

Exercise 2.1. Show that

1. X can be recovered from SS∗ (X). More precisely, SS∗ (X)
nondeg ∼= X. This implies (see later)

2. for any (ordered) simplicial complex X, |X| ∼= |SS∗ (X)| where |X| is the realization of X as a simplex,

and |SS∗ (X)|is the geometric realization of simplicial set.

Proof. Nondegenerate n-simplices in SS∗ (X) corresponds to distinguished n-tuples in X, i.e. subsets of V

of size n.

Simplicial Sets of a Space

De�nition 2.5. Given a topological space X, we de�ne the simplicial set S∗ (X) by

Sn (X) := HomTop (∆n, X) , n ≥ 0

and for any f : [n]→ [m],

S∗ (f) : Sm (X) −→ Sn (X)

ϕ 7−→ ϕ ◦∆∗ (f)

This de�nes a functor S∗ : Top→ sSet, called singular functor.

2.2 Combinatorial Examples of Simplicial Sets

Discrete (constant) Simplicial Set

Set −→ sSet

X 7−→ {Xk = X, di = sj = IdX}k≥0

12



2.2 Combinatorial Examples of Simplicial Sets 2 BASIC EXAMPLES

Standard Simplicies

Recall that for any locally small category C , we de�ne the category Ĉ = Fun (C op,Set) the presheaves on

C , or C -sets.

There is a canonical (Yoneda) functor

h : C −→ Ĉ

c 7−→ hc := HomC (−, c)(
c1

f−→ c2

)
7−→

 hf : hc1 → hc2

(− → c1)
(
− → c1

f−→ c2

)


Lemma 2.1. The Yoneda functor h is fully faithful. More generally, for any c ∈ Ob (C ) and any X ∈

Ob
(
Ĉ
)

HomĈ (hc, X)
∼=−→ X (c)

ϕ = {ϕd : hc (d)→ X (d)}d∈Ob(C ) 7→ ϕc (Idc)

De�nition 2.6. A functor F ∈ Ob
(
Ĉ
)
is called representable if there exists c ∈ Ob (C ) such that F ' hc.

By de�nition, sSet = Fun (∆op,Set) is the category of presheaves on ∆.

Question. What simplicial sets are representable?

De�nition 2.7. A standard simplex ∆ [n]∗ is the simplicial set of the form h[n] for �xed n ≥ 0.

∆ [n]∗ : ∆ → Set

[k] 7→ [n]k := Hom∆ ([k] , [n])

Explicitly,

∆ [n]k = {(j0, · · · , jk) |0 ≤ j0 ≤ j1 ≤ · · · ≤ jk ≤ n} .

Consider in ∆ the special maps


di : [k − 1]→ [k] 1 ≤ i ≤ k, k ≥ 1

sl : [k + 1]→ [k] 0 ≤ l ≤ k, k ≥ 0

13



2.2 Combinatorial Examples of Simplicial Sets 2 BASIC EXAMPLES

These maps under h[n] become

di : ∆ [n]k → ∆ [n]k−1

(j0, · · · , jk) 7→
(
j0, · · · , ĵi, · · · , jk

)
sl : ∆ [n]j → ∆ [n]k+1

(j0, · · · , jk) 7→ (j0, · · · , jl, jl, · · · , jk)

Inspection. If we think of ∆n as an abstract simplicial complex, then ∆ [n]∗ is the associated simplicial

set, ∆ [n]∗ = SS∗ (∆n). This immediately implies that |∆ [n]∗| = ∆n.

Lemma 2.2. ∆ [n]∗ corepresents the functor

sSet −→ Set

X∗ 7−→ Xn

Proof. This follows from Yoneda Lemma,

Hom∆̂ (∆ [n]∗ , X∗) = Hom∆̂

(
h[n], X∗

) ∼= X∗ [n] = Xn.

Explicitly, to each simplex x ∈ Xn we can associate a unique simplicial map x̂ : ∆ [n]∗ → X∗ such that

x̂
(
Id[n]

)
= x. The Yoneda functor (in this case) is

∆ −→ ∆̂ = sSet

[n] 7−→ h[n] = ∆ [n]∗

The assignment de�nes a cosimplicial set ∆ [•]∗ ∈ csSet, where csSet = Fun (∆,Fun (∆op,Set)) ∼=

Fun (∆×∆op,Set).

We think of objects in csSet as graded-bimodules over ∆, i.e. functor ∆ ×∆op → Set. This allows us

to de�ne two very important simplicial objects in ∆ [n]∗.

∂∆ [n]∗ =
⋃

0≤i≤n

di (∆ [n− 1]∗) ⊆ ∆ [n]∗

where di : ∆ [n− 1]∗ → ∆ [n]∗ is the morphism of simplicial sets. ∂∆ [n]∗ is called the boundary of ∆ [n]∗.

Example 2.1. ∆ [0]∗ = {0, 00, 000, · · · } contains only one nondegenerate simplex 0 ∈ ∆ [0]0.

14



2.2 Combinatorial Examples of Simplicial Sets 2 BASIC EXAMPLES

Example 2.2. ∆ [1]k = {(j0, · · · , jk) |0 ≤ j0 ≤ · · · ≤ jk ≤ 1} =


0, · · · , 0︸ ︷︷ ︸

i

, 1, · · · , 1︸ ︷︷ ︸
k+1−i

 , 0 ≤ i ≤ k + 1

.

d0 : ∆ [0]∗ → ∆ [1]∗

(0, · · · , 0) 7→ (0, · · · , 0)

d1 : ∆ [0]∗ → ∆ [1]∗

(0, · · · , 0) 7→ (1, · · · , 1)

So ∂∆ [1]∗ = {0, 1, 00, 11, 000, 111, · · · }. The nondegenerate simplices are 0 ∈ ∆ [1]0 and (0, 1) ∈ ∆ [1]1.

Geometrically, ∂∆ [n]∗ is the smallest simplicial subcomplex of ∆ [n]∗ generated by its (n− 1)-dimensional

faces.

De�nition 2.8. The k-th horn of ∆ [n]∗ is de�ned as Λk [n]∗ :=
⋃

0≤i≤n,i 6=k

di (∆ [n− 1]∗) ⊆ ∂∆ [n]∗ ⊆ ∆ [n]∗.

This is a corn with vertex k.

•

�� ��

•

�� ��

↪→

• Λ0 [2] • •
∂∆[2]∗

// •

Simplicial Spheres Sn∗

De�nition 2.9. The simplicial n-sphere Sn∗ is de�ned as the quotient simplicial set

Sn∗ := ∆ [n]∗ /∂∆ [n]∗

or equivalently, as the pushout

∂∆ [n]∗
� � //

��

∆ [n]∗

��
• // Sn∗

Simplicial Circle S1
∗

Let n = 1.

∆ [1]k = {(j0, · · · , jk) |0 ≤ j0 ≤ · · · ≤ jk ≤ 1} =


0, · · · , 0︸ ︷︷ ︸

i

, 1, · · · , 1︸ ︷︷ ︸
k+1−i

 , 0 ≤ i ≤ k + 1

.

∂∆ [1]k = {(0, · · · , 0) , (1, · · · , 1)}.
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S1
k =

∗,
0, · · · , 0︸ ︷︷ ︸

i

, 1, · · · , 1︸ ︷︷ ︸
k+1−i

 , 1 ≤ i ≤ k

 has (k + 1) elements, where ∗ = (0, · · · , 0) ∼ (1 · · · , 1).

{∗, t = (0, 1)} are the only nondegenerate elements.

S1
0 = {∗}.

S1
1 = {s0 (∗) , t = (0, 1)}.

S1
2 =

{
s2

0 (∗) , s0 (t) = (0, 0, 1) , s1 (t) = (0, 1, 1)
}
.

· · ·

S1
k =

{
sk0 (∗) , sk−1sk−2 · · · ŝi · · · s0 (t) |0 ≤ i ≤ k − 1

}
.

Observe that there is a natural bijection S1
k

∼=−→ Zk+1 = Z/ (k + 1)Z given by

sk0 (∗) 7→ 0, sk−1sk−2 · · · ŝi · · · s0 (t) 7→ i+ 1 ( mod k + 1) .

Then we can explicitly write

S1
∗ =

{
0 // Z2oo
oo //

// Z3 · · ·oo
oo
oo }

However, the face and degeneracy maps are not simplicial group homomorphisms, so this is not a simplicial

group. They actually satisfy the crossed relation, i.e.

f (gg′) = f (g) fg (g′)

This is an example of a crossed simplicial group.

To explain this observation, we introduce a new category.

Cyclic Category and Cyclic Objects

De�nition 2.10. The cyclic (or Connes') category ∆C is de�ned by

Objects: {[n]}n≥0.

Morphisms: generated by

di : [n− 1]→ [n] 1 ≤ i ≤ n, n ≥ 1 coface

sj : [n+ 1]→ [n] 0 ≤ i ≤ n, n ≥ 0 codegeneracy

τn : [n]→ [n] n ≥ 0 cocyclic

satisfying

1. the usual cosimplicial relations (as in ∆) for di's and sj 's.

16
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2. τndi = di−1τn−1, 1 ≤ i ≤ n, and τnd0 = dn.

τns
j = sj−1τn+1, 1 ≤ j ≤ n, and τns0 = snτ2

n+1.

3. τn+1
n = Id[n], n ≥ 0.

Remark 2.4.

1. Although ∆C has the �same� objects as ∆, we do not regard [n] as sets, because morphisms cannot be

viewed as set maps. For example, [0] is not the terminal object in ∆C (see Remark 2.5). In fact, ∆C

has neither initial nor terminal object. We have Connes duality ∆Cop ∼= ∆C.

2. The two relations τnd0 = dn and τns0 = snτ2
n+1 are redundant and can be omitted. Indeed,

dn = τn+1
n dn = τnn (τnd

n) = τnn
(
dn−1τn−1

)
= · · · = τnd

0τnn−1 = τnd
0

snτ2
n+1 = τn+1

n snτ2
n+1 = τnn (τns

n) τ2
n+1 = τn

(
sn−1τn+1

)
τ2
n+1 = · · · = τns

0τn+2
n+1 = τns

0

The structure of ∆C is described by

Theorem 2.1. ∆C contains ∆ as a subcategory (but not full) and

1. Aut∆C ([n]) ∼= Z/ (n+ 1)Z,∀n ≥ 0.

2. every morphism f ∈ Hom∆C ([n] , [m]) can be uniquely factored as f = ϕ ◦ γ where γ ∈ Aut∆C ([n])

and ϕ ∈ Hom∆ ([n] , [m]).

We will prove this in general for any crossed simplicial group.

Remark 2.5. [0] is not the terminal object in ∆C because for any n ≥ 1, and f ∈ Hom∆C ([n] , [0]),

Id 6= g ∈ Aut∆C ([n]), there exists a unique factorization

[n]
g //

ϕ

��

[n]

f

��
[0]

Id[0] // [0]

i.e. ϕ = f ◦ g 6= f . Hence there exists more than one element in Hom∆C ([n] , [0]) for any n ≥ 1.

De�nition 2.11. A cyclic object in a category C is a functor X : ∆Cop → C .

In ∆Cop the objects are the same {[n]}n≥0 and morphisms are

di :=
(
di
)o

: [n]→ [n− 1] 1 ≤ i ≤ n, n ≥ 1 face

sj :=
(
sj
)o

: [n]→ [n+ 1] 0 ≤ i ≤ n, n ≥ 0 degeneracy

tn := (τn)
o

: [n]→ [n] n ≥ 0 cyclic

17
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Cyclic set C∗.

We de�ne a functor C∗ : ∆Cop → Set as follows.

Objects: [n] 7→ Cn : Aut∆Cop ([n]) ∼= Z/ (n+ 1)Z.

Morphisms: any f ∈ Hom∆C ([n] , [m]) can be uniquely factored as f = ϕ ◦ γ where γ ∈ Aut∆C ([n])

and ϕ ∈ Hom∆ ([n] , [m]). Take any g ∈ Aut∆C ([m]) and any a ∈ Hom∆C ([n] , [m]) and consider

f = g ◦ a, by unique factorization, there exists a unique ϕ = g∗ (a) ∈ Hom∆ ([n] , [m]) and a unique

γ = a∗ (g) ∈ Aut∆C ([n]) such that g ◦ a = ϕ ◦ γ = g∗ (a) ◦ a∗ (g).

Thus for �xed g ∈ Aut∆C ([m]), we de�ne a map

g∗ : Hom∆C ([n] , [m]) → Hom∆ ([n] , [m])

a 7→ g∗ (a)

and for �xed a ∈ Hom∆C ([n] , [m]), we de�ne a map

a∗ : Aut∆C ([m]) → Aut∆C ([n])

g 7→ a∗ (g)

Dualize everything we get

g∗ : Hom∆Cop ([m] , [n]) → Hom∆op ([m] , [n])

a 7→ g∗ (a)

a∗ : Aut∆Cop ([m]) → Aut∆Cop ([n])

g 7→ a∗ (g)

such that a ◦ g = a∗ (g) ◦ g∗ (a).

The second is associative, i.e.

(a′ ◦ a)∗ (g) = (a′)∗ (a∗ (g)) ,∀a ∈ Hom∆Cop ([m] , [n]) , a′ ∈ Hom∆Cop ([n] , [n′])

18
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which follows from the following commutative diagram

[m]
g //

g∗(a)

��

[m]

a

��
[n]

a∗(g) //

(a∗(g))∗(a
′)
��

[n]

a′

��
[n′]

(a′)∗(a∗(g)) // [n′]

and unique factorization property.

Furthermore, a∗
(
Id[m]

)
= Id[n] by unique factorization property.

Thus we can de�ne the functor

C∗ : ∆Cop −→ Set

[n] 7−→ Cn

(a : [m]→ [n]) 7−→ (a∗ : Cm → Cn)

Explicitly, by the formula a ◦ g = a∗ (g) ◦ g∗ (a), we have

di ◦ tn = (di)∗ (tn) ◦ (tn)
∗

(di) .

On the other hand, by the relation in ∆Cop, we have

di ◦ tn = tn−1 ◦ di−1, 1 ≤ i ≤ n .

Hence by unique factorization, we have

dci (tn) := tn−1, 1 ≤ i ≤ n

dc0 (tn) := Id

scj (tn) := tn+1, 1 ≤ j ≤ n

sc0 (tn) := t2n+1

Lemma 2.3. We have the isomorphism of simplicial sets

S1
∗

∼=−→ C∗

sn0 (∗) 7→ (tn)
0

= 1

sn−1 · · · ŝi · · · s0 (t) 7→ ti+1
n

19
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Remark 2.6. [A. Connes, J. L. Loday] The geometric realization of simplicial circle is
∣∣S1
∗
∣∣ = |B∗Z| = S1 the

topological group, which is not a coincidence.

2.3 Categorical Examples

Nerve of a category

Recall a category C is small if its objects form a (proper) set. Associate to such a category a simplicial set

N∗C (or B∗C ) de�ned by

N0C = {objects in C } = Ob (C )

N1C = {morphisms in C } = Mor (C )

N2C =
{
composable morphisms c0

f0−→ c1
f1−→ c2 in C

}
· · ·

NnC =
{
n-composable morphisms c0

f0−→ c1
f1−→ · · · fn−1−−−→ cn in C

}
N2C : c1

f1

  
•

f0

;;

f1f1 // c2

N3C : c1

f1

��

f2f1

''•

f0

;;

f1f0
((

f2f1f0 // c3

c2

f2

>>

This suggests that

di : NnC −→ Nn−1C(
c0

f0−→ c1
f1−→ · · · fn−1−−−→ cn

)
7−→

(
c0

f0−→ · · · fi−2−−−→ ci−1
fi−1−−−→ ĉi

fi−→ ci+1
fi+1−−−→ · · · fn−1−−−→ cn

)

(fn−1, · · · , f0) 7−→


(fn−1, · · · , f1) i = 0

(fn−1, · · · , fifi−1, · · · , f0) 1 ≤ i ≤ n− 1

(fn−2, · · · , f0) i = n
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sj : NnC −→ Nn+1C(
c0

f0−→ c1
f1−→ · · · fn−1−−−→ cn

)
7−→

(
c0

f0−→ · · · fi−1−−−→ ci
Id−→ ci

fi−→ ci+1
fi+1−−−→ · · · fn−1−−−→ cn

)
(fn−1, · · · , f0) 7−→ (fn−1, · · · , fi, fi, · · · , f0)

Another way to view this construction is the following. Let

• s, t : Mor (C )→ Ob (C ) the source and target maps.

• i : Ob (C )→Mor (C ) the identity morphism map.

• ◦ : Mor (C )×Ob(C ) Mor (C )→Mor (C ) where Mor (C )×Ob(C ) Mor (C ) is the �bred product

Mor (C )×Ob(C ) Mor (C )
pr1 //

pr2

��

Mor (C )

t

��
Mor (C )

s // Ob (C )

Notice that the structure of C gives us

Ob (C )
i // Mor (C )
t

oo s
oo //

// Mor (C )×Ob(C ) Mor (C )oo
oo

oo
.

The new construction can be viewed as an �extension� of a category to a �full� simplicial set

N0 (C )
i // N1 (C )
t

oo s
oo //

// N2 (C ) · · ·oo
oo

oo

where

Nn (C ) = Mor (C )×Ob(C ) Mor (C )×Ob(C ) · · · ×Ob(C ) Mor (C )︸ ︷︷ ︸
n

=: Morn (C )

The maps d′is and sj 's are the structure maps of iterated �bred products.

Question. N∗C (as a simplicial set up to isomorphism) determines C uniquely up to isomorphism. What

kind of simplicial sets do we obtain this way? This gives us a proper way to relax the de�nition of

category, and therefore we get ∞-category or quasi-category.

�ech nerve of a covering

Let X be a topological space with a covering U = {Ui}i∈I , where I is not ordered. We can de�ne a category

C = XU by

Objects: the disjoint union of all Ui's,
⊔
i∈I
Ui = {(x, Ui) |x ∈ Ui ∈ U }
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Morphisms: Disjoint union of all intersections of Ui's and Uj 's
⊔

(i,j)∈I2

Ui ∩ Uj ,

HomC ((x, Ui) , (y, Uj)) =


x→ y, x = y ∈ Ui ∩ Uj

∅, o.w.

N∗XU is called the �ech nerve of the covering U . This is a simplicial space.

Remark 2.7. (Classical Fact) If U is contractible and �good�, i.e. all Ui's are contractible spaces and all

�nite intersection Ui1 ∩ · · · ∩Uir are either empty or contractible, then the geometric realization of the �ech

nerve determines X up to homotopy

X ' |N∗XU | .

This allows us to de�ne homotopy types for various objects (e.g. étale homotopy types).

Question. Given an a�ne variety X = SpecA over C (with topology induced from the topology on C) we

can consider its (�ech nerve) Grothendieck homotopy type de�ned in terms of covering. Dually, we

can assign homotopy type to A by viewing it as an object (resolution of A) in sCommAlgk (there is a

model structure on it). What is the relation between the two ways of de�ning these homotopy types?

The nerve of a group If G is a discrete group, there are two ways to view as a category.

1. C = G is the category with single object {∗} and morphisms are the elements in G.

N∗G = B∗G is the nerve of G.

BnG = Gn, n ≥ 0.

di : Gn → Gn−1

(g1, · · · , gn) →


(g2, · · · , gn) i = 0

(g1, · · · , gigi+1, · · · , gn) 1 ≤ i ≤ n− 1

(g1, · · · , gn−1) i = n

sj : Gn → Gn+1

(g1, · · · , gn) 7→ (g1, · · · , gi−1, 1, gi, · · · , gn)

2. The category EG has G as its objects and

HomEG (g1, g2) = {h ∈ G|hg1 = g2} =
{
g2g
−1
1

}
22
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The nerve of EG is E∗G = N∗EG given by E0G = G, E1G = G2, · · · , EnG = Gn+1 and

di : EnG → En−1G

(g0, · · · , gn) 7→ (g0, · · · , ĝi, · · · , gn)

sj : EnG → En+1G

(g0, · · · , gn) 7→ (g0, · · · , gj , gj , · · · , gn)

Remark 2.8. Note that we don't use group action, so this also makes sense for any set X. We can de�ne

E∗X =
{
EnX = Xn+1

}
with d′is and sj 's as above.

Relation between B∗G and E∗G

1. There is a natural projection of simplicial sets

p : E∗G −→ B∗G

(g0, · · · , gn) 7−→
(
g0g
−1
1 , g1g

−1
2 , · · · , gn−1g

−1
n

)
2. There is a right G-action of E∗G

E∗G×G −→ E∗G

(g0, · · · , gn)× g 7−→ (g0g, · · · , gng)

such that

E∗G
p //

$$ $$

B∗G

E∗G/G

∼=

::

This gives an example of simplicial principal G-bundle.

3. Note that E∗G is a simplicial group which acts on the left on B∗G

E∗G×B∗G −→ B∗G

(g0, · · · , gn)× (h1, · · · , hn) 7−→
(
g0h1g

−1
1 , g1h2g

−1
2 , · · · , gn−1hn−1g

−1
n

)
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Remark 2.9. (Twisted nerve) B∗G is actually a cyclic set,

B∗G : ∆op
� _

��

// Set

∆Cop

;;

called twisted nerve.

More generally, for z ∈ Z (G) ⊆ G

tn : Gn → Gn

(g1, · · · , gn) 7−→
(
z (g1 · · · gn)

−1
, g2, · · · , gn

)
then tn+1

n (g1, · · · , gn) =
(
zg1z

−1, · · · , zgnz−1
)

= (g1, · · · , gn), so tn+1
n = Id.

For z = 1, B∗ (G, 1) = B∗G is the canonical structure on B.

Borel construction

Let X be a set with a group G action,

G×X → X

(g, x) 7→ g · x

De�ne a category C = GnX called action groupoid by

Objects: x ∈ X.

Morphisms: Hom (x, y) = {g ∈ G|gx = y}.\\

The nerve B∗ (GnX) := N∗ (GnX) is given by

B0 (GnX) = X.

B1 (BGnX) = G×X.

· · ·

Bn (GnX) = Gn ×X,n ≥ 0.

di : Bn (GnX) → Bn−1 (GnX)

(g1, · · · , gn, x) 7→


(g2, · · · , gn, x) , i = 0

(g1, · · · , gigi+1, · · · , gn, x) 1 ≤ i ≤ n− 1

(g1, · · · , gn−1, x) i = n
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sj : Bn (GnX) → Bn+1 (GnX)

(g1, · · · , gn, x) 7→ (g1, · · · , gj−1, 1, gj , · · · , gn, x)

Notice that if X = {∗}, then B∗ (Gn {∗}) = B∗G, and if X = G, then B∗ (GnG) = E∗G.

In general,

B∗ (GnX) ∼= E∗G×G X := {EnG×X/ ∼}n≥0

where

(g1, · · · , gn, x) ∼ (g1, · · · , gj−1, 1, gj , · · · , gn, x) .

Exercise 2.2. (Homotopy normal maps) How to extend the notion of a normal subgroup with the inclusion

N ↪→ G? The idea of normal group comes from the quotient group G/N . It turns out that Borel construction

is what we want. We cam also extend to normal morphisms in model categories.

Bous�eld-Kan construction

If we think of G as a category G, then the action of G on X is a functor

X : G → Set

∗ 7→ X

Given any small diagram X : C → Set (or Top), de�ne the BK category CX := C nX (or C
∫
X) by

Objects: {(c, x) |c ∈ Ob (C ) , x ∈ X (c)}

Morphisms: Hom ((c, x) , (c′, x′)) = {f ∈ HomC (c, c′) |X (f)x = x′}.

De�nition 2.12. B∗ (CX) := N∗ (CX) is called the Bous�eld-Kan construction.

Remark 2.10. Notice that

1. if

X : C → Set

x 7→ ∗

then B∗(C∗) = B∗C .

2. if X : G→ Set then B∗ (GX) = B∗ (GnX) is the Borel construction.

Example 2.3. Take C = {0→ 1} then X : C → Set is just a map f : X0 → X1 in Set. CX is given by

Objects: X0

⊔
X1 = {(0, x0) |x0 ∈ X0} ∪ {(1, x1) |x1 ∈ X1}
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Morphisms: Mor (CX) ∼= X0

⊔
X0

⊔
X1 since

HomCX ((i, xi) , (j, xj)) =


Idxi , i = j, xi = xj

f i = 0, j = 1, f (x0) = x1

∅ o.w.

Hence the BK construction is given by

N0CX = X0

⊔
X1.

N1CX = X0

⊔
X0

⊔
X1
∼=

⊔
x0∈X0

Hom (x0, f (x0))
⊔
{Idx0

}x0∈X0

⊔
{Idx1

}x1∈X1
.

Exercise 2.3. Show that the only non-degenerate simplices are (N∗CX)
nondeg

= (X0

⊔
X1)

dim 0

⊔
X0

dim 1
.

Proof. The only n-composable morphisms in CX are either of the form Idnxi = sn−1
0 (Idxi) or Idx1 ◦ · · ·◦ Idx1 ◦

f ◦ Idx0
◦ · · · ◦ Idx0

= sn−i−1
i+1 si0 (f).

This will imply that the geometric realization of N∗CX is the mapping cylinder of f , |N∗CX | = Cyl (f) :=

X0

⊔(
X0 ×∆1

)⊔
X1/ ∼ where x0 ∼ (x0, 0) and (x0, 1) ∼ f (x0).

Exercise 2.4. Let C = {1← 0→ 2}, then CX gives the double cylinder.

Grothendieck construction

Let Cat be the category of all small categories. Notice that we have a natural inclusion Set ↪→ Cat as

discrete categories. It is natural to consider diagrams of categories X : C → Cat.

De�ne the category C
∫
X (or C nX) by

Objects: {(c, x) |c ∈ C , x ∈ Ob (X (c))}.

Morphisms: Hom ((c, x) , (c′, x′)) =
{

(f, ϕ) |f ∈ Hom (c, c′) , ϕ ∈ HomX(c′) (X (f)x, x′)
}
.

Composition is de�ned by (f ′, ϕ′) ◦ (f, ϕ) = (f ′ ◦ f, ϕ′ ◦X (f ′)ϕ)

(c, x)
(f,ϕ)−−−→ (c′, x′)

(f ′,ϕ′)
−−−−→ (c′′, x′′)

This is well-de�ned. The identity is given by
(
Idc, IdX(c)

)
. And the composition is c

f−→ c′
f ′−→ c′′ and

X (f ′f) (x) = X (f ′)X (f) (x)
X(f ′)ϕ
−−−−−→ X (f ′) (x′)

ϕ′−→ x′′.

Composition is associative because the composition c0
f1−→ c1

f2−→ c2
f3−→ c3 in C is associative and X is

functor,

X (f3f2f1) (x0)
X(f3f2)ϕ1=X(f3)X(f2)ϕ1−−−−−−−−−−−−−−−−−→ X (f3f2) (x1)

X(f3)ϕ2−−−−−→ X (f3) (x2)
ϕ3−→ x3.
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If ξ : X ⇒ X ′ is a morphism of diagrams {ξc : X (c)→ X ′ (c)}c∈Ob(C ), we de�ne the functor C
∫
ξ :

C
∫
X → C

∫
X ′ on

Objects: (c, x) 7→ (c, ξc (x))

Morphisms: (f, ϕ) 7→ (f, ξc′ (ϕ))

This gives a functor

C
∫
− : Fun (C ,Cat) −→ Cat

X 7−→ C
∫
X

ξ 7−→ C
∫
ξ

Theorem 2.2. [Thomson's Theorem] We have the composition

C
X−→ Cat

N−→ sSet
|−|−−→ Top

and ∣∣∣∣hocolimC
(N∗X)

∣∣∣∣ ' ∣∣∣∣N∗(C

∫
X

)∣∣∣∣
the nerve of C

∫
X is a simplicial model of hocolim

C
(N∗X).

This can be restated and proved in terms of simplicial sets (combinatorial).

2.4 Quasi-categories

Question: given a simplicial set X∗, does there exists a small category C such that X∗ ' N∗C ?

We want to characterize the image of N∗ : Cat→ sSet,C 7→ N∗C . And we can generalize the de�nition of

categories in this way.

Terminology

De�nition 2.13. If C is a category, M ⊆ Mor (C ) is a class of morphisms, we say that a morphism

f : A→ B has a right lifting property with respect to M (f ∈ RLP (M )) if for any commutative diagram

C
h //

M3g
��

A

f

��
D

k //

k̃

>>

B

there exists k̃ : D → A such that fk̃ = k and k̃g = h.

27



2.4 Quasi-categories 2 BASIC EXAMPLES

Dually, a morphism f : A → B has a left lifting property with respect to M (f ∈ LLP (M )) if for any

commutative diagram

A
h //

f

��

C

g∈M
��

B
k //

k̃

>>

D

there exists k̃ : B → C such that gk̃ = k and k̃f = h.

Consider the inner horn inclusions

{
ikn : Λk [n]∗ ↪→ ∆ [n]∗

}
0<k<n,n≥2

⊆Mor (sSet)

De�nition 2.14. (Joyal, J. Lurie) A small quasi-category is a simplicial set X such that the canonical

projection X → • (where • is the discrete simplicial one-element set) has the RLP with respect to the inner

horn inclusion.

Λk [n]∗
//

� _

ikn
��

X∗

��
∆ [n]∗

pn //

p̃n

<<

•

Note that ikn : Λk [n]∗ → ∆ [n]∗ gives

(
ikn
)∗

: HomsSet (∆ [n]∗ , X∗)→ HomsSet (Λk [n]∗ , X∗)

whereXn := X∗ ([n]) ∼= HomsSet (∆ [n]∗ , X∗) by Yoneda lemma, and we denote Λnk (X) := HomsSet (Λk [n]∗ , X∗).

Hence the de�nition can be restated as
(
ikn
)∗

: Xn → Λk (X) is surjective for any 0 < k < n, n ≥ 2. We

say that each k-horn in X can be �lled to an n-simplex.

Theorem 2.3. (Characterization of N∗C ) A simplicial set X is isomorphic to the nerve of a small category

C . (necessarily unique up to isomorphism) if and only if
(
ikn
)∗

: Xn → Λnk (X) is a bijection for any

0 < k < n, n ≥ 2.

Thus quasi-categories are generalization of categories.

Remark 2.11. The condition
(
ikn
)∗

: Xn → Λnk (X) is surjective for any 0 < k < n, n ≥ 2 is called weak Kan

condition, so quasi-categories are weak Kan complexes.

The usual (strong) Kan condition is that
(
ikn
)∗

: Xn → Λnk (X) is surjective for any 0 ≤ k < n, n ≥ 1.

Examples: simplicial groups (Moore Theorem); simplicial complex of a topological space Sing∗ (X) :=

{HomTop (∆n, X)}n≥0.
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How does a quasi-category look like?

• X0 = the set of objects

• X1 = the set of morphisms

• d0, d1 are the source and target maps respectively,

X0 X1
d1

oo
d0oo

• composable f, g ∈ X1, i.e. d0g = d1f ,

y
g

��
x

f
??

h // z

gives an element σ0 ∈ Λ2
1 (X). The weak Kan condition implies that there exists σ ∈ X2 ��lling� σ0,

so h = ”g ◦ f” is de�ned by taking face of σ. h is well-de�ned �up to homotopy� speci�ed by weak Kan

condition. Associativity holds only up to homotopy.

It turns out that basic constructions of category theory can be extended to quasi-categories (thanks to Lurie).

Theorem 2.4. [J01] There is a model structure on the full subcategory of quasi-categories in sSet (and thus

is one of the models for (∞, 1)-categories.

De�nition 2.15. A (∞, 1)-category is a higher category with all k-morphisms (k ≥ 2) being invertible.

Motivation. To give Sing∗ (X) a category-like structure.

Quasi-categories = ∞-categories = topological spaces (from the point of view of homotopy the-

ory).
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3 CATEGORICAL CONSTRUCTIONS

Part II

Review of Some Categorical Constructions

3 Categorical Constructions

3.1 Adjoint Functors

Fact 3.1. (Categorical) If F : C // D : Goo are adjoint functors, then we have natural isomorphisms

ΨA,B : HomD (FA,B)
∼=−→ HomC (A,GB) (3)

together with adjunction morphisms 
η : IdC ⇒ GF unit

ε : FG⇒ IdD counit

(4)

such that the compositions εF ◦ Fη and Gε ◦ ηG are identities.

(
F

Fη⇒ FGF
εF⇒ F

)
= IdF(

G
ηG⇒ GFG

Gε⇒ G
)

= IdG

(5)

Lemma 3.1. If F : C → D and G : D → C is a pair of functors given with morphisms 4 satisfying 5, then

F : C // D : Goo are adjoint functors, with 3 given by

ΨA,B (f : FA→ B) =
(
A

ηA−−→ GFA
Gf−−→ GB

)
.

Proof. The inverse Ψ−1
A,B is given by

Ψ−1
A,B (g : A→ GB) =

(
FA

Fg−−→ FGB
εB−−→ B

)
.
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3.2 (Co)limits 3 CATEGORICAL CONSTRUCTIONS

Proposition 3.1. If F : C // D : Goo are adjoint functors. Take any category A and consider

G∗ : Fun (C,A) 
 Fun (D,A) : F ∗(
C H−→ A

)
7−→

(
D G−→ C H−→ A

)
(
C F−→ D K−→ A

)
←− [

(
D K−→ A

)

F∗ : Fun (A, C) 
 Fun (A,D) : G∗(
A H−→ C

)
7−→

(
A H−→ C F−→ D

)
(
A K−→ D G−→ C

)
←− [

(
A K−→ D

)
then (G∗, F ∗) and (F∗, G∗) are adjoint pairs.

Proof. Given η, ε, for H : C → A de�ne Hη : H ⇒ HGF by

Hη = {H (ηA) : H (A)→ HGF (A)}A∈Ob(C)

Varying H ∈ Fun (C,A) we get η∗ : IdFun(C,A) ⇒ F ∗G∗. Similarly we have ε∗ : G∗F ∗ ⇒ IdFun(D,A) and

they satisfy 5, so (G∗, F ∗) is an adjoint pair.

In a similar manner we can get η∗ : IdFun(A,C) ⇒ G∗F∗ and ε∗ : F∗G∗ ⇒ IdD and they satisfy 5, so

(F∗, G∗) is an adjoint pair.

In the rest of this section, all categories C are locally small, i.e. Hom (x, y) is a set for any x, y ∈ Ob (C),

unless stated otherwise.

3.2 (Co)limits

(Co)limits can be generalized by �local� UMP (objects) or �global� UMP (diagrams).

Let C,D be two categories and d ∈ Ob (D). De�ne a constant at d to be the functor

constd : C −→ D

c 7→ d

f 7→ Idd
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3.2 (Co)limits 3 CATEGORICAL CONSTRUCTIONS

De�nition 3.1. (Local) Given any functor F : C → D, the colimit colimC (F ) is the morphism

F +3

η
!)

constd

constcolimC(F )

constf

4<

which is universal among all morphisms from F to constants in D for some unique f : colimC (F )→ d.

De�nition 3.2. (Global) De�ne a functor

const : D → DC

d 7→ constd

f 7→ constf

then colimit and limit can be de�ned as left and right adjoint to const.

D

const

��
DC

lim .

ee

colim

99

Thus we have natural isomorphisms

HomD (colimC (F ) , d) ∼= HomDC (F, constd)

HomD (d, limC (F )) ∼= HomDC (constd, F )

Remark 3.1. If the category D is (co)complete, the two de�nitions agree. For ordinary (co)limits, these two

de�nitions are essentially equivalent, but once we pass to homotopy (co)limits, there is an important (and

very confusing) di�erence between these two approaches.

(Co)product

Let C be a discrete category.

Ob (C) = I = {i}i∈I .

Mor (C) = {Idi}i∈I .

A functor F : C → D is given by F = {Xi}i∈I then colimC (F ) =
∐

i∈IXi and limC (F ) =
∏
i∈I
Xi.
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(Co)equalizer

Let C = { • //
// • }. A functor F : C → D is given by

{
X0

f //

g
// X1

}
.

colimC (F ) = coeq

{
X0

f //

g
// X1

}
is universal in the following diagram

X0

f //

g
// X1

π // X

limC (F ) = eq

{
X0

f //

g
// X1

}
is universal in the following diagram

X
i // X0

f //

g
// X1

Exercise 3.1. If D is additive, then colimC (F ) = Coker (f − g).

Fact 3.2. Any colimit (respectively. limit) can be constructed using coproducts and coequalizers. But this is

not true for homotopy colimits.

3.3 (Co)ends

(Co)ends are special (co)limits.

Let C be a small category, D a locally small, cocomplete (all small colimits exist) category.

De�nition 3.3. For a bifunctor S : Cop × C → D, the coend of S is de�ned as

∫
c∈Ob(C)

S (c, c) := coeq


∐

Mor(C)3f :c0→c1

S (c1, c0)
f∗ //

f∗

//
∐

c∈Ob(C)

S (c, c)


where

f∗ = S (f, 1) : S (c1, c0)→ S (c0, c0)

f∗ = S (1, f) : S (c1, c0)→ S (c1, c1)
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The Universal Mapping Property (UMP) of Coend

The coend d :=
∫
c∈Ob(C) S (c, c) ∈ Ob (D) with {ϕc : S (c, c, )→ d}c∈Ob(C) such that for any morphism f :

c0 → c1 in C, we have a diagram

S (c1, c0)
f∗ //

f∗

��

S (c0, c0)

ϕc0

��

��

S (c1, c1)
ϕc1 //

//

d

∃!

##
d′

which is universal with respect to this property.

Examples

Colimit.

Given F : C → D, de�ne
S : Cop × C → D

(c′, c) 7→ F (c)

then ∫
c∈Ob(C)

S (c, c) = coeq


∐

Mor(C)3f :c0→c1

S (c1, c0)
f∗=Id //

f∗

//
∐

c∈Ob(C)

S (c, c)

 = colimC (F ) .

Additive functor tensor product.

Let R be a (not necessary commutative) ring and C be a small category.

Let F : Cop →Mod-R and G : C → R-Mod be two additive functors. From this we can de�ne a additive

bifunctor

S := F �
R
G : Cop × C −→ Ab

(c′, c) 7−→ F (c′)⊗R G (c)

(f ′, f) 7−→

 F (f ′)⊗R G (f) : F (d′)⊗R G (c) → F (c′)⊗R G (d)

x′ ⊗ y 7→ F (f ′)x′ ⊗G (f) y


De�nition 3.4. De�ne F

⊗
R

G :=
∫ c∈Ob(C)

F (c)⊗R G (c). Explicitly, we have

F
⊗
R

G ∼=
⊕

c∈Ob(C)

F (c)⊗RG (c) / 〈F (f)x′ ⊗ y − x′ ⊗G (f) y| (f : c→ c′) ∈Mor (C) , x′ ∈ F (c′) , y ∈ G (c)〉 .
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Exercise 3.2. Fix c ∈ Ob (C), consider

Rop (hc) = Rop [HomC (−, c)] : Cop →Mod-R

which sends d ∈ Ob (C) to the free right R-module generated by HomC (d, c). Similarly we have

R (hc) = R [HomC (c,−)] : C → R-Mod.

Check that

Rop (hc)
⊗
C,RG

∼= G (c)

F
⊗
C,RR (hc) ∼= F (c)

Proof. By construction

Rop (hc)
⊗
C,RG

∼=
⊕

d∈Ob(C)R
op [HomC (d, c)]⊗R G (d) / 〈(g′ ◦ f)⊗ y − g′ ⊗G (f) y|〉

∼=
⊕

d∈Ob(C)
⊕

f :d→cR
op [f ]⊗G (d)f / 〈f ⊗ y − 1⊗G (f) y|y ∈ G (c)〉

∼= G (c)

And similarly we have F
⊗
C,RR (hc) ∼= F (c).

Exercise 3.3. Let R := constRR : Cop →Mod-R, c 7→ RR, then R
⊗
C,RG

∼= colimC (G).

Proof. By construction R
⊗
C,RG

∼=
⊕

c∈Ob(C)RR ⊗R G (c) / 〈r ⊗ y − r ⊗G (f) y|f : c→ c′, y ∈ G (c)〉 ∼=

colimC (G).
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4 KAN EXTENSIONS

4 Kan Extensions

4.1 De�nitions

Problem. Given two functors F : C → D and G : C →E , we want to extend F along G. Namely, we want

to �nd a functor H : E → D so that the diagram

C F //

G
��

D

E
H

??

�commutes� up to isomorphism, that is F ∼= H ◦G.

In general, such H does not exist for several reasons. For instance, let C,D, E be discrete categories. It

may happen that there exists some c′ 6= c ∈ Ob (C) such that F (c) 6= F (c′) but G (c) = G (c′). In this case

it's impossible to �nd such H.

Idea. To �nd the �closest� universal approximation to the equivalence F ∼= H◦G, i.e. construct the universal

morphisms η : F ⇒ H ◦G (left Kan extension) and ε : H ◦G⇒ F (right Kan extension).

De�nition 4.1. (Local) A left Kan extension of F : C → D along G : C →E is a functor LGF : E → D

together with a morphism ηun : F ⇒ LGF ◦G

C F //

G
��

D

E LGF

⇓ηun

MM

which is universal (initial) among all pairs (H : E → D, η : F ⇒ H ◦G) in the sense that there exists a unique

ϕ : LGF ⇒ H such that η = (ϕG) ◦ ηun,

F
η +3

ηun

 (

H ◦G

LGF ◦G

ϕG

5=
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where ϕG is the horizontal composition

C G // E
H

77⇓ϕ
LGF

&&
D

given by ϕG = {ϕGX : LGF (GX)→ H (GX)}X∈Ob(C).

De�nition 4.2. (Local) A right Kan extension of F : C → D along G : C →E is a functor RGF : E → D

together with a morphism εun : RGF ◦G⇒ F

C F //

G
��

D

E RGF

⇑εun

MM

which is universal (terminal) among all pairs (K : E → D, ε : K ◦G⇒ F ) in the sense that there exists a

unique ϕ : K ⇒ RGF such that εun ◦ ϕG = ε,

K ◦G ε +3

ϕG

!)

F

RGF ◦G

εun

6>

where ϕG is the horizontal composition

C G // E
K

77⇑ϕ
RGF

&&
D

given by ϕG = {ϕGX : K (GX)→ RGF (GX)}X∈Ob(C).

Remark 4.1. Given functors F : C → D and G : C → E , de�ne

HomFun(C,D) (F,− ◦G) : Fun (E ,D) −→ Set

by H 7→ HomFun(C,D) (F,H ◦G) on objects. The Left Kan extension LGF ∈ Ob (Fun (E ,D)) is precisely

the object representing this functor since the UMP precisely gives the isomorphism

HomFun(C,D) (F,H ◦G) ∼= HomFun(E,D) (LGF,H)

for all H ∈ Ob (Fun (E ,D)).

37



4.2 Basic Examples 4 KAN EXTENSIONS

De�nition 4.3. (Global) Fix a functor G : C → E and consider the restriction functor

G∗ := (−) ◦G : Fun (E ,D) −→ Fun (C,D)

H 7−→ H ◦G

ϕ 7−→ ϕG

We de�ne the left and right Kan extensions as the left and right adjoints of this functor

Fun (E ,D)

G∗

��
Fun (C,D)

RG(−)

ee

LG(−)

99

i.e. we have natural isomorphisms

HomFun(E,D) (LGF,H) ∼= HomFun(C,D) (F,H ◦G)

HomFun(C,D) (K ◦G,F ) ∼= HomFun(E,D) (K,RGF )

4.2 Basic Examples

Group representations

Let G be a discrete group and k a �eld. Let H ≤ G be a subgroup. We can think of G as a category G with

one object {∗} and HomG (∗, ∗) = G. There is an inclusion i : H ↪→ G.

Let Repk (G) be the category of k-linear representations of G and G-equivariant linear maps.Then

Repk (G) can be identi�ed with the category Fun (G,Vectk).

A linear representation of H in Vectk given by ρ : H → Endk (V ) can be interpreted as a functor

ρ : H → Vectk

∗ 7→ V

g 7→ ρ (g)

There are classical functors relating Repk (H) and Repk (G): ResGH which is precisely post-composition
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with the inclusion functori : H ↪→ G. De�ne

IndGH := k[G]⊗k[H] −

and

CoindGH := Homk[H] (k[G],−) .

For all V ∈ Repk (H) and all W ∈ Repk (G), the Hom-Tensor adjunction gives

HomG

(
IndGH (V ) ,W

)
∼= HomG

(
k [G]⊗k[H] V,W

) ∼= HomH

(
V,Homk[G] (k [G] ,W )

) ∼= HomH (V,W )

where the last isomorphism arises from the isomorphism Homk[G] (k [G] ,W ) ∼= ResGH (W ) ∼= W of H-

representations. In this way, IndGH is realized as a left adjoint to ResGH .

Dually, the isomorphism ResGH (W ) ∼= k [G]⊗k[H] W together with the Hom-Tensor adjunction gives

HomH

(
W ⊗k[H] k [G] , V

) ∼= HomG

(
W,Homk[H] (k [G] , V )

) ∼= HomG

(
W,CoindGH (V )

)

which realizes CoindGH as a right adjoint to ResGH .

Identifying Repk (G) and Repk (H) with the functor categories Fun (G,Vectk) and Fun (H,Vectk)

respectively, then ResGH = − ◦ i =: i∗ and we obtain the adjunction

Fun (G,Vectk)

i∗

��
Fun (H,Vectk)

Ri(−)

ee

Li(−)

99

where Li = IndGH and Ri = CoindGH .

Remark 4.2. If i is not injective, we can consider homotopy Kan extension (derived version).

(Co)limits

Let F : C → D be a functor and E = •,

C F //

G

��

D

•
H

>>
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then H is determined by the choice of one object ∈ Ob (D), so H ◦G is a constant functor and any natural

transformation η : F ⇒ H ◦G is equivalent to a natural transformation η : F ⇒ constd. Thus

LGF ∼= colimCF

RGF ∼= limCF

Adjunctions

Given an adjoint pair F : C // D : Goo , then we have the natural isomorphism

HomD (F (c) , d) ∼= HomC (c,G (d)) ,∀c ∈ Ob (C) , d ∈ Ob (D) .

Take d = F (c), we get the unit η : IdC ⇒ GF

C Id //

F
��

C

D

??

and it gives (LF (IdC) , ηun) ∼= (G, η).

take c = G (d) we get the counit ε : FG⇒ IdD

D Id //

G
��

D

C

??

and it gives (RG (IdC) , εun) ∼= (F, ε).

4.3 Properties

Consider the following situation.

C F //

G
��

D H // F

D
LG(F )

??

LG(H◦F )

GG

By UMP of left Kan extension, there exists a natural morphism ξ : LG (H ◦ F )⇒ H ◦ LG (F ).

De�nition 4.4. The functor H preserves left Kan extension of F along G if both LG (F ) and LG (H ◦ F )

exists and ξ is an isomorphism.

40



4.3 Properties 4 KAN EXTENSIONS

De�nition 4.5. A left Kan extension LG (F ) is called absolute if it is preserved by all functors H.

Nonexample. Consider i : H ↪→ G and take U : Vectk → Set the forgetful functor.

C
ρ //

i

��

D H // F

D

?? 77

Then ULi (ρ) = U
(
k [G]⊗k[H] V

)
and Li (Uρ) = G×H U (V ) are very di�erent.

Note that U has no right adjoint, so U is not a left adjoint.

Exercise 4.1. Left adjoints always preserves left Kan extensions.

Proof. Let F : D // F : Goo be an adjoint pair. We have

C H //

K
��

D F // F

E

?? 77

HomFun(E,F) (LK (F ◦H) , N) ∼= HomFun(C,F) (F ◦H,N ◦K)

∼= HomFun(C,D) (H,G ◦N ◦K)

∼= HomFun(E,D) (LK (H) , G ◦N)

∼= HomFun(E,F) (F ◦ LK (H) , N)

and by Yoneda lemma, LK (F ◦H) ∼= F ◦ LK (H).

Example 4.1. (Total derived functor) Let C be a model category and F : C // D : Goo be a Quillen pair.

C F //

γ

��

D

Ho (C) = C
[
We−1

]
77

The total left functor is LF = Rγ (F ) and total right functor RF = Lγ (F ).

Theorem 4.1. [[Mal07], 2007] Derived functors of Quillen functors are absolute Kan-extensions.
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4.4 Pointwise Kan Extensions

De�nition 4.6. A right Kan extension is called pointwise if it is preserved by all (covariant) representable

functors hd = Hom (d,−) : D → Set, d ∈ Ob (D).

C F //

G
��

D hd // Set

D
LG(F )

⇑
??

LG(hd◦F)

FF

De�nition 4.7. A left Kan extension is called pointwise if it is mapped to a right Kan extension by all

(contravariant) representable functors hd = Hom (−, d) : Dop → Set, d ∈ Ob (D).

C F //

G

��

D hd // Setop

D
RG(F )

⇓
??

LG(hd◦F )

EE

Remark 4.3. This is very similar to the property of limits and colimits.

We have the following:

Absolute Kan extensions $ pointwise Kan extensions $ Kan extensions.

We will give a characterization (formula) for pointwise Kan extensions.

Comma Category

De�nition 4.8. Given a functor F : C → D and an object d ∈ Ob (D), we can de�ne the comma category

F/d (or F ↓ d) as follows.

Objects: Ob (F/d) = {(c, f) |c ∈ Ob (C) , f ∈ HomD (Fc, d)}.

Morphisms: HomF/d ((c, f) , (c′, f ′)) = {ϕ ∈ HomC (c, c′) |f ′ ◦ Fϕ = f}, i.e. morphisms are those ϕ : c→ c′

such that the following diagram

Fc
Fϕ //

f   

Fc′

f ′~~
d

commutes.

Dually we can de�ne cocomma category d\F (or d ↓ F ).

Note that there is a forgetful functor U : F/d→ C which can be thought as a �bre functor.
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Example 4.2. Let F = IdD : D → D, then F/d is the category over d and d\F is the category under d.

Example 4.3. (Category of simplicial sets) Take

F = h∗ : ∆ → sSet

[n] 7→ ∆ [n]∗

For any X ∈ Ob (sSet) we call the category ∆X := h∗/X the category of simplices of X, which is given by

Objects: Ob (∆X) = {([n] , x) : [n] ∈ ∆, x ∈ HomsSet (∆ [n]∗ , X) = Xn} =
∐
n≥0

Xn.

Morphisms: Hom (([n] , x) , ([m] , y)) = {f : [n]→ [m] |X (f) y = y ◦ h∗ (f) = x}.

Another way to de�ne ∆X is to consider X : ∆op → Set and take the Grothendieck construction

∆op
X = ∆op

∫
X where

Objects: Ob (∆op
X ) = {([m] , y) | [m] ∈ Ob (∆op) = Ob (∆) , y ∈ X ([m]) = Xm}.

Morphisms: Hom (([n] , x) ([m] , y)) = {f ∈ Hom∆op ([n] , [m]) |X (f)x = y}.

Hence ∆op
X
∼= (∆X)

op.

Example 4.4. Let C be a small category and take

∆∗ : ∆ ↪→ Cat

[n] 7→ −→n = {0→ 1→ · · · → n}

This is a fully faithful functor. Then ∆∗/C := the simplicial complex over C de�ned by

Objects: Ob (∆∗/C) = {([n] , f) | [n] ∈ ∆, f : −→n → C} ∼=
∐
n≥0

NnC.

Morphisms: Hom (([n] , f) , ([m] , g)) = {ϕ : −→n → −→m|g ◦∆∗ (ϕ) = f}.

Therefore ∆∗/C ∼= ∆NC.

Remark 4.4. ∆X and (∆X)
op are examples of Reedy categories (with �brant or co�brant, respectively).

Computing Kan extension via (co)limits

Theorem 4.2. A left Kan extension is pointwise if and only if it can be computed by the formula

LG (F ) (e) = colimG/e

(
G/e

U−→ C F−→ D
)
.
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Theorem 4.3. (Dual version) A right Kan extension is pointwise if and only if it can be computed by the

formula

RG (F ) (e) = limG/e

(
e\G U−→ C F−→ D

)
.

Proof. It su�ces (and more convenient) to prove the dual version. Indeed, LG (F ) is characterized by

HomFun(E,D) (LG (F ) , H) ∼= HomFun(C,D) (F,G∗H)

∼=↓ ↓∼=

HomFun(E,D)op (H,LG (F )) HomFun(C,D)op (G∗H,F )

Note that Fun (C,D)
op

= Fun (Cop,D), so RG0

(
F 0
) ∼= LG (F ).

Since limits commutes with representable functors, i.e. given F : J → D,

HomD

(
d, lim
J
F

)
∼= lim
J

(HomD (d, F (−)))

so if RG (F ) is given by such a formula, then it automatically commutes with representable functors hd =

HomD (d,−) ,∀d ∈ D.

Assume that RG (F ) is pointwise, then for any d ∈ Ob (D) and any e ∈ Ob (E),

HomD (d,RGF (e)) = hd (RGF (e)) =
(
hd ◦RGF

)
(e)

= HomFun(E,D)

(
he, hd ◦RGF

)
∼= HomFun(E,D)

(
he, RG

(
hd ◦ F

))
∼= HomFun(C,Set)

(
he ◦G, hd ◦ F

)
∼= HomFun(C,Set)

(
HomE (e,G (−)) ,HomFun(D,Set) (d, F (−))

)
∼= the set of cones under d of the functor FU

= HomFun(e\G,D) (constd, FU)

∼= HomD
(
d, lime\G FU

)
By Yoneda lemma, RGF (e) ∼= lime\G (FU).

Corollary 4.1. If D is cocomplete then every left Kan extension of F : C → D exists and is pointwise. If D

is complete then every right Kan extension of F : C → D exists and is pointwise.

Corollary 4.2. If D is cocomplete and G is fully faithful, then ηun is an isomorphism of functors.

Proof. Take c ∈ Ob (C) and consider G/G (c), then G is fully faithful implies that G/G (c) has terminal

object. Indeed, Ob (G/G (c)) = {(c′, f ′) |c′ ∈ Ob (C) , f ′ : Gc′ → Gc}. Then
(
c, IdG(c)

)
is terminal in G/G (c)
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because

Hom
(
(c′, f ′) ,

(
c, IdG(c)

))
=
{
h : c′ → c|G (h) ◦ IdG(e) = f ′

}
= G−1 (f ′)

contains only one element.

Recall, by UMP of colimits, if J has terminal object ∗, then for any F : J → D, colimJ (F ) = F (∗).

Now for any c ∈ Ob (C), take e = G (c) and apply formula

LG (F ) (e) = colimG/G(e) (FU) ∼= FU
(
c, IdG(c)

)
= F (c)

So LGF ◦G ∼= F .

Example 4.5. (Co-Yoneda lemma) Simplest version. Consider

C F //

IdC
��

D

C
LIdCF

∼=F

??

then we have LIdCF ∼= F and F (c) ∼= colimC/c
(
C/c U−→ C F−→ D

)
.

Example 4.6. Take Ĉ = Fun (Cop,Set) and Yoneda functor h∗ : C ↪→ Ĉ

C �
� h∗ //� _

h∗
��

Ĉ

Ĉ
Lh(h)∼=IdĈ

@@

Every presheaf on a small category C is canonically a colimit of representable presheaf. For any X ∈ Ob
(
Ĉ
)
,

X ∼= colimh∗/X

(
h∗/X

U−→ C h∗−→ Ĉ
)
.

Example 4.7. Take C = ∆, then Ĉ = sSet and h/X = ∆X is the category of simplices over X.

Ob (∆X) =
∐
n≥0Xn. Note Xn

∼= HomsSet (∆ [n]∗ , X).

Hom∆X (([n] , x) , ([m] , y)) = {f : [n]→ [m] |X (f) y = x}.

∆ �
� h∗ //

h∗

��

∆̂ = sSet

sSet

Lh(h)∼=IdsSet

99
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So we have X = colim∆X

(
∆X

U−→ ∆
h−→ sSet

)
= colim∆[n]∗→X∆ [n]∗.

Computing Kan extension via coends

Proposition 4.1. If C is small, D is cocomplete and E is locally small, then

LGF (e) =

∫ c∈Ob(C)
HomE (Gc, e) • F (c) .

Decoding. • is the bifunctor

• : Set×D −→ D

(X, d) 7−→
∐
x∈X d(

X
f−→ Y, d

g−→ d′
)
7−→

∐
x∈X g :

∐
x∈X d→

∐
y∈Y d

′

taking (X, d) to the coproduct of copies of d indexed by x ∈ X. (D is said to be tensored over Set.)

This
∫
is the coend of the bifunctor

Se : Cop × C −→ D

(c′, c) 7−→ HomE (Gc′, e) • F (c) =
∐

h:Gc′→e

F (c)(
c′

f ′−→ d′, c
f−→ d

)
7−→ Se (f ′, f) :

∐
h:Gc′→e

F (c)→
∐

h:Gd′→e

F (d)

for �xed e ∈ Ob (E).

Exercise 4.2. Test it on group representations. Deduce Li (ρ) = IndGH (ρ) ∼= k [G]
⊗

k[H] V from coend

formula.

H� _

i

��

ρ // Vectk

G

Li(ρ)

η⇓
<<

Proof. By the formula,

Liρ (∗) =

∫ ∗∈Ob(H)

HomG (∗, ∗) • ρ (∗) =

∫ ∗∈Ob(H)

G • V ∼=
∐
g∈G

V/ 〈w − hv〉h∈H,w∈Vgh,v∈Vg ∼= k [G]
⊗
k[H]

V.
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Exercise 4.3. Compute Li (X) for

∆op
� _

i

��

// Set

∆Cop

;;

or equivalently, the left adjoint of

Set∆Cop

U

��
sSet

Li

AA

Proof. We can use the coend formula to get

LiX ([n]) =

∫ m≥0

Hom∆Cop ([k] , [l])•Xl =
∐

h:[m]→[n]∈Mor(∆C)

Xm/ 〈X (f) y − x〉f :[m]→[k]∈Mor(∆),x∈(Xk)hf ,y∈(Xm)h
.

4.5 More Examples of Kan Extensions

Induction from Grothendieck construction

Let C be a small category and X : C → Set be a diagram of shape C in Set. Then we de�ne CX
(
= C

∫
X
)

be the category with

Ob (CX) = {(c, x) |c ∈ Ob (C) , x ∈ X (c)}.

HomCX ((c, x) , (c′, x′)) = {ϕ ∈ Hom (c, c′) |Xϕ (x) = x′}.

There is an obvious functor

F : CX → C

(c, x) 7→ c

ϕ 7→ ϕ

Take any abelian category A (e.g. Vectk or R-Mod) . Assume that A is complete and cocomplete. Write

ModCA := Fun (C,A) and we have F ∗ : ModCA →ModCXA . Since A is complete and cocomplete, the functor

F ∗ has both left and right adjoints.

ModCA

F∗

��
ModCXA

F!

]]

F∗

AA

We want to compute F∗ explicitly.
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Claim 4.1. F∗ is given by, for any M : CX → A,

F∗ (M) : C → A

d 7→
⊕

x∈X(d)M (d, x)

Consider the diagram

CX
M //

F

��

A

C
LF (M)=:F∗M

>>

For d ∈ Ob (C), the category F/d is de�ned as

Ob (F/d) = {(c, x, f) |c ∈ Ob (C) , x ∈ X (c) , f : c→ d}.

Hom ((c, x, f) , (c′, x′, f ′)) = {ϕ ∈ HomC (c, c′) |Xϕ (x) = x′, f ′ ◦ ϕ = f}.

By de�nition, we have LFM (d) = colimF/d

(
F/d

U−→ CX
M−→ A

)
=: A ∈ Ob (A) with universal ηun :

M ◦ U ⇒ constA. We claim that A =
⊕

y∈X(d)M (d, y) with

ηun =

ηun(c,x,f) : M (c, x)
ϕf−−→

⊕
y∈X(d)

M (d, y)


(c,x,f)∈Ob(F/d)

where f : c→ d induces X (f) : X (c)→ X (d) , x 7→ X (f)x =: y and ϕf := f ∈ HomF/d ((c, x, f) , (d, y, Id)).

This makes sense because X (f)x = y and Id ◦ f = f . So M (ϕf ) = M (f) : M (c, x)→M (d, y) ↪→ A.

We need to check that ηun is a morphism of functors. Given ϕ : (c, x, f)→ (c′, x′, f ′) we have

1. a commutative diagram

MU (c, x, f)
ηun(c,x,f) //

M(ϕ)

��

A M (c, x)
M(ϕf ) //

M(ϕ)

��

A

⇔

MU (c′, x′, f ′)
ηun
(c′,x′,f′) // A M (c′, x′)

M(ϕf′) // A

given by

m � //
_

��

M (f)m

M (ϕ)m // M (f ′) (M (ϕ)m) = M (f ′ ◦ ϕ) (m) = M (f)m
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2. ηun is universal.

Given B ∈ Ob (A) and η : MU ⇒ constB , η =
{
η(c,x,f) : M (c, x)→ B

}
(c,x,f)∈Ob(F/d)

, we can de�ne

ξ : A =
⊕

y∈X(d)

M (d, y)→ B

by UMP of direct sum. Then η (d, y, Id) = ξ|M(d,y) : M (d, y)→ B and we have a commutative diagram

MU
η +3

ηun  (

constB

constA

constf

5=

Example 4.8. Let A = Vectk and

M : CX → A

(c, x) 7→ k

ϕ 7→ Idk

the trivial module, then F∗ (k) = k [X] since

F∗ (k) : C → Vectk

d 7→ k [X (d)]

Exercise 4.4. We have natural isomorphisms

ToRCi (F∗M,N) ∼= ToRCXi (M,F ∗ (N)) ,∀i ≥ 0.

where k is a commutative ring, M ∈ModCXk , ToRC are derived tensor products

− L⊗
C,k

−

.
Skeleton and coskeleton

For a �xed n ≥ 0, de�ne ∆≥n to be the full subcategory of ∆ with objects {[0] , [1] , · · · , [n]}. Then in :

∆≤n ↪→ ∆ is an inclusion.

Given a category C, de�ne sC := Fun (∆, C) and snC := Fun (∆≤n, C). Then the restriction i∗n has left
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and right adjoints if C is complete and cocomplete.

sC

i∗n
��

snC

Rin

``

Lin

>>

De�nition 4.9. The n-th skeleton of X ∈ Ob (sC) is skn (X) := Lin (i∗nX) ∈ Ob (sC).

De�nition 4.10. The n-th coskeleton of X ∈ Ob (sC) is coskn (X) := Rin (i∗nX) ∈ Ob (sC).

By our theorem, skn (X)m
∼= colim
ϕ:[m]→[k]

ϕ∗ (Xk) , k ≤ n. Since ϕ can be factored uniquely in ∆ as surjections

followed by injections, this is equivalent to skn (X)m
∼= colim
ϕ:[m]�[k]

ϕ∗ (Xk) , k ≤ n.

This implies that when C = Set, skn (X)m = Xm if m ≤ n. skn (X) is the simplicial subset of X

generated by nondegenerating simplicies of degree at most n.

Notice that we have a �ltration skn (X) ↪→ skn+1 (X) ↪→ · · · ↪→ X, so colim
n→∞

skn (X) ∼= X.

Remark 4.5. If we have a map X → Y between simplicial sets, we can de�ne skXn Y := X
⋃
sknX

sknY by the

push-out

skn (X) �
� i∗n //

skn(f)

��

X

��
skn (Y ) �

� // skXn Y

Augmented simplicial object

The category ∆ has terminal object [0] but no initial object. De�ne the augmented simplicial set ∆+ as

Ob (∆+) = Ob (∆) ∪ {[−1]}.

Hom∆+
([n] , [m]) =


Hom∆ ([n] , [m]) n,m ≥ 0

[−1]→ [m] n = −1

∅ m = −1, n ≥ 0

De�nition 4.11. For any category C we de�ne the augmented simplicial object as a functor X : ∆+ → C.

Denote s+C = Fun (∆+, C) .

Explicitly, each X ∈ Ob (s+C) is given by X ∈ Ob (sC) together with X−1 ∈ Ob (C) and ε : X0 → X−1 in

Mor (C) such that

X−1 X0ε
oo X1 · · ·

d1oo

d0

oo

agrees in the sense that εd1 = εd0. We can denote ε = d0 and extend didj = dj−1di, i < j for n = 0.
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Equivalently we can denote ε = d0 as a constant simplicial object and then augmentation is a morphism

ε∗ : X∗ → X−1 in sC.

Note that i+ : ∆ ↪→ ∆+ implies (i+)
∗

: s+C → sC. If C is complete and cocomplete, this has both left

and right adjoints.

Take C = Set, we have

∆� _

i+

��

X // Set s+Set

(i+)∗

��
∆+

LiX

⇓η
==

sSet

R(trivial)

cc

L

;;

where L is given by left Kan extension Li+ (X),

Li+ (X)n = Li+ (X) [(n)] = colim∆op/[n]

(
∆op/ [n]

U−→ ∆op X−→ Set
)
.

If n ≥ 0, Ob (∆op/ [n]) =
{

([m] , f : [m]→ [n]) |f ∈Mor
(
∆op

+

)
, [m] ∈ Ob (∆op)

}
. This category has a

terminal object
(
[n] , Id[n]

)
so

Li+ (X)n = XU
(
[n] , Id[n]

)
= Xn.

If n = −1, Ob (∆op/ [n]) =
{

([m] , f : [m]→ [−1]) |f ∈Mor
(
∆op

+

)
, [m] ∈ Ob (∆op)

}
, and ∆op/ [−1] ∼=

∆op, then

Li+ (X)−1 = colim∆opX = coeq

{
X0

d1 //

d0

// X1

}
=: π0 (X) .

The right Kan extension is given by

Ri+ (X)n = Ri+ (X) ([n]) = lim
[n]\∆op

(
[n] \∆op U−→ ∆op X−→ Set

)
.

If n ≥ 0, Ob ([n] \∆op) =
{

([m] , f) |f : [n]→ [m] ∈Mor
(
∆op

+

)
, [m] ∈ ∆op

}
. This category has an initial

object
(
[n] , Id[n]

)
so

Ri+ ([n]) = XU
(
[n] , Id[n]

)
= Xn.

If n = −1, Ob ([n] \∆op) =
{

([m] , f) |f : [−1]→ [m] ∈Mor
(
∆op

+

)
, [m] ∈ Ob (∆op)

}
= ∅, so Ri+ (X)−1 =

∅. Hence Ri+ (X) = X.
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Simplicial and cyclic sets

Recall the category ∆C has the same object as ∆, Ob (∆C) = Ob (∆), and morphisms are determined by,

for any f ∈ Hom∆C ([n] , [m]), there exists a unique γ ∈ Aut∆C ([n]) and ϕ ∈ Hom∆ ([n] , [m]) such that

f = ϕ ◦ γ.

We have an inclusion i : ∆ ↪→ ∆C, thus we can consider the left (right) Kan extension

∆
X //� _

i

��

Set

∆C

Li(X)

<<

which is given by the left (right) adjoint of U = i∗ : Set∆Cop → Set∆op

,

Set∆Cop

U
��

Set∆op

F

;;

R

cc

Recall the trick that for any g ∈ Aut∆C ([m]), a ∈ Hom∆C ([n] , [m]) and de�ne f = g ◦ a. By unique

factorization, there exists a unique ϕ = g∗ (a) ∈ Hom∆ ([n] , [m]) and a unique γ = a∗ (g) ∈ Aut∆C ([n]) such

that g ◦ a = ϕ ◦ γ = g∗ (a) ◦ a∗ (g).

This is functorial. For �xed g ∈ Aut∆C ([m]), we have

g∗ : Hom∆C ([n] , [m]) → Hom∆ ([n] , [m])

a 7→ g∗ (a)

and for �xed a ∈ Hom∆C ([n] , [m]), we have

a∗ : Aut∆C ([m]) → Aut∆C ([n])

g 7→ a∗ (g)

Dually in ∆Cop we have

g∗ : Hom∆Cop ([m] , [n]) → Hom∆op ([m] , [n])

a 7→ g∗ (a)

a∗ : Aut∆Cop ([m]) → Aut∆Cop ([n])

g 7→ a∗ (g)
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such that a ◦ g = a∗ (g) ◦ g∗ (a).

Recall we have a functor

C∗ : ∆Cop −→ Set

[n] 7−→ Cn

(a : [m]→ [n]) 7−→ (a∗ : Cm → Cn)

where Cn = Aut∆Cop ([n]).

Claim 4.2. The left adjoint of U : Set∆Cop → Set∆op

is F : Set∆op

→ Set∆Cop given by

On objects: Y∗ 7→ F (Y∗) = {Cn × Yn}n≥0 . And for any a ∈ Hom∆Cop([m] , [n])

F (Y ) (a) : Cm × Ym → Cn × Yn

(g, y) 7→ (a∗ (g) , Y (g∗ (a)) y)

On Morphisms: for any α : X∗ → Y∗,

(Fα)n : Cn ×Xn → Cn × Yn

(g, x) 7→ (g, α (x))

The counit of this adjunction ε = ev∗ : FU ⇒ IdSet∆Cop is given by

ev∗ (X) =

 evn (X) : Cn ×Xn → Xn

(g, x) 7→ X (g)x

 .

The unit η : IdSet∆op ⇒ UF is given by

η (Y ) =

 η (Y )n : Yn → Cn × Yn

y 7→ (1, y)

 .

For simplicity, we write X (g) (x) = g∗ (x).

Proof. First we need to check that ev∗ is a morphism of cyclic sets.

For any a ∈ Hom∆Cop([m] , [n]), we have a commutative diagram

Cm ×Xm
evm //

FX(a)

��

Xm

a∗

��
Cn ×Xn

evn // Xn
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because

(evn ◦ FX (a)) (g, x) = evn (a∗ (g) , g∗ (a)∗ (x))

= a∗ (g)∗ g
∗ (a)∗ (x)

= (a∗ (g) ◦ g∗ (a))∗ (x)

= (a ◦ g)∗ (x)

= a∗ (g∗ (x))

= a∗ (evm (g, x))

Next we need to show that

Φ : HomSet∆Cop (FY,X)
∼=

 HomSet∆op (Y,UX) : Ψ(

FY
α−→ X

)
7→

(
Y

η−→ UFY
Uα−−→ UX

)
(
FY

Fβ−−→ FUX
ev−→ X

)
← [

(
Y

η−→ UX
)

are inverse to each other.

Ψ ◦ Φ (α)n : FYn = Cn × Yn
Fη−−→ (FUFY )n = Cn × Cn × Yn

FUα−−−→ (FUX)n = Cn ×Xn
ev−→ Xn

(g, y) 7→ (1, g, y) 7→ (1, α (g, y)) 7→ α (g, y)

Φ ◦Ψ (β)n : Yn
η−→ (UFY )n = Cn × Yn

UFβ−−−→ (UFUX)n = Cn ×Xn
Uev−−→ (UX)n = Xn

y 7→ (1, y) 7→ (1, α (y)) 7→ α (y)

Exercise 4.5. Compute F using colimit.
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5 FUNDAMENTAL CONSTRUCTIONS

5 Fundamental Constructions

Given two locally small categories C and D, de�ne Adj (C,D) to be the category of adjunctions as

Objects:
{

(L,R, ϕ) | L : C // D : Roo , ϕ : HomD (F (−) ,−)
∼=−→ HomC (−, G (−))

}
where ϕ is an isomor-

phism of bifunctors Cop × C → Set.

Morphisms: HomAdj(C,D)((L,R, ϕ) , (L′, R′, ϕ′)) = {(α, β) |α : L⇒ L′, β : R′ ⇒ R,ϕ′ = β∗ ◦ ϕ ◦ α∗}.

Explicitly, for each c ∈ Ob (C) , d ∈ Ob (D), we have a commutative (factorization) diagram

HomD (L′ (c) , d)
(αc)

∗
//

ϕc,d

��

HomD (L (c) , d)

ϕc,d

��
HomC (c,R′ (d)) HomC (c,R (d))

(βd)∗oo

Proposition 5.1. Let C be a small category, and D a locally small, cocomplete, then there exists a natural

equivalence of categories

Φ : DC
∼=//

Adj
(
Ĉ,D

)
: Ψoo

where Ψ is de�ned by restriction

Ψ
(
L : Ĉ // D : Roo , ϕ

)
=

(
h∗ (L) = L ◦ h : C h

↪→ Ĉ L−→ D
)

Ψ (α, β) = h∗ (α) = α ◦ h

Proof. Construction of Φ. Given F ∈ Ob
(
DC
)
, de�ne

Φ (F ) :
(
L (F ) : Ĉ // D : R (F )oo , ϕ

)

where L (F ) = Lh (F ) and

R (F ) : D → Ĉ

d 7→ HomD (F (−) , d) = hd ◦ F : Cop → Set

Take any c ∈ Ob (C) , d ∈ Ob (D) and consider hc ∈ Ob
(
Ĉ
)
,

HomĈ (hc, RF (d))
Yoneda∼= RF (d) (c) = HomD (Fc, d) = HomD (L (F ))hc, d)

where the last equality follows from lemma on left Kan extension along fully faithful functors.
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Hence R (F ) is right adjoint to L (F ) on the representable functors.

To extend it to all presheaves X : Cop → Set, we need the following facts

1. Co-Yonada lemma.

C �
� h //� _

h
��

Ĉ

Ĉ
IdC

@@

Every X is canonically a colimit to hc's.

X ∼= colimh/X

(
h/X

U−→ C h
↪→ Ĉ

)
∼= colimh/X (h) .

2. Left Kan extension is given by

L (F )X = LhF (X) := colimh/X

(
h/X

U−→ C F−→ D
)

= colimh/X (F ) .

Since colimit commutes with hom,

HomĈ (X,RF (d)) ∼= HomĈ
(
colimh/X (hc) , R (F ) (d)

)
∼= limh/X HomĈ (hc, R (F ) (d))

∼= limh/X (HomD (LF (hc) , d))

∼= HomD
(
colimh/XLF (hc) , d

)
∼= HomD

(
LF

(
colimh/Xhc

)
, d
)

∼= HomD (LFX, d)

We have Φ ◦ Ψ
(
L : Ĉ // D : Roo , ϕ

)
=
(
L : Ĉ // D : Roo , ϕ

)
and a natural transformation F ⇒

Ψ ◦ Φ (F ) = h ◦ LhF by the universal property of left Kan extension.

Check that Φ and Ψ are inverse to each other.

5.1 Main Application to Simplicial Sets

Corollary 5.1. Let D be as in Proposition, C = ∆, then we have a natural equivalence D∆ ∼= Adj (sSet,D).

In particular, every left adjoint functor on simplicial set with values in D comes from a (co)simplicial object

in D.
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Given (∆• : ∆→ D) ∈ Ob
(
D∆
)

∆
∆• //� _

h
��

D

sSet

Lh(∆)

<<

we have

L : sSet
// D : Roo

where

L (X) = Lh (∆•) (X) = colim∆X

(
∆X

U−→ ∆
∆•−−→ D

)
,

R (d) = {R (d)n = HomD (∆n, d)}
n≥0

,∆n = ∆• [n] .

Note h/X = ∆X is the category of simplices over X with Ob (∆X) =
∐
n≥0Xn.

Geometric realization and singular set

Let D = Top, we have

∆• : ∆ ↪→ Top

[n] 7→ ∆n =
{

(x0, · · · , xn) ∈ Rn+1|
∑
xi = 1, xi ≥ 0

}
and adjunction

|−| : sSet
//
Top : Soo

where |X| = colim∆X (∆•) is the geometric realization of X, and S (Y ) = {S (Y )n = HomTop (∆n, Y )}n≥0

is the singular set functor.

Cyclic realization

The standard cocyclic space ∆• : ∆→ Top is de�ned by letting

τn : ∆n → ∆n

e0 7→ en

ei 7→ ei−1, i ≥ 1

In barycentric coordinates,

τn (x0, · · · , xn) = τn

(
n∑
i=0

xiei

)
=

n∑
i=0

xiτn (ei) = x0en +

n∑
i=1

xiei−1 = (x1, · · · , xn, x0) .
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Let's check the cyclic identities. It's obvious that τn+1
n = Id. Note

di : ∆n−1 → ∆n

(x0, · · · , xn−1) 7→ (x0, · · · , xi−1, 0, xi, · · · , xn)

so we have

τnd
i (x0, · · · , xn−1) =


(x1, · · · , xi−1, 0, xi, · · · , xn, x0) i 6= 0,

(x1, · · · , xn−1, 0) i = 0

di−1τn−1 (x0, · · · , xn−1) = (x1, · · · , xi−1, 0, · · · , xn−1, x0)

thus τndi = di−1τn−1, 1 ≤ i ≤ n and τnd0 = dn. Similarly we have

sj : ∆n+1 → ∆n

(x0, · · · , xn+1) 7→ (x0, · · · , xj−1, xj + xj+1, · · · , xn+1)

and

τns
j (x0, · · · , xn+1) =


(x1, · · · , xj + xj+1, · · · , xn+1, x0) i 6= 0

(x2, · · · , xn+1, x0 + x1) i = 0

sj−1τn+1 (x0, · · · , xn+1) = (x1, · · · , xj + xj+1, · · · , xn+1, x0)

snτ2
n+1 (x0, · · · , xn+1) = (x2, · · · , xn+1, x0 + x1)

so we have τnsj = sj−1τn+1, 1 ≤ j ≤ n and τns0 = snτ2
n+1.

This yields a cyclic realization of a cyclic set

|−|cy : Set∆Cop −→ Top

X 7→ |X|cy = colimhcy/X (∆•)

Remark 5.1. There are at least two other constructions of cyclic realization.

1. A cyclic set is in one-to-one correspondence to an S1-space |X| via geometric realization, so we can

de�ne |X|cy := ES1 ×S1 |X|.

2. The ��at� cyclic realization ‖X‖cy := hocolim∆Cop (X) ∼= |N∆Cop
X | via the BK construction for X :

∆Cop → Set.
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Nerve construction

Let D = Cat, we have

∆• : ∆ ↪→ Cat

[n] 7→ −→n = {0→ 1→ · · · → n}

and adjunction

ho : sSet
//
Cat : Noo

where

ho (X) = Lh (∆•) (X) = colim∆X

(
∆X

U−→ ∆
∆•−−→ Cat

)
N (C) =

{
NnC = HomCat (−→n , C) =

{
c0

f0−→ c1 → · · ·
fn−1−−−→ cn

}}
n≥0

ho (X) is the category freely generated by the graph

X0 X1
d1

oo
d0oo

module the relations

X0
s0 // X1 X2d1

oo

d2

oo

d0oo

1. d0 (x) ◦ d2 (x) = d1 (x) ,∀x ∈ X2.

2. s0 (x) = Idx,∀x ∈ X0.

Equivalently, if C = ho (X), we have

Ob (C) s0 // Mor (C)
d1

oo

d0oo
Mor (C) ×

Ob(C)
Mor (C)d1

oo

d2

oo

d0oo

satisfying for any f : c→ d and g : d→ e in Mor (C),

d0 (f) = c, d1 (f) = d

d0 (f, g) = g, d1 (f, g) = g ◦ f, d2 (f, g) = f

s0 (c) = Idc

Remark 5.2. Note

1. ho ◦ N
∼=−→ IdCat is an isomorphism, so N is fully faithful and we can embed Cat ↪→ sSet. Small

categories can be viewed as simplicial sets.
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2. ho (X) is uniquely determined by X0, X1 and X2, and the morphisms between them.

Question: Can we extend this construction to a �higher fashion�?

Answer: Via simplicial categories.

Function spaces of simplicial sets

Take D = sSet. Fix Y ∈ Ob (sSet), we can de�ne a functor

∆• : ∆ −→ sSet

[n] 7→ ∆ [n]× Y

where �×� is the Cartesian product in sSet, X × Y = {Xn × Yn}n≥0. Then we have adjoint pairs

L : sSet
//
sSet : Roo

where

R (Z) = Hom (Y, Z) := {HomsSet (∆ [n]× Y,Z)}n≥0

L (X) = colim∆X (∆•) ∼= colim∆X (∆ [−])× Y ∼= X × Y

Hom (Y,Z) is called the function space of simplicial sets.

Thus we have natural isomorphism

HomsSet (X × Y, Z) ∼= HomsSet (X,Hom (Y, Z)) (6)

where Hom plays the role of internal hom in the category of simplicial sets.

Remark 5.3. Note

1. Yoneda lemma immediately tells us that, taking X = ∆ [n], we must have

Hom (Y,Z)n = HomsSet (∆ [n]× Y,Z) .

2. The equation 6 is the degree zero part of the following isomorphism of simplicial sets:

Hom (X × Y,Z) ∼= Hom (X,Hom (Y,Z)) .

Fundamental groupoids of a simplicial set
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Let Grd be the category of small groupoids. We have a left adjoint of the inclusion functor i : Grd ↪→

Cat,

τn : Cat −→ Grd

C 7−→ C
[
Mor (C)−1

]
Take the composition π = τ ◦ ho, we have

Grd

i

��
N

yy

Cat

τ

@@

N
��

sSet

ho

@@π

99

Representation functor

Let G be an a�ne algebraic group over a �eld k of characteristic 0, e.g. GLn or SLn. Then we have a

functor

G : CommAlgk −→ Set

A 7−→ G (A)

where the representative of G is denoted by O (G),

HomCommAlgk (O (G) , A) ∼= G (A) .

The multiplication, inverse and unit in G (A)


mA : G (A)×G (A)→ G (A)

iA : G (A)→ G (A)

eA : ∗ → G (A)

are natural transformations, so they give morphisms


∆ : O (G)→ O (G)×O (G)

S : O (G)→ O (G)

ε : O (G)→ k

which makes O (G) a commutative Hopf algebra.
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5.1 Main Application to Simplicial Sets 5 FUNDAMENTAL CONSTRUCTIONS

We have an (anti-)equivalence of categories

AffShmk � CommHopfAlgk

G 7→ O (G)

Spec (A) ←[ A

Example 5.1. Additive group

Ga : CommAlgk → Gr

A 7→ (A,+, 0)

Example 5.2. Multiplicative group

Gm : CommAlgk → Gr

A 7→ (A∗,×, 1)

Example 5.3. For n ≥ 1,

GLn : CommAlgk → Gr

A 7→ GLn (A) = Mn (A)
∗

and O (GLn) = k [xij ]1≤i,j≤n

[
det (xij)

−1
]
.

SLn : CommAlgk → Gr

A 7→ SLn (A) = {M ∈Mn (A) |det (M) = 1}

and O (GLn) = k [xij ]1≤i,j≤n / (det (xij)− 1).

Fix G and de�ne a functor

B∗G : CommAlgk −→ sSet

A 7→ N∗ (GA)

where we regard the group GA as a category with a single object. Then

B∗G ∈ Fun (CommAlgk, sSet) ∼= Fun (∆op,Fun (CommAlgk,Set))
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Explicitly,

B∗G : ∆op −→ Fun (CommAlgk,Set)
Yoneda←↩ CommAlgopk

[n] 7−→ (A 7→ Bn (GA))

Then it induces

O (B∗G) : ∆ −→ CommAlgk

[n] 7−→ O (Bn (G)) ∼= O (G)
⊗n ∼= O (Gn)

and O (B∗G) = {O (Gn)}n≥0 is a simplicial commutative algebra. Explicitly, O (B∗G) is given by

k // O (G)oo
oo //

// O (G)
⊗2 · · ·oo

oo

oo

di : O
(
Gn−1

)
→ O (Gn)

f (g1, · · · , gn−1) 7→ dif (g1, · · · , gn) =


f (g2, · · · , gn) i = 0

f (g1, · · · , gigi+1, · · · , gn) 1 ≤ i ≤ n− 1

f (g1, · · · , gn−1) i = n

sj : O
(
Gn+1

)
→ O (Gn)

f (g1, · · · , gn+1) 7→ sjf (g1, · · · , gn) = f (g1, · · · , e, · · · , gn)

By general principle we have

L : sSet
//
CommAlgk : Roo

where ∀A ∈ CommAlgk,

R (A) =
{
R (A)n := HomCommAlgk (O (Bn (G) , A)) ∼= HomCommAlgk

(
O (G)

⊗n
, A
)
∼= G (A)

n
= Bn (GA)

}

so

R : CommAlgk → sSet

A 7→ B∗ (GA)

and ∀X ∈ sSet,

L (X) = colim∆X (O (B∗G)) = colim
∆[n]→X

(
O (G)

⊗n
)
.

In particular, L (∆ [n]) = O (G)
⊗n

,∀n ≥ 0. The realization of ∆ in CommAlgk depends on G. This is

similar to the usual geometric realization.
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Take Γ a discrete group, X = B∗Γ ∈ Ob (sSet),

HomCommAlgk (L (B∗Γ) , A) ∼= HomsSet (B∗Γ, B∗ (GA)) ∼= HomsSet (N∗Γ,N∗ (GA))

∼= HomCat (Γ, GA) ∼= HomGp (Γ, GA) = RepG (Γ) (A) .

Note that the nerve functor is fully faithful. By Yoneda lemma, L (B∗Γ) = O (RepG (Γ)).

More generally, if X is reduced, i.e. X0 = {∗}, then |X| is a pointed connected space. In this case,

L (X) ∼= O (RepG (π1 (|X| , ∗))) which does not depend on higher homotopies.

Exercise 5.1. Calculate (explicit formula) for any X.

Proof.
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Part III

Homotopy Theory

6 Homotopy Coherent Nerves

Every adjoint pair F : C // D : Goo comes form a cosimplicial object in D.

Ore basic example. We have the adjoint pair

ho : sSet
//
Cat : Noo

which comes from

∆ : ∆ → Cat

[n] 7→ −→n

We want to re�ne this to

C : sSet
//
sCat0 : Noo

where sCat0 is the category of (small) simplicial categories. We need to specify a cosimplicial object in

sCat0.

To start with we will introduce the de�nition of simplicial categories.

6.1 Simplicial Categories

Let Cat be the category of small categories.

De�nition 6.1. A simplicial object in Cat is a functor C∗ : ∆op → Cat which consists of C∗ = {Cn}n≥0

and morphisms di : Cn → Cn−1, sj : Cn → Cn+1.

De�nition 6.2. A simplicial category C is a simplicial object C∗ in Cat such that di and sj are identity

maps on objects. Thus Ob (C0) = · · · = Ob (Cn) = · · · ,∀n ≥ 0. De�ne Ob (C) = Ob (C0). On morphisms,

for any c1, c2 ∈ Ob (C), C∗ (c1, c2) := HomC (c1, c2) = {HomCn (c1, c2)}n≥0 ∈ Ob (sSet) with composition

◦ : C∗ (c1, c2)× C∗ (c0, c1)→ C∗ (c0, c2)

Equivalently, simplicial categories are categories enriched in sSet.

If C is a simplicial category then C0 is called the underlying category of C.
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Intuition. HomC0 (c1, c2) are morphisms in C and HomCn (c1, c2) are higher homotopies between the mor-

phisms.

Remark 6.1. We can de�ne such enrichment for �large� categories. sSet is given by Ob (sSet) = Ob (sSet)

and

HomsSet (X,Y ) = Hom (X,Y ) = {HomsSet (∆ [n]×X,Y )}n≥0

which is a simplicial set.

De�nition 6.3. A simplicial functor F : C → D consists of two morphisms

F : Ob (C) −→ Ob (D) map of objects

C∗ (c1, c2) → C∗ (Fc1, F c2) map of simplicial sets

or equivalently, F = {Fn : Cn → Dn}n≥0.

De�nition 6.4. Given simplicial functors F,G : C → D, a simplicial natural transformation ξ : F ⇒ G

consists of the data

1. ξc : F0 ⇒ G0 natural transformation of functors between F0, G0 : C0 ⇒ D0.

2. s0 (ξc) : F1 ⇒ G1, · · · , sn0 (ξc) : Fn ⇒ Gn, · · ·

6.2 Barr-Beck Construction (canonical simplicial resolutions)

De�nition 6.5. A monad (triple) on a category C is given by an endofunctor T : C ⇒ C with two morphisms

η : IdC ⇒ T and µ : T ◦ T ⇒ T satisfying

1. associativity

T ◦ T ◦ T
Tµ +3

µT

��

T ◦ T
µ

��
T ◦ T

µ +3 T

2. unitality

T
ηT +3

Tη

��

T ◦ T
µ

��
T ◦ T

µ +3 T

Remark 6.2. This can be regarded as a �generalized� associative, unital algebras.

De�nition 6.6. A comonad (cotriple) on a category C is given by an endofunctor ⊥ : C ⇒ C with two

morphisms ε : ⊥ ⇒ IdC and δ : ⊥ ⇒ ⊥ ◦ ⊥ satisfying coassociative and counital diagrams.
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Main application

Given a pair of adjoint functors F : C // D : Uoo with unit η : IdC ⇒ UF and counit ε : FU ⇒ IdD, we

can de�ne

T = UF : C → C µ : T ◦ T ⇒ T,UFUF
UεF
=⇒ UF

⊥ = FU : D → D δ : ⊥ → ⊥ ◦ ⊥, FU FηU
=⇒ FUFU

Claim 6.1. (T = UF, η, µ) is a monad on C and (⊥ = FU, ε, δ) is a comonad in D.

Proof. Use identities 5 for adjunction morphisms. Then we have

(
FU

FηU⇒ FUFU
εFU⇒ FU

)
= IdFU(

UF
ηUF⇒ UFUF

UεF⇒ UF
)

= IdUF

which gives the unitality diagrams. The associativity diagram follows from naturality of the unit and counit

functors, i.e. we have

UFUFUFx
UFUεFx //

UεFUFx
��

UFUFx

UεFx
��

UFUFx
UεFx // UFx

and

FUy
FηUy //

FηUy

��

FUFUy

FUFηUy

��
FUFUy

FηUFUy// FUFUFUy

Example 6.1. We have an adjoint pair F : Set
//
R-Mod : Uoo where F (X) = R [X] is the free R-

module generated over the set X. Then

⊥ = FU : R-Mod → R-Mod

M 7→ R [M ]

where R [M ] is the free module on the underlying set of M .

Claim 6.2. Every monad in C gives a functor C → cC and every comonad gives a functor D → sD.

Proof. Given (⊥, ε, δ) on D, and A ∈ Ob (D), we de�ne

⊥∗ : D → sD

A 7→ ⊥∗A = {⊥nA}n≥0

67



6.2 Barr-Beck Construction (canonical simplicial resolutions) 6 HOMOTOPY COHERENT NERVES

where ⊥nA = ⊥n+1A and

di = ⊥i · ε · ⊥n−i : ⊥n+1A → ⊥nA

sj = ⊥j · δ · ⊥n−j : ⊥n+1A → ⊥n+2A

which is similar to the bar construction. Explicitly, ⊥∗A can be expressed as follows

⊥A ⊥2Aoo
oo ⊥3A · · ·oo

oo

oo

The simplicial identities are satis�ed because of the functoriality of units and counits and the identity for

adjunction morphisms. In particular, disj = Id, i = j, j + 1 follows from

(
FU

FηU⇒ FUFU
εFU⇒ FU

)
= IdFU(

FU
FηU⇒ FUFU

FUε⇒ FU
)

= IdFU

Example 6.2. [Dold-Kan] The adjoint pair

N : Ab∆op //
Ch≥0 (Ab) : Γoo

comes from a cosimplicial object

∆
∆∗−−→ sSet

Z[−]−−−→ sAb
N−→ Ch≥0 (Ab)

[n] 7→ ∆ [n] 7→ Z [∆ [n]] 7→ N∗ (Z [∆ [n]])

We apply this to the adjunction

F : Quiver
//
Cat : Uoo

where Quiver is the category of small re�exive directed graphs. A graph is called re�exive if for any vertex

v ∈ V (Γ) there is a speci�ed loop (di�erential graded) v ev−→ v called the identity di�erential graded on v.

U is the functor forgetting the composition law in a category but remembers objects, codomains, domains

of morphisms and identities.

For a quiver, F (Q) is the free category generated byQ, with objects the vertices inQ, Ob (F (Q)) = V (Q),

and (non-identity) morphisms are the paths of non-identity di�erential graded in Q, and composition ◦ is

the concatenation of paths.
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Example 6.3. If k is a �eld, k 〈Q〉 = k [F (Q)] is the algebra generated by the path category. If Q is �nite,

then k 〈Q〉 gives the path algebra of Q with unit 1 =
∑
v∈V

ev.

The adjunction F : Quiver
//
Cat : Uoo gives a functor ⊥ = FU : Cat → Cat which consists of a

comonad (cotriple) (⊥, ε, δ) on Cat, inducing a functor

Q : Cat→ sCat0

called the simplicial thickening of a category. Hence we can compose this with the functor ∆∗ : ∆ → Cat

to get a functor

C∆∗ : ∆ → sCat0

[n] 7→ Q−→n := ⊥∗−→n

and it follows that we have an adjoint pair

C : sSet
//
sCat0 : Noo

where

CX := Lh (C∆∗) (X) ∼= colim∆X (C∆∗)

Nn (C) := Fun (C∆n, C)

Theorem 6.1. [DS11] Proposition 3.8. For each n ≥ 0, C∆n is a simplicial category with objects Ob (C∆n) =

Ob (−→n ) = {0, · · · , n} and HomC∆n (i, j) ∼= N∗ (Pij) the ordinary nerve where Pij is the poset de�ned by all

nonempty subsets in the interval {k : i ≤ k ≤ j} ⊆ {0 < 1 < · · · < n}.

Remark 6.3. Note

1. If i > j then Pij = ∅ and Hom (i, j) = ∅.

2. If j > i, Pij is the product of j − i− 1 copies of [1] = {0 < 1}

3. HomC∆n (i, j) =


∆∗ [1]

j−i+1
j > i

∆∗ [0] j = i

∅ j < i

.

Vista. The adjoint pair C : sSet
//
sCat0 : Noo has natural model structures on both sSet and sCat0.

1. sCat0 has Dwyer-Kan model structure. F : C → D is a weak equivalence if

(a) F : HomC
∼−→ HomD is a weak equivalence.
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(b) π0 (F ) : π0C → π0D is an equivalence of categories.

2. sSet has model structure induced from the one on sCat0, which is very di�erent from the standard

ones.

3. Fibrant objects in sSet are exactly quasi-categories.

4. C : sSet
//
sCat0 : Noo is a Quillen pair. Quasi-categories and simplicial categories gives two

equivalent models of (∞, 1) categories.

Question. An object C ∈ Ob (Cat) induces two simplicial categories, ⊥∗C and C (N∗C), what is the relation

between them?

Theorem 6.2. [Riehl] ⊥∗C ∼= C (N∗C) for any C ∈ Ob (Cat).
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7 HOMOTOPY COLIMITS

7 Homotopy Colimits

The references for this part are [MS09] and [DHKS04].

7.1 Symmetric Monoidal Categories

De�nition 7.1. A category S is called symmetric monoidal if

1. there is a bifunctor ⊗ : S × S → S called tensor product, and

2. there exists an object 1 ∈ Ob (S) called the unit object such that for any a, b, c ∈ Ob (S), there are

isomorphisms

a⊗ b ∼= b⊗ a

(a⊗ b)⊗ c αa,b,c−−−−→∼= a⊗ (b⊗ c)

1⊗ a λa−→∼= a
ρa−→∼= a⊗ 1

which are natural in a, b, c and compatible in the sense that 2 axioms triangle

(a⊗ 1)⊗ b
αa,1,b //

ρ−1
a ⊗Id %%

a⊗ (1⊗ b)

Id⊗λbyy
a⊗ b

and pentagon

(a⊗ (b⊗ c))⊗ d
αa,b⊗c,d

,,
((a⊗ b)⊗ c)⊗ d

αa,b,c⊗Id
22

αa⊗b,c,d, ))

a⊗ ((b⊗ c)⊗ d)

Id⊗αb,c,duu
(a⊗ b)⊗ (c⊗ d)

αa,b,c⊗d // a⊗ (b⊗ (c⊗ d))

holds.

De�nition 7.2. S is called closed if there exists a bifunctor

HomS (−,−) : Sop × S → S

such that

HomS (a⊗ b, c) ∼= HomS (a,HomS (b, c)) ,∀a, b, c ∈ Ob (S) .
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Thus there exists an (enriched) adjunction

−⊗ b : S // S : HomS (b,−)oo (7)

Note that there is a natural map (composition law)

◦ : HomS (b, c)⊗HomS (a, b) // HomS (a, c)

which is adjoint (under 7) to the composite map

HomS (b, c)⊗HomS (a, b)⊗ a

++

Id⊗ε // HomS (b, c)⊗ b

ε

��
c

via the adjunction map

HomS (HomS (b, c)⊗HomS (a, b)⊗ a, c)
∼=−→ HomS (HomS (b, c)⊗HomS (a, b) ,Hom (a, c)) .

De�nition 7.3. S is called Cartesian closed if ⊗ = × and 1 = ∗ the terminal object in S.

We will often abuse notation and write (S,×, ∗) in general.

7.2 Main Example

The category of simplicial set (sSet,×, ∗)

In S = sSet, the tensor product is given by

⊗ = × : sSet× sSet → sSet

(X,Y ) 7→ X × Y = {Xn × Yn}n≥0

and internal hom is given by

Hom : sSetop × sSet → sSet

(Y,Z) 7→ Hom (Y,Z) = {HomsSet (Y ×∆ [n] , Z)}

we have

Hom (X × Y, Z) ∼= Hom (X,Hom (Y,Z)) .

72



7.2 Main Example 7 HOMOTOPY COLIMITS

The composition ◦ : Hom (Y, Z)×Hom (X,Y )→ Hom (X,Z) is given explicitly by

((
Y ×∆ [n]

f−→ Z
)
,
(
X ×∆ [n]

g−→ Y
))
7→
(
X ×∆ [n]

Id×diag−−−−−→ X ×∆ [n]×∆ [n]
g×Id−−−→ Y ×∆ [n]

f−→ Z
)
.

Construction (smash product)

Let (S,×, •) be a complete and cocomplete Cartesian closed symmetric monoidal category. De�ne S• = • ↓ S

with objects
{
• f−→ v

}
v∈Ob(S)

. There is a canonical way to make this a symmetric monoidal category .

Given τv : • → v and τw : • → w in S• we de�ne

fv : v → v × • Idv×τw−−−−−→ v × w

fw : w → •× w τv×Idw−−−−−→ v × w

The smash product of v and w is given by the pushout

v ∧ w := co�b
(
fv
∐

fw

)
= colim

(
• ← v

∐
w

fv
∐
fw−−−−−→ v × w

)
.

v
∐
w //

��

v × w

��
• // v ∧ w

Dually we de�ne the internal hom by the pullback

HomS• (v, w) //

��

HomS (v, w)

(τv)∗

��
HomS (•, •)

(τw)∗ // HomS (•, w)

Then (S•,∧,1•,HomS•) is a closed symmetric monoidal category, called the category of based objects

in S.

There is an adjoint pair of functors

(−)+ : S // S• : Uoo

where (−)+ is strictly monoidal, 1• ∼= (•)+ and (v+ ∧ w+) ∼= (v × w)+.

Example 7.1.

1. (Top,×, •) =⇒ (Top•,∧,1•).
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2. (sSet,×, •) =⇒ (sSet+,∧,1•).

Let (S,×, •) be a closed symmetric monoidal category.

De�nition 7.4. An S-category is a categoryM enriched over S, thus

(S1) For any objects X,Y inM, there exists an object HomM (X,Y ) in S

(S2) For any objects X,Y, Z inM, there exists a morphism

cX,Y,Z : HomM (Y,Z)×HomM (X,Y )→ HomM (X,Z)

in S called composition law.

(S3) For any object X inM, there is a morphism iX : • → HomM (X,X) called unit.

(S4) There is an isomorphism

HomS (•,HomM (X,Y )) ∼= HomM (X,Y ) .

Thus the usual hom can be recovered from internal hom.

These data satisfy the compatibility axioms (triangle and pentagon) similar to the ones in S.

Example 7.2. For S = (sSet,×, •), the simplicial categoryM∈ Ob (sCat0) is S-enriched.

De�nition 7.5. An S-enriched category is called

1. tensored over S if there exists a bifunctor

� : S ×M→M

viewed as an action of S onM, such that

HomM (v � x, y) ∼= HomM (v,HomM (x, y)) .

2. cotensored over S if there exists a bifunctor

(−)
−

: Sop ×M→M

such that

HomM (v,HomM (x, y)) ∼= HomM (x, yv) .
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Example 7.3. Any cocomplete, complete, locally small category M is tensored and cotensored over S =

(Set,×, •).

� : Set×M → M (−)
−

: Setop ×M → M

(K,X) 7→
∐
k∈K

X (K,Y ) 7→
∏
k∈K

Y

Main application

Let S = (sSet,×, •) andM = sC = Fun (∆op, C), thenM has a canonical structure of simplicial category

tensored and cotensored over S.

• Tensor

� : sSet× sC → sC

(K,X) 7→ K �X =

{∐
Kn

Xn

}
n≥0

• Internal hom

HomsC (X,Y ) = {HomsC (∆ [n]�X,Y )}n≥0

Note that (K � L)�X ∼= K � (L�X) and ∆ [0]�X ∼= X ∼= ∗�X.

Remark 7.1. If M is tensored over sSet, then for any set K viewed as a discrete simplicial set and

X ∈ Ob (sC), we have K �X ∼=
∐
K

X because

K �X ∼= (K �∆ [0])�X ∼= K � (∆ [0]�X) =

(∐
K

∆ [0]

)
�X ∼=

∐
K

(∆ [0]�X) ∼=
∐
K

X.

• Fix K ∈ Ob (sSet), consider K �− : sC → sC. Since C is cocomplete, so is sC, hence K �− has right

adjoint de�ned by left Kan extension

sC Id //

K�−
��

sC

sC
LK�−(IdsC)

>>

Denote

Y K := LK�− (IdsC) (Y ) ,∀Y ∈ Ob (sC) ,

then by general properties of Kan extensions, we have

HomsC (K �X,Y ) ∼= HomsC
(
X,Y K

)
.
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This implies for any n ≥ 0,

HomsC (K �X,Y )n = HomsC (∆ [n]�K �X,Y ) ∼= HomsC (K �∆ [n]�X,Y )

∼= HomsC
(
∆ [n]�X,Y K

)
=: HomsC

(
X,Y K

)
n
.

Special cases

1. Let C = Set,M = sSet.

K �X :=

{∐
Kn

Xn

}
n≥0

= {Kn ×Xn}n≥0 = K ×X

Y K is de�ned by the formula

HomsSet (K �X,Y ) ∼= HomsSet

(
X,Y K

)
.

Put X = ∆ [n] , we have

(
Y K
)
n

= HomsSet

(
∆ [n] , Y K

) ∼= HomsSet (K �∆ [n] , Y ) = Hom (K,Y )n

so Y K = Hom (K,Y ).

2. Let C = Mod (R) where R is a unital (commutative) associative ring. Then
∐

=
⊕

. Let M =

sMod (R) ∼= Com≥0 (R). The tensor product is given by

⊕
: sSet× sMod (R) → sMod (R)

(K,X) 7→

{⊕
Kn

Xn

}
n≥0

= {R [Kn]⊗R Xn}n≥0

where R [Kn] is the free bimodule based on Kn. We need to check that this agrees with simplicial

operations. Internal hom is de�ned by

HomsMod(R) (X,Y ) :=
{
HomsMod(R) (R [∆ [n]]⊗R X,Y )

}
n≥0

.

And

Y K := HomsSet (X,Y )

where the R-module structure comes from the target.
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3. Let C = CommAlgk with k a commutative ring. M = sCommAlgk, then
∐

=
⊗

k. The tensor

product is given by

K �A ∼=

{⊗
Kn

A

}
n≥0

.

And internal hom is de�ned as

HomsCommAlgk (A,B) =

HomsCommAlgk

⊗
∆[n]

A,B


n≥0

.

4. C can be any algebraic category, e.g. Gr,Algk,Lie.

5. LetM = Top the category of compactly generated weak Hausdor� spaces, then we have

� : sSet×Top → Top

(K,X) 7→ |K| ×X

and

(−)
−

: sSetop ×Top → Top

(K,Y ) 7→ Y K := Map (|K| , Y )

Usually, Top is viewed as a topological category, but via the adjunction

|−| : sSet
//
Top : Soo

we can convert topological categories to simplicial ones. One key observation is that geometric real-

ization preserves product

|X × Y | ∼= |X| × |Y | .

7.3 Functor Tensor Product

Let S = (S,
⊗
,1) be a closed symmetric monoidal category and C be a small category. M is a cocomplete

S-category (tensored over S).

� : S ×M→M

De�nition 7.6. Given two functors G : Cop → S and F : C →M, de�ne

G�
C
F :=

∫ c∈Ob(C)
G (c)� F (c) = coeq


∐

f :c→c′
G (c′)� F (c)

f∗ //

f∗

//
∐

c∈Ob(C)

G (c)� F (c)


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where

f∗ : G (c′)� F (c)
G(f)�Id−−−−−→ G (c)� F (c) ↪→

∐
c∈Ob(C)

G (c)� F (c)

f∗ : G (c′)� F (c)
Id�F (f)−−−−−→ G (c′)� F (c′) ↪→

∐
c∈Ob(C)

G (c)� F (c)

Example 7.4. Let S = (Ab,
⊗

Z,Z) and M = S with HomS = HomAb = HomZ. S is enriched and

tensored over itself with � =
⊗

Z.

Take a unital associative ring R, we can think of R as the category with one object {∗} enriched over S.

A left module over R is an S-functor

F : R → Ab

∗ 7→ M

R 7→ End (M)

A right module over R is an S-functor

G : Rop → Ab

∗ 7→ N

Rop 7→ End (N)

Let's think of R as a monoid and take the underlying (unenriched) functors

F : R → Ab

G : Rop → Ab

Then

G�
R
F =

∫ R

N
⊗
Z
M ∼=

N
⊗

ZM

〈nr ⊗m− n⊗ rm〉
∼= N

⊗
R

M

is the usual tensor product of left and right modules.

Example 7.5. Let S = (sSet,×, ∗) and C be a small category. M is a simplicial category tensored over S.

Let F : C → M be any functor, and G : Cop → S, c 7→ ∗ be the constant functor at terminal object in S.

Then ∗�
C
F ∼= colimCF . This follows from two facts.

1. If S : Cop × C → D is constant at �rst argument, then coend (S) ∼= colim (S).

2. ∗ acts as an identity onM.

Intuition. In general for any G : Cop → sSet and F : C → M, G �
C
F can be thought as a colimit of F

�fattened up� by G.
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Example 7.6. Let C be a small category and M = S = sSet. For a �xed object c ∈ Ob (C), for any

F : C → sSet and hc = HomC (−, c) : Cop → Set ↪→ sSet, we have

hc �
C
F =

∫ d∈Ob(C)
hc (d)� F (d)

= coeq


∐

f :d→d′
HomC (d′, c)� F (d)

f∗ //

f∗

//
∐

d∈Ob(C)

HomC (d, c)� F (d)


= colimC/cF ∼= F (c)

This also follows from the next example when take G = IdC .

Dually, for any G : Cop → sSet and F = hc = HomC (c,−) : C → Set ↪→ sSet, we have G�
C
hc ∼= Gc.

Example 7.7. (Kan extension) Given

C F //

G
��

D

E
LG(F )

⇓η
??

the left Kan extension can be interpreted as a tensor product

LG (F ) (e) = (G ◦ he)�
C
F, e ∈ Ob (G) .

where G ◦ he = HomD (G (−) , e) : Cop → Set.

Proof. See later. We can also prove it by universal properties LG (F ) (e) ∼= colimG/e (F ).

(G ◦ he)�
C
F = coeq


∐

f :c→c′
HomC (G (c′) , e)� F (c)

f∗ //

f∗

//
∐

c∈Ob(C)

HomC (G (c) , e)� F (c)

 ∼= colimG/e (F )

7.4 Geometric Realization

Special case (classical geometric realization)

Given

∆
∆• //

h

��

Top

sSet

|−|=Lh(∆•)

⇓η
;;
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For X ∈ Ob (sSet), Lh (∆•) (X) ∼= colim∆X (∆•). Then

Lh (∆•) (X) ∼= HomsSet (∆ [·] , X)�
∆

∆• ∼= X �
∆

∆• =
∐
n≥0

Xn ×∆n/ 〈(x, f∗ (u)) ∼ (f∗ (x) , u)〉f∈Mor(∆)

where Xn is given the discrete topology.

In particular, if X : ∆op → Space is a simplicial space (Top or sSet) then |−| : Space∆op

→ Space is

given by

|X| := X �
∆

∆• =
∐
n≥0

Xn ×∆n/ ∼

where Xn ×∆n is given the product topology.

Internal geometric realization

LetM be a simplicial category enriched over S = sSet, we can de�ne

|−| : sM → M

X 7→ ∆ [−] �
∆op

X

where ∆ [−] : ∆→ sSet is a left ∆-module, or a right ∆op-module.

Example 7.8. LetM = Top and S = sSet, then we have

sSet×Top → Top

(K,Z) 7→ |K| × Z

is the usual geometric realization.

Example 7.9. Let M = sSet, X : ∆op → sSet is a bisimplicial category. X = {Xnm}n,m≥0 with

shj , d
h
i , s

v
j , d

v
i in the following diagram

X01

����

X11

������

oooo X21

���� ����

oooo
oo

X00 X10oooo X20oooo
oo

We have a functor

diag : sSet∆op

→ sSet

X∗∗ 7→
{
Xnn, di = dvi d

h
i , sj = svj s

h
j

}
n≥0

then |X| ∼= diag (X).
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7.5 Homotopy Colimits

Motivation

Question: Why do we need them?

These come from topology. Usually colimits are used to build complicated spaces from simpler ones by

�gluing�.

Example 7.10. colim
(
Dn i←↩ Sn−1 i

↪→ Dn
)
∼= Sn.

Problem arises if we want to glue homotopy types.

colim (Dn i←↩ Sn−1 i
↪→ Dn) = Sn

∼=↓ ‖ ↓∼= ∦

colim (∗ i←↩ Sn−1 i
↪→ ∗) = ∗

Moral. The objects (spaces) de�ned by colimits of diagrams, which are de�ned only up to homotopy, are

not well-de�ned, even up to homotopy type.

Homotopy colimits are replacements of usual colimits when we glue objects (spaces) together with homotopies

between gluing maps.

There is another use of homotopy colimits, they provide a natural way to deformation (�quantization�)

of objects.

Idea. If we want to deform an object (space), decompose (in a natural way) into a homotopy colimit and

then, instead of deforming the object itself, we deform the underlying diagram of homotopy colimits.

Example

Which diagrams do appear in practice?

Pushout diagram C = { • •oo // • }

1. Mapping Tori.

If f : X → X is a map of unpointed spaces, the mapping torus is de�ned by

T (X, f) := hocolim
{
X X

∐
X

(Id,f)oo (Id,Id) // X

}
∼= X × I/ (x, 0) ∼ (f (x) , 1)
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This comes with projection onto S1:

T (•, 1) := hocolim
{
• •

∐
•

(Id,f)oo (Id,Id) // •
}
∼= S1.

The commutative diagram

X

��

X
∐
X

(Id,f)oo (Id,Id) //

��

X

��
• •

∐
•

(Id,f)oo (Id,Id) // •

induces (by functoriality) the map of homotopy colimits T (X, f)→ T (•, 1) = S1.

If X is a closed n-dimensional manifold, f : X
∼−→ X is a smooth automorphism, then T (X, f) � S1

is (n+ 1)-dimensional manifold �bred over S1.

Example 7.11. Let Σ = Σg be a closed oriented surface of genus g ≥ 1.

MCG+ (Σ) =
{
ϕ : Σ

∼−→ Σ orientation preserving homeomorphism
}
/isotopy

for instance, MCG+ (Σ1) = SL2 (Z).

Theorem 7.1. Any orientable Σ-bundle over S1 has the form

Mϕ (Σ) = T (Σ, ϕ)� S1 (8)

for some ϕ ∈MCG+ (Σ).

Remark 7.2. Any Σ-bundle over S1 of the form 8 induces a short exact sequence

1→ π1 (Σ)→ π1 (Mϕ (Σ))→ π1

(
S1
)

= Z→ 0

thus

π1 (Mϕ (Σ)) ∼= π1 (Σ) o Z←↩ π1 (Σ) .

Corresponding to π1 (Σ) ⊆ π1 (Mϕ (Σ)) is an in�nite cyclic covering

Σ× R → Mϕ (Σ)

(x, λ) 7→ [(x, λ)]
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with

t : Σ× R → Σ× R

(x, λ) 7→ (ϕ (x) , λ+ 1)

then

Mϕ (Σ) ∼= Σ× R/ (x, λ) ∼ (ϕ (x) , λ+ 1) .

2. Suspension (unreduced)

ΣX = hocolim
{
• Xoo // •

}
=

X × I
((x, 0) ∼ (x′, 0) , (x, 1) ∼ (x′, 1))

3. Join operation

X ∗ Y = hocolim
{
X X × Y

p1oo p2 // Y

}
=

X
∐

(X × I × Y )
∐
Y

((x, 0, y) ∼ x, (x, 1, y) ∼ y)

Group Actions

If G is a discrete (or topological) group acting on a space X, then we have a natural diagram X : G →

Space and colimG (X) ∼= X/G.

The homotopy quotient (homotopy orbit space) is X/hG = XhG := hocolimG (X) = EG×G X.

Example 7.12. Let G be a discrete group.

1. G acts on {∗} trivially

∗ : G −→ Set ↪→ sSet

∗ 7−→ ∗

g 7−→ Id∗

then ∗/hG ∼= hocolimG (∗) ∼= BG.

2. G acts on G by left translation

G : G −→ Set ↪→ sSet

∗ 7−→ G

g 7−→

 Lg : G → G

h 7→ gh


then G/hG ∼= hocolimG (G) ∼= EG.
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3. G acts on G by adjoint action

Ad : G −→ Set ↪→ sSet

∗ 7−→ G

g 7−→

 Adg : G → G

h 7→ ghg−


then Ad/hG ∼= hocolimG (Ad) ∼= LBG the free loop space over BG.

Simplicial, cyclic colimits

Given a simplicial object X : ∆op → Set ↪→ sSet, ‖ X ‖= hocolim∆op (X) ' |X| (Bous�eld-Kan Theorem).

Given a cyclic object X : ∆Cop → Set ↪→ sSet, ‖ X ‖cy= hocolim∆Cop (X) ' |X|cy = ES1 ×S1 X

([FL91]).

Poset diagrams

Let C be a category associated to a poset. Many interesting spaces decompose into homotopy colimits of

poset diagrams.

Example 7.13. Let Bn be the poset of all nonempty faces in n-simplex, ordered by inclusion.

n = 1, the 1-simplex 0→ 1 gives B1 = {0, 1, 01}, |B1| = 22 − 1 = 3.

n = 2, the 2-simplex

1

��
0

@@

// 2

gives B2 = {0, 1, 2, 01, 02, 12, 012}, |B2| = 23 − 1 = 7.

Theorem 7.2. [Z83] Given X = {Xi}ni=0 n+ 1 spaces, de�ne

DX : Bn −→ Space

A 7−→
∏
i∈A

Xi

A ⊇ B 7−→

(
pAB :

∏
i∈A

Xi →
∏
i∈B

Xi

)

where pAB :
∏
i∈A

Xi →
∏
i∈B

Xi is the canonical projection. Then hocolimBn (X ) ∼= X0 ∗ · · · ∗Xn.

Assume Xi = S1,∀0 ≤ i ≤ n, we can modify DX (A) =
(
S1
)|A|

/diagS1, then hocolimBn

(
DX
) ∼= CPn.
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More generally, any toric variety can be decomposed in this way.

Example 7.14. n = 1. X = {X0, X1} and DX =

{
X0 X0 ×X1

p0oo p1 // X1

}
.

7.6 Homotopical Categories

De�nition 7.7. A homotopical categoryM is a category equipped with a class of morphismsW ⊆Mor (M)

called weak equivalences, such that

(W1) all identities are in W, ∀x ∈ Ob (M), Idx ∈ W.

(W2) 2-of-6 property holds: given a composable triple (f, g, h) inMor (M), if gf, hg ∈ W, then f, g, h, hgf ∈

W.

X
f //

gf   ''

Y

g

��

hg

  
Z

h // W

Remark 7.3.

1. Axioms 7.6 and 7.6 implies that all isomorphisms are in W.

If gf = IdX and fg = IdY then we have

X
f //

IdX   ''

Y

g

��

IdY

  
X

f // Y

thus f, g ∈ W.

2. Axiom 7.6 implies the usual 2-of-3 property.

If f, g ∈ W, then the diagram

X
f //

f   ''

Y

IdY
��

g

��
Y

g // Z

shows that gf ∈ W.

If f, gf ∈ W, then the diagram

X
IdX //

f   ''

X

f

��

gf

  
Y

g // Z
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shows that g ∈ W.

If g, gf ∈ W, then the diagram

X
f //

gf   ''

Y

g

��

g

��
Z

Id // Z

shows that f ∈ W.

This allows us to view W as a subcategory ofM, which is wide in the sense that it contains all objects in

M.

Example 7.15. Minimal homotopical category. Any categoryM can be viewed as homotopical if we take

W = Iso (M) the class of all isomorphisms. I-2ndeed, Iso (M) satis�es 2-of-6 property.

Given f, g, h ∈ Mor (M) such that hg, gf ∈ Iso (M), then γ = f (gf)
−1 is a right inverse of g, gγ = Id.

Note that g is monic (since if gf1 = gf2, then hgf1 = hgf2, so f1 = f2), hence γ is also a left inverse of g

(gγg = g implies γg = Id). Thus g is an isomorphism, and so are the others.

Remark 7.4. The fact that isomorphisms in any category satisfy 2-of-6 property is used to prove that

homotopy equivalences of spaces are weak homotopy equivalences. If there exists a pair of morphisms

f : X
//
Y : goo

such that gf ' IdX and fg ' IdY , then f∗ : πn (X,x) → πn (Y, f (x)) is an isomorphism for any n ≥ 0.

Since πn is homotopy invariant, f∗, g∗ are isomorphisms of groups.

πn (X,x)
f∗ //

∼= ''

πn (Y, f (x))

g∗

��

∼=

((
πn (X, gf (x))

f∗ // πn (Y, fgf (x))

Example 7.16. Any model categoryM is homotopical (or has the underlying homotopical category) with

the same class of weak equivalences. By Quillen axioms, the class of weak equivalencesW in a model category

M satis�es 2-of-3 property. But in fact, W satis�es 2-of-6.

Example 7.17. Diagrams in homotopical categories. If M is a homotopical category, and C is a small

category, thenMC := Fun (C,M) is a homotopical category with W
(
MC

)
de�ned objectwise.

(α : F ⇒ F ′) ∈ W
(
MC

)
⇔ ∀c ∈ Ob (C) , (αc : F (c)→ F ′ (c)) ∈ W.
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7.7 Homotopy Category

De�nition 7.8. Let (M,W) be a homotopical category, then homotopy category of M is Ho (M) :=

M
[
W−1

]
the formal localization ofM at W.

It comes with a localization functor γ : M → Ho (M) which is initial among all functors γ′ : M → N

such that γ′ (f) ∈ Iso (N ) ,∀f ∈ W.

Convention. (M,W) is called saturated if

γ (f) ∈ Iso (Ho (M)) =⇒ f ∈ W. (9)

Theorem 7.3. [Quillen] Any model category is saturated.

Lemma 7.1. If (M,W) is a category with a class of morphisms such that for any X ∈ Ob (M), IdX ∈ W

and the property 9 holds, then (M,W) satis�es 2-of-6, and thus is homotopical.

Proof. By 9, W = {f ∈Mor (M) |γ (f) ∈ Iso (Ho (M))}. Given f, g, h ∈ Mor (M), if gf, hg ∈ W, then

γ (gf) , γ (hg) ∈ Iso (Ho (M)), so γ (f) , γ (g) , γ (hgf) ∈ Iso (Ho (M)), hence f, g, hgf ∈ W.

Corollary 7.1. [Q67] Any model category is homotopical.

Question. Given a saturated homotopical category, does it come from a model category?

Example: Noncommutative Poisson structure (not yet from model structure)

Let k be a �eld of characteristic zero. If A is a commutative algebra over k, then a Poisson structure on A

is a bracket

{−,−} : A×A → A

(a, b) 7→ {a, b}

such that

1. (A, {−,−}) is a Lie algebra.

2. {−,−} satis�es Leibniz rule, {a, bc} = {a, b} c+ b {a, c} ,∀a, b, c ∈ A.

Question: how to extend this de�nition to NC algebras?

Naive de�nition (forgetting A us commutative) as above is very restrictive.

Theorem 7.4. [FL98] If A is a noncommutative Noetherian domain, then any Poisson structure {−,−} on

A is a (scalar) multiple of [−,−] : A×A→ A, (a, b) 7→ ab− ba.
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Let DGAk be the category of di�erential graded associative k-algebras. For A ∈ Ob (DGAk), we have

A =
⊕
i∈Z

Ai, Ai ·Aj ⊆ Ai+j

equipped with di�erential d : A→ A, d2 = 0, |d| = −1, satisfying

d (ab) = d (a) · b+ (−1)
|a|
a · db,∀a, b ∈ A.

Goal. de�ne a Poisson structure on A.

Idea. instead of A, we put a di�erential graded Lie algebra structure on A\ := A/ [A,A] where [A,A] =

Spank
{

[a, b] = ab− (−1)
|a||b|

ba, a, b ∈ A
}
.

Although A\ is not an algebra, it is naturally a chain complex with di�erential induced from the di�erential

on A. Indeed,

d ([a, b]) = d (ab)− (−1)
|a||b|

d (ba)

= d (a) · b+ (−1)
|a|
a · d (b)− (−1)

|a||b|
(
d (b) · a+ (−1)

|b|
b · d (a)

)
=

[
d (a) · b+ (−1)

(|a|−1)|b|
b · d (a)

]
+ (−1)

|a|
[
a · d (b) + (−1)

(|b|−1)|a|
d (b) · a

]
= [d (a) , b] + (−1)

|a|
[a, d (b)] ∈ [A,A]

Hence d : A\ → A\, a 7→ d (a) is well-de�ned.

If (V, dV ) is any complex, then the graded endomorphism ring is

End (V ) =
⊕
n∈Z

End (V )n ,End (V )n = {f : V → V |f (Vi) ⊆ Vi+n,∀i ∈ Z} =
∏
i∈Z

Homk (Vi, Vi+n) .

The degree of an endomorphism |f | = n if f ∈ End (V )n.

De�ne d : End (V )→ End (V ) by d (f) = [dV , f ] = dV ◦ f − (−1)
|f |
f ◦ dV , then

d2 (f) = [dV , [dV , f ]] =
[
dV , dV ◦ f − (−1)

|f |
f ◦ dV

]
= d2

V ◦f−(−1)
|f |−1

dV ◦f◦dV−(−1)
|f |
dV ◦f◦dV−f◦d2

V = 0

since d2
V = 0, so d is a di�erential. This makes End (V ) a di�erential graded algebra with unit IdV and

hence a di�erential graded Lie algebra with bracket

[f, g] = f ◦ g − (−1)
|f ||g|

g ◦ f, ∀f, g ∈ End (V ) .
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If V = A is a di�erential graded algebra, then End (V ) contains a canonical di�erential graded Lie

subalgebra Der (A) consisting all graded k-linear derivations of A. Recall that a derivation of degree r on

A is a k-linear map δ : A→ A such that δ ∈ End (A)r and satis�es δ (ab) = δ (a) · b+ (−1)
|a|·r

a · δ (b). Note

that Der (A) acts on A naturally so that A becomes a di�erential graded Lie module over Der (A).

Consider Der (A)
\

= {δ ∈ Der (A) |δ (A) ∈ [A,A]}. This is a di�erential graded Lie ideal in Der (A)

since for any δ ∈ Der (A) , d ∈ Der (A)
\

[δ, d] (A) = δ (d (A))− (−1)
|δ||d|

d (δ (A)) ⊆ δ ([A,A])− (−1)
|δ||d|

d (A) ⊆ [A,A] .

De�ne Der (A)\ := Der (A) /Der (A)
\ be the quotient algebra. The action of Der (A) on A induces a

Lie action of Der (A)\ on A\ so that

ρ : Der (A)\ −→ End (A\)

δ
(

mod Der (A)
\
)
7−→

 ρ (δ) : A\ → A\

a 7→ δ (a)


is Lie algebra homomorphism.

De�nition 7.9. A noncommutative Poisson structure on A is given by a di�erential graded Lie algebra

structure on A\

{−,−} : A\ ×A\ → A\

such that the corresponding adjoint representation

ad : A\ −→ End (A\)

a 7−→
(
{a,−} : b 7→

{
a, b
})

factor through ρ, i.e.

A\
ad //

α
##

End (A\)

Der (A)\

ρ

88

where α : A\ → Der (A)\ is a Lie algebra homomorphism.

Exercise 7.1. If A is commutative, this de�nition agrees with the classical one.

Proof. If A is commutative, A\ = A, the adjoint representation is in fact a derivation on A, i.e. the bracket

{−,−} satis�es Leibniz rule.
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Exercise 7.2. Let k be a �eld of characteristic zero. Repeat this construction for simplicial algebras sAlgk

so that N : sAlgk → DGAk.

Example: Kontsevich's Bracket

Let A = k 〈x1, · · · , xn〉 be a free algebra of rank n.

A =
⊕
l≥0

A(l), A(l) = Spank (noncommutative monomials of length i in x1, · · · , xn)

Note for each i ≥ 0, there exists a cyclic operation

τl : A(l) → A(l)

w = v1 · · · vl 7→ vlv1 · · · vl−1

Example 7.18. n = 3, w = x2
1x

3
3x2, τ6 (w) = x2x

2
1x

3
3.

Consider Nl = 1 + τl + · · ·+ τ l−1
l : A(l) → A(l).

De�nition 7.10. A cyclic word in A of length l is a ∈ A(l) such that Nl (a) = a. De�ne

Acyc :=
⊕
l≥0

Acyc(l) ⊆ A

the subspace spanned by all cyclic words.

Lemma 7.2. The natural map Acyc ↪→ A� A\ is an isomorphism of graded vector spaces.

Fix x = xi, i = 1, · · · , n and de�ne the cyclic derivative

∂
∂x : A → A

w = v1 · · · vl 7→
∑
vm=x

vm+1 · · · vlv1 · · · vm−1

Example 7.19. A = k 〈x1, x2, x3〉 and x = x1, then

∂

∂x

(
x2

1x2x1x3

)
= x1x2x1x3 + x2x1x3x1 + x3x

2
1x2.

This induces a well-de�ned map ∂
∂xi

: A\ → A\. Now let A = k 〈x1, x2〉 and de�ne

{−,−}\ : A\ ×A\ → A\(
a, b
)

7→
(
∂a
∂x1

∂b
∂x2
− ∂a

∂x2

∂b
∂x1

)
mod [A,A]
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Theorem 7.5. This de�nes a Poisson structure on A = k 〈x1, x2〉.

Proof. We need to check
(
A\, {−,−}\

)
is a Lie algebra, and the adjoint representation factors through

Der (A)\.

Bilinearity and Alternativity are obvious. Jacobi identity

{
a,
{
b, c
}
\

}
\

+
{
c,
{
a, b
}
\

}
\

+
{
b, {c, a}\

}
\

= ∂a
∂x1

∂
∂x2

(
∂b
∂x1

∂c
∂x2
− ∂b

∂x2

∂c
∂x1

)
− ∂a

∂x2

∂
∂x1

(
∂b
∂x1

∂c
∂x2
− ∂b

∂x2

∂c
∂x1

)
+

∂c
∂x1

∂
∂x2

(
∂a
∂x1

∂b
∂x2
− ∂a

∂x2

∂b
∂x1

)
− ∂c

∂x2

∂
∂x1

(
∂a
∂x1

∂b
∂x2
− ∂a

∂x2

∂b
∂x1

)
+

∂b
∂x1

∂
∂x2

(
∂c
∂x1

∂a
∂x2
− ∂c

∂x2

∂a
∂x1

)
− ∂b

∂x2

∂
∂x1

(
∂c
∂x1

∂a
∂x2
− ∂c

∂x2

∂a
∂x1

)
= 0

The adjoint action δa = {a,−}\ satis�es that δa
(
bc
)

= δa
(
b
)
· c+ b · δa (c).

Question. where does it come from?

For a �nite dimensional vector space V ,

|−|V : Algk → CommAlgk

A 7→ O (RepV (A))

we can think of this functor as a realization (like geometric realization of simplicial sets), then a a NC Poisson

structure induces a unique classical Poisson structure on |A|V for any V and in a sense, this is the weakest

structure on A that does this.

Derived Poisson Algebras

De�nition 7.11. A di�erential graded Poisson algebra is a di�erential graded algebra A equipped with

a NC Poisson structure. A morphism of di�erential graded Poisson algebra is a morphism f : A → B of

di�erential graded algebras such that f\ : A\ → B\ is a morphism of di�erential graded Lie algebras. Write

DGPAk for the category of di�erential graded Poisson algebras.

DGAk and DGLAk are both (co�brantly generated) model categories with weak equivalences being

quasi-isomorphisms and �brations being degreewise surjective maps. Note that there are two forgetful

functors

DGPAk

U

xx

(−)\

&&
DGAk DGLAk
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De�nition 7.12. f is a weak equivalence in DGPAk if both U (f) and (f)\ are weak equivalences in DGAk

and DGLAk respectively.

Proposition 7.1. DGPAk is a saturated homotopical category.

Proof. We need to showW the class of weak equivalences in DGPAk is saturated, i.e. γ (f) is an isomorphism

in Ho (DGPAk) := DGPAk

[
W−1

]
if and only if f ∈ W.

Take f such that γ (f) is an isomorphism in Ho (DGPAk). Since U, (−)\ preserves weak equivalences,

they induce

Ho (DGPAk)

γU

vv

γ(−)\

((
Ho (DGAk) Ho (DGLAk)

so γ (Uf) and γ (f\) are isomorphisms in Ho (DGAk) and Ho (DGLAk) respectively. By Quillen's theorem,

U (f) and (f)\ are weak equivalences, so f is a weak equivalence.

Conjecture 7.1.

1. DGPAk has a natural (co�brantly generated) model structure with weak equivalences being W.

2. This model structure should be �minimal� in the sense that there is a functor

DGPAk → DGAk ×h
CDGAk

CDGPAk

where CDGPAk is the category of commutative di�erential graded Poisson algebras and ×h is the

homotopy �bre product (in the sense of Töen[2006] such that the induced map between homotopical

categories is an isomorphism

Ho (DGPAk)
∼−→ Ho

(
DGAk ×h

CDGAk

CDGPAk

)
.

Remark 7.5. Töen's construction. Given

M2

F2

��
M1

F1 //M3

whereM1,M2 are model categories, F1, F2 are (Quillen) functors, de�ne the categoryM1×h
M3

M2 to be the

category with

Objects:
{

(A1, A2, A3, u1, u2) , Ai ∈ Ob (Mi) , F1 (A1)
u1−→ A3

u2←− F2 (A2)
}
.
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Morphisms: f = (f1, f2, f3) ∈Mor (A1)×Mor (A2)×Mor (A) such that

F1 (A1)
u1 //

F (f1)

��

A3

f3

��

F2 (A2)
u2oo

F2(f2)

��
F1 (B1)

v1 // B3 F2 (B2)
v2oo

commutes.

Theorem 7.6. [Töen]

1. M1 ×h
M3

M2 is a model category with levelwise weak equivalences.

2. For any �nite dimensional vector space V , (V = kn, n ≥ 0), there is a left Quillen functor

(−)V : DGAk −→ CDGAk

A 7−→ O (RepV (A))

This induces a homotopy �bred category

DGAk ×h
CDGAk

CDGPAk
//

��

CDGPAk

U

��
DGAk

(−)V // CDGAk

De�nition 7.13. A derived Poisson algebra is an object A ∈ Ob (Ho (DGPAk)) such that A\ = A/ [A,A]

is equipped with {−,−}\ : A\ ×A\ → A\ compatible with di�erential graded algebra structure.

Proposition 7.2. The reduces cyclic homology HC∗ (A) of any derived Poisson algebra carries a natural

graded Lie algebra structure.

Proof. See later.

Theorem 7.7. If A is any derived Poisson algebra, then for any V , the representation homology HR∗ (A, V )
GL(V )

carries a unique graded Poisson structure such that the derived character map

TrV (A) : HC∗ (A)→ HR∗ (A, V )
GL(V )

is a Lie algebra homomorphism.
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Example: Poisson algebra

Take A = C∞
(
R2
)
or A = k [x, y] (k ⊇ Q). R2 is a symplectic manifold with ω = dx ∧ dy. A is a

commutative Poisson algebra with

{−,−} : A×A → A

(f, g) 7→ ∂f
∂x

∂g
∂y −

∂g
∂x

∂f
∂y

To de�ne NC Poisson structure, we need to replace A = k [x, y] with co�brant (or free) resolution.

Consider R = k 〈x, y, t〉 with dt = [x, y] , |x| = |y| = 0, |t| = 1, then we have a co�brant resolution

R � A

x, y 7→ x, y

t 7→ 0

Note R0 = k 〈x, y〉, by earlier example, (R0)\ carries a Lie algebra bracket de�ned in terms of cyclic derivatives

(Kontsevich bracket). It turns out that {−,−}\ can be extended to (homologically) graded setting:

{−,−}\ : R\ ×R\ → R\

so that {−,−}\ |0 is the Kontsevich bracket.

This makes R a derived Poisson algebra.

Question: what does this induce on HC∗ (A) = HC∗ (R)?

By HKR theorem, since A is smooth of dimension 2,

HC∗ (A) = HC0 (A)⊕HC1 (A)

where HC0 (A) = A = A/k · 1 and HC1 (A) = Ω1 (A) /dΩ0 (A) = Ω1 (A) /dA.

Ω• (A) is the de Rham algebra with Ω1 (A) = {fdx+ gdy, f, g ∈ A}, Ω0 (A) = A.

HC∗ (A) = A⊕ Ω1 (A) /dA is a graded Lie algebra where

{−,−}\ : HC∗ (A)×HC∗ (A)→ HC∗ (A)
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has only two components

{−,−}\ |0 : HC0 (A)×HC0 (A) → HC0 (A)(
f, g
)

7→ {f, g}

the classical Poisson bracket, and

{−,−}\ |1 : HC0 (A)×HC1 (A) → HC1 (A)(
f, ω

)
7→ Lθf (ω)

where f = f ( mod k) in A, and ω = fdx+ gdy ( mod dA) 1-form, θf = {f,−} = ∂f
∂x

∂
∂y −

∂f
∂y

∂
∂x .

Example: Quillen's rational homotopy theory. (String topology).

Let Top1 be the category of 1-connected topological spaces of �nite rational type (i.e. dimQHi (X,Q) <

∞,∀i. De�ne the rational homotopy

Ho
(
Top1

)
Q := Top1

[
W−1

Q
]

where

f : X → Y ∈ WQ ⇐⇒ fi : πi (X)
⊗
Z

Q ∼−→ πi (Y )
⊗
Z

Q,∀i ≥ 0

as Q-vector spaces.

Theorem 7.8. Ho
(
Top1

)
Q
∼= Ho

(
DGLAred

Q

)
where DGLAred

Q is the category of reduced di�erential graded

Lie algebras a =
⊕
i>0

ai, a0 = 0.

For any 1-connected topological space X, there exists a reduced di�erential graded Lie algebra aX which

is a complete homotopy invariant.

Example 7.20. Let X = Sn, n ≥ 0, aSn = the free graded Lie algebra L (x) with single generator of degree

|x| = n− 1 with trivial di�erential d = 0. There is a Whitehead product

H∗ (aSn) ∼= π∗ (ΩX)
⊗
Z

Q ∼= π∗+1 (X)
⊗
Z

Q.

Theorem 7.9. [Jones, 1985] The reduced cyclic homology of the universal enveloping algebra of aX is weak

equivalent to the S1-equivariant reduced homology of the free loop space LX = Map
(
S1, X

)
with coe�cients

in Q,

HC (UaX) ' HS1

∗ (LX,Q) = H∗

(
ES1 ×

S1
LX

)
.
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There is a natural �bration

X ' ES1 × LX → ES1 ×
S1
LX π−→ ES1 ×

S1
{∗} = BS1,

so H
S1

∗ (LX) = Ker (π∗).

Theorem 7.10. If X is a closed oriented 1-connected manifold of dimension d ≥ 2, then UaX ∈ Ob (Ho (DGAk))

has a natural derived Poisson structure of degree 2− d.

Proof. (Sketch) A theorem of Lambrechts�Stanley (2008) says that there is a �nite dimensional cochain

commutative di�erential graded algebra A over Q such that C∗ (X,Q) ' A, where C∗ (X,Q) is the di�erential

graded algebra of singular cochains in X with the usual cup product. It comes with a cyclic pairing from

Poincaré duality:

〈−,−〉 : A⊗A→ A

of cohomological degree n = −d. �Cyclic� means 〈a, bc〉 = ±〈ca, b〉 where ± is the Koszul sign.

Take C = A∗ = HomQ (A,Q). Since A is �nite dimensional, this is a cocommutative coassociative

di�erential graded coalgebra with coproduct dual to the product on A, such that C∗ (X,Q) ' C equipped

with cyclic pairing C ⊗ C → C of homological degree n = −d. Then

UaX ∼= Ω (C) = (TkC [−1] , d) =: (R, d)

is the algebraic cobar construction on C, with d coming from ∆ : C → C ⊗ C and dC .

The construction with cyclic derivatives can be generalized to the graded free algebra R = C [−1],

depending on 〈−,−〉 on C, and compatible with dR. This gives a natural Poisson bracket on R\, making

UaX a derived Poisson algebra.

Theorem 7.11. Under Jone's isomorphism, HC∗ (UaX) ∼= H
S1

∗ (LX,Q), a graded Lie algebra structure on

HC∗ (UaX) corresponds exactly to the Chas-Sullivan (string topology) Lie algebra structure on H
S1

∗ (LX,Q).

Remark 7.6. The Chas-Sullivan bracket was originally de�ned geometrically in terms of transversal inter-

section product on chains on LX.

The theorem gives a (more) algebraic way to de�ne Chas-Sullivan structure.

Problem 7.1. There is a Hodge decomposition on HC∗ (UaX) which gives

H
S1

∗ (LX,Q) ∼=
⊕
p≥1

H
S1,(p−1)

∗ (LX,Q)
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where H
S1,(p−1)

∗ (LX,Q) are the eigenspaces of endomorphisms coming from S1 → S1, eiϕ 7→ einϕ, n = p−1.

Probe that the Chas-Sullivan bracket preserves Hodge decomposition.

Proof. See [BRZ].

7.8 Derived Functors

Let (M,WM) , (N ,WN ) be homotopical categories,.

De�nition 7.14. A functor F :M→N is homotopical if F (WM) ⊆ WN .

By universal property of localization, it induces a commutative diagram

M F //

γ

��

N

δ

��
Ho (M)

F // Ho (N )

Note that F is homotopical if and only if δF is homotopical (if Ho (N ) id viewed as a homotopical

category with WHo(N ) = Iso (Ho (N )).

Example 7.21. Let A,B be abelian categories (e.g. A = B = Mod (Z)) and M = Com+ (A) ,N =

Com+ (B). Take an additive functor F : A → B , we can extend it to F• :M→N .

If we take weak equivalences to be chain homotopy equivalences (f : X• → Y• such that there exists

g : Y• → X•, fg ' IdY and gf ' IdX), then F• is homotopical.

If we choose weak equivalences to be quasi-isomorphisms, then F• is usually not homotopical (unless it

is exact).

Example 7.22. LetM be a homotopical category and C a small category, thenMC is a homotopical category

with objectwise weak equivalences,

WMC := {α : F ⇒ F ′|∀c ∈ Ob (C) , (αc : F (c)→ F ′ (c)) ∈ WM} .

In general, colimC :MC →M is not homotopical.

TakeM = Top1 and C = {• ← • → •},

F :

α

��

Dn

'

��

Sn−1? _oo � � // Dn

'

��
F ′ : • Sn−1oo // •
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then

colimC (α) : colimC (F ) ∼= Sn 6'−→ colimC (F ′) ∼= •

is not a weak equivalence.

It is a philosophy of homological algebra to replace non-homotopical functors with universal homotopical

approximation.

De�nition 7.15. [Quillen] A total left derived functor of F :M→N is de�ned by the right Kan extension

M F //

γ

��

N δ // Ho (N )

Ho (M) LF :=Rγ(δF )

==
η

7?

which comes together with a natural transformation η : LF ◦ γ ⇒ δF (left approximation).

De�nition 7.16. [DHKS04] A left derived functor of F :M→N is a functor LF :M→ Ho (N ) together

with composition morphism η : LF ⇒ δF such that

1. LF is homotopical.

2. η is terminal among all homotopical functors G :M→ Ho (N ) with η̃ : G⇒ δF .

G
η̃ +3

∃! �%

δF

LF

η

9A (10)

Note by universal property of localization γ :M→ Ho (M), giving LF is equivalent to giving LF , both

are de�ned uniquely up to unique isomorphism.

It's convenient-although not always possible-to lift LF to the level of homotopical categories.

De�nition 7.17. A pointwise left derived functor of F :M→N is a functor LF :M→N given together

with LF ⇒ F such that η = LF := δLF ⇒ δF is a derived functor in the sense of De�nition 7.16.

M
LF
''

F

77�� N δ // Ho (N )

Note LF may or may not exist, and if it does, it is de�ned only up to homotopy.
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Derived Functors Via Deformations

Question. How to construct derived functors?

Idea. If F :M→N is not homotopical, we can restrict F to a subcategoryMQ ofM consisting of �good�

objects, �adjusted� for F in the sense that F :MQ ↪→M→N becomes homotopical.

De�nition 7.18. Let M be a homotopical category. A left deformation of M is a pair (Q, q) where

Q : M → M is an endofunctor on M and q : Q ⇒ IdM which is a natural weak equivalence, i.e. for any

X ∈ Ob (M), (qX : QX → X) ∈ WM.

Note that Q is automatically homotopical. Indeed, for any f : X → Y inM, there is a commutative diagram

QX
Qf //

qX o
��

QY

o qY
��

X
f // Y

If f ∈ WM, then QF ∈ WM by 2-of-3.

De�nition 7.19. Given a left deformation (Q, q) of M, call any full subcategory MQ ⊆ M such that

Im (Q) ⊆MQ to be a left deformation retract ofM with respect to (Q, q).

Lemma 7.3. IfMQ is any left deformation ofM, then i :MQ →M induces an equivalences of categories

i : Ho (MQ)
'−→ Ho (M) .

Proof. We have two opposite functors

i :MQ
//M : Qoo

which are both homotopical, and hence induce

i : Ho (MQ)
//
Ho (M) : Qoo

which are inverse equivalences.

Example 7.23. IfM is a co�brantly generated model category, then Quillen's small object argument implies

that co�bration/trivial �bration factorization (MC5) can be made functorial: there exists Q :M→M with

q : Q⇒ IdM for any X ∈ Ob (M). We have the functorial co�brant replacement

∅ �
� // QX ∼

qX // // X .
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Hence (Q, q) is a left deformation ofM. MQ is the full subcategory of co�brant objects.

De�nition 7.20. Given F : M → N , a left F -deformation is a left deformation (Q, q) such that F |MQ
:

MQ ↪→M→N is homotopical. If such a left deformation exists for F , F is called left deformable.

Exercise 7.3. A left deformation (Q, q) is an F -deformation if and only if

1. FQ is homotopical,

2. FqQ : FQ2 ⇒ FQ is a natural equivalence of functors.

Proof.

Exercise 7.4. Any left deformable F has a maximal subcategoryMQ ⊆M such that F |MQ
is homotopical.

Proof.

Theorem 7.12. [DHKS04] If F :M→N admits a left deformation (Q, q) then LF := δFQ :M Q−→M F−→

N δ−→ Ho (N ) together with η := δFq : LF ⇒ δF de�ne the left derived functor of F.

Proof. We need to show 2 things.

1. LF is homotopical.

LF can be factored as

M

Q !!

Q //M F // N
γ // Ho (N )

MQ

?�

i

OO

F |MQ

==

where each component is homotopical, so LF is homotopical.

2. For any η̃ : G⇒ δF with G homotopical, the unique factorization 10 exists.

Since G is homotopical and q is a natural weak equivalence, Gq : GQ ⇒ G is an isomorphism of

functors. Indeed, for any X ∈ Ob (M),
(
qX : QX

'−→ X
)
∈ WM, and since G is homotopical,(

GqX : GQX
'−→ GX

)
∈ WHo(N ) = Iso (Ho (N )), so Gq : GQ ⇒ G is an isomorphism of functors.

Thus there exists (Gq)
−1

: G⇒ GQ, and the commutative diagram

G
η̃ +3 δF

GQ

∼=Gq

KS

η̃Q+3 δFQ = LF

η=δFq

KS
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give us the factorization of

η̃ : G
(Gq)−1

+3 GQ
η̃Q+3 δFQ = LF

η +3 δF

as η̃ = η ◦ ζ with ζ := η̃Q ◦ (Gq)
−1 .

It remains to show the uniqueness of ζ. Take any factorization ζ̃,

G
ζ̃ +3

η̃ �%

δFQ

η=δFq

��
δF

Note this yields

GQ
ζ̃Q +3

η̃Q �&

δFQ2

ηQ=δFqQ

��
δFQ

Since F |MQ
is homotopical, ηQ is a natural weak equivalence and hence isomorphism of functors

(because Ho (N ) is minimal). This means that ηQ is invertible, so ζ̃Q is uniquely determined by η̃.

By naturality, we have

GQ

Gq ∼=
��

ζ̃Q +3 δFQ2

∼= ηQ

��
G

ζ̃ +3 δFQ

in which both vertical arrows are isomorphisms, so ζ̃ is uniquely determined by ζ̃Q and hence η̃.

Remark 7.7. The argument shows that LF := FQ is a pointwise left derived functor.

Consider the 2-category HomCatL with

Objects(0-cells): 4-tuples (M,MQ, Q, q)

HorizontalMorphisms(1-cells): deformable functors F :M→M′.

VerticalMoprhisms(2-cells): any natural transformation

M
F ((

F ′
77�� α M′ .
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There is a pseudo-functor

L : HomCatL −→ Cat

M 7−→ Ho (M)

(F :M→M′) 7−→ (LF : Ho (M)→ Ho (M′))

(α : F ⇒ F ′) (Lα : LF ⇒ LF ′)

Proof is similar to Hovey's Theorem 1.3.7.9 for left Quillen functors in case of model categories.

The important point is, if F :M→M′, G : F :M′ →M′′ such that

M F //M′ M′ G //M′′

MQ
//?�

OO

M′Q′
?�

OO

M′Q′ //
?�

OO

M′′Q′′
?�

OO

i.e. F mapsMQ toM′Q′ on which G is homotopical. Then LF := FQ and LG := GQ′ compose to

LG ◦ LF = (GQ′) ◦ (FQ) '
Gq′FQ +3 GFQ =: L (GF ) .

So (LG) ◦ (LF ) ∼= L (GF ), but this is in general, not true.

Proposition 7.3. If F is left deformable, then LF : Ho (M)→ Ho (N ) is pointwise right Kan extension,

M F //

γ

��

N δ // Ho (N )

Ho (M)

LF :=RγF

55

i.e. LF can be computed as a limit in Ho (N )

Rγ (δF ) ∼= lim
γX\γ

(
γX\γ U−→M δF−−→ Ho (N )

)
,

even though Ho (N ) is not complete.

We can consider right deformation R :M→M and r : IdM ⇒ R such that

De�nition 7.21. F :M // N : Goo is deformable if F is left deformable and G is right deformable.

Theorem 7.13. [DHKS04] If F :M // N : Goo is deformable , then LF and RG exist and the adjunction
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descends to homotopical categories

LF : Ho (M)
//
Ho (N ) : RGoo .

Example 7.24. Quillen pairs between model categories.

Example 7.25. Representation functor (−)G : sGr→ sCommAlgk is not left Quillen but left deformable.

We will study this example in detail in the next part.

Examples of Derived Functors

Classical derived functors

Let A be an associative unital ring or k-algebra. LetM = Com+ (A) be the category of chain complexes

of left A-modules andWM be the class of all quasi-isomorphisms inM. (M,WM) is a homotopical category.

We want to construct a left deformation Q :M→M with q : Q⇒ IdM which is adjusted to any additive

functor on M. This is given by the classical (2-sided) bar construction. We recall (Quillen's approach to)

this construction.

Let's start with a map of A-bimodules ε : E → A and de�ne a di�erential graded algebra as follows.

Take TAE =
⊕
n≥0

(
E
⊗
A

E
⊗
A

· · ·
⊗
A

E

)
︸ ︷︷ ︸

n

with di�erential d : TAE → TAE of degree −1 extending ε, for

any (z1, · · · , zn) ∈ E
⊗

AE
⊗

A · · ·
⊗

AE,

d (z1, · · · , zn) =

n∑
i=1

(−1)
i−1

(z1, · · · , zi−1ε (zi) , zi+1, · · · , zn)

where we use the natural isomorphism

E
⊗
A

A
⊗
A

E ∼= E
⊗
A

E

(z1, a, z2) 7→ (z1z, z2) = (z1, az2)
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Then

d2 (z1, · · · , zn) =

n∑
i=1

(−1)
i−1

d (z1, · · · , zi−1ε (zi) , zi+1, · · · , zn)

=

n∑
i=1

i−2∑
j=1

(−1)
j−1

(−1)
i−1

(z1, · · · , zj−1ε (zj) , zj+1, · · · , zi−1ε (zi) , zi+1, · · · , zn)+

n∑
i=2

(−1)
i−2

(−1)
i−1

(z1, · · · , zi−2ε (zi−1) ε (zi) , zi+1 · · · , zn)+

n−1∑
i=1

(−1)
i−1

(−1)
i−1

(z1, · · · , zi−1ε (zi) ε (zi+1) , zi+2 · · · , zn)+

n∑
i=1

n∑
j=i+1

(−1)
j−2

(−1)
i−1

(z1, · · · , zi−1ε (zi) , zi+1, · · · , zj−1ε (zj) , zj+1, · · · , zn)

= 0

so (TAE, d) is a unital di�erential graded algebra.

Lemma 7.4. (Quillen) If ε is surjective, then (TAE, d) is acyclic, H∗ (TaE, d) = 0.

Proof. Fix z ∈ E ⊆ TAE of degree 1 such that dz = ε (z) = 1, then for any a ∈ TAE,

d (za) = d (z) · a+ (−1)
|z|
z · da = a− z · da.

So a = d (za) + z · da, hence the map a 7→ za is a contracting homotopy on TAE compatible with its right

A-module structure.

a � //0

ww

_

Id
��

da0

ww
za � // a = d (za) + z · da

Similarly, d (az) = d (a) · z+ (−1)
|a|
a, so a 7→ (−1)

|a|
az is a contracting homotopy on TAE compatible with

its left A-module structure.

Thus the homology of (TAE, d) is trivial.

Corollary 7.2. Any projective A-bimodule E with surjective A-bimodule map ε : E → A gives a projective

resolution (TAE)
+ ε−→ A where (TAE)

+
is the positive degree part of TAE.

Example 7.26. E = A⊗A, ε = m : A⊗A→ A is the multiplication on A. Then

BA• = (TA (A⊗A) , d = b)
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is the classical bar construction, with

BA0 = A

BAn = A⊗(n+1)

and di�erential b given by

b (a0, · · · , an) =

n−1∑
i=0

(−1)
i
(a0, · · · , ai−1, aiai+1, · · · , an).

Remark 7.8. Quillen's main observation was to build cyclic homology theory for algebras, we can start with

projective resolution of A of the form (TAE, d) associated with ε : E � A.

Remark 7.9. Notice that (TaE, d) ∼= hocolim
{
A TAE

(1,ε)oo (1,0) // A

}
where (1, ε) is the homomorphism

coming from the universal property of the tensor algebra. We think of ε as a deformation parameter.

To give a map f : TAE → B of algebras is equivalent to give

1. f0 : A→ B a map of algebras.

2. f1 : E → B a map of A-bimodules, where B is viewed as an A-bimodule via

a1 · b · a2 = f (a1) bf (a2) .

Then we have

TA : Bimod (A) 
 A ↓ Alg : U

fBf ← [
(
A

f−→ B
)

E 7→ (A→ TAE)

Example 7.27. Let A = O (X) ∼= k [q] where X = A1
k, then O (T ∗X) ∼= k [p, q].

O (T ∗X) = hocolim
{
A TAE

(1,0)oo (1,0) // A

}

for E = RHomAe (A,Ae) = A!. The homomorphism ε : E → A is in Db (Ae),

(ε : E → A) ∈ HomDb(Ae)
(
A!, A

) ∼= H0 (RHomAe (A,Ae) , A) = H0

(
A!!

L
⊗
Ae
A

)
∼= HH0 (A) ∼= A.

So the deformation parameters ε are exactly elements of the 0-th Hochschild homology, which in this case is

just A itself.

We have deformation

hocolim
{
A TAA

!
(1,~)oo (1,0) // A

}
∼= D~ (X) .
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Claim 7.1. The functorQ := BA⊗A− : Com+ (A)→ Com+ (A) with q =
{
qM : BA⊗AM

ε∗−→ A⊗AM ∼= M
}
M∈Ob(Com+(A))

is a left deformation ofM = Com+ (A), adjusted to any additive functor.

Proof. This is essentially an classical result from homological algebra.

1. qM is a natural quasi-isomorphism because TA (A⊗A)⊗AM is acyclic.

2. QM = BA⊗AM is a complex of free left A-modules and hence projective. TakeMQ to be the chain

complexes with projective terms, thenMQ ⊇ Im (Q).

3. Given another additive functor F : Mod (A)→Mod (A), the additive functor

F• : Com+ (A)→ Com+ (A)

preserves homotopy equivalences, so since any quasi-isomorphism between (nonnegatively graded) pro-

jective complexes is a homotopy equivalence, F•|MQ
is a homotopical functor.

Simplicial groups and spaces

Twisted Cartesian products and principal bundles

Let sGr = Fun (∆op,Gr) be the category of simplicial groups.

Let G∗ = {Gn}n≥0 ∈ Ob (sGr) and X∗ ∈ Ob (sSet).

De�nition 7.22. A twisting function τ : X∗ → G∗−1 is a family of maps {τn : Xn → Gn−1}n≥1 such that

d0 (τ (x)) = τ (d0x)
−1
τ (d1x)

di (τ (x)) = τ (di+1x) i ≥ 1

sj (τ (x)) = τ (sj+1x) j ≥ 0

τ (s0 (x)) = 1Gn ∀x ∈ Gn

De�nition 7.23. A (principal) twisted Cartesian product with �bre G∗ and base X∗, and twisting function

τ : X∗ → G∗−1 is a simplicial set E∗ = G∗ ×τ X∗ with

En := Gn ×Xn, n ≥ 0
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and

di (g, x) =


(τ (x) · d0g, d0x) i = 0,

(dig, dix) i > 0.

sj (g, x) = (sjg, sjx) j ≥ 0.

Proposition 7.4. Any principal G∗-�bration p∗ : E∗ → X∗ with right G∗ action on E∗ with local cross

section σ∗ : X∗ → E∗ (i.e. σn : Xn → En such that pnσn = IdXn and diσ = σdi,∀i > 0, sjσ = σsj ,∀j ≥ 0)

can be identi�ed with G×τ X → X where τ : X∗ → G∗−1 is determined by d0σ (x) = σ (d0x) · τ (x).

The classifying space of a simplicial group W

Given G∗ ∈ Ob (sGr), de�ne a reduced simplicial set W (G∗) by

W0 (G) := {∗} ,Wn (G) := Gn−1 ×Gn−2 × · · · ×Gn, n ≥ 0

with

s0 : W0 (G) → W1 (G)

∗ 7→ 1G0

d0 = d1 : W1 (G) → W0 (G)

g 7→ ∗

and for n ≥ 1,

d0 (gn−1, · · · , g0) = (gn−2, · · · , g0)

di+1 (gn−1, · · · , g0) = (dign−1, · · · , d1gn−i, gn−i−2 · d0gn−i−1, gn−i−3, · · · , g0)

s0 (gn−1, · · · , g0) = (1, gn−1, · · · , g0)

sj+1 (gn−1, · · · , g0) = (sjgn−2, · · · s0gn−j−1, 1, gn−i−2, · · · , g0)

This is a simplicial set with a twisting function

τn (G) : Wn (G) → Gn−1

(gn−1, · · · , g0) 7→ gn−1

Lemma 7.5. τ (G) is a universal twisting function in the sense that any principal twisted product G×τ X

can be induced from G∗ ×τ(G) X∗ by a unique classifying map X∗ 7→ W (G∗) given by

x ∈ Xn 7→
(
τ (x) , τ (d0x) , · · · , τ

(
dn−1

0 x
))
∈ Wn (G∗) .
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Example 7.28. If G∗ = {Gn}n≥0 is a discrete simplicial group, W (G) = B∗G the simplicial nerve of G,

then

G×τ(G)W (G) ∼= E∗G

Gn+1 ←→ En (G)

(g0, g0g1, · · · , g0 · · · gn) ←→ (g0, · · · , gn)

The Kan loop group of simplicial sets Conversely, given X∗ ∈ Ob (sSet0) a reduced simplicial set,

de�ne the Kan loop group of X, G (X)∗ ∈ Ob (sGr) by

Gn (X) := F 〈Xn+1〉 / (s0 (x) = 1,∀x ∈ Xn)

induced by

Bn = Xn+1\s0 (Xn) ↪→ Xn+1

(but {Bn} do not form a simplicial set), with

dGi (x) =


d1 (x) d0 (x)

−1
i = 0,

di+1x i > 0.

sGj (x) = sj+1x j ≥ 0.

De�ne

τ (X) : X∗ → G (X)∗−1

by

τn (X) : Xn ↪→ F 〈Xn〉� GXn−1.

Given X∗ ∈ Ob (sSet) and G∗ ∈ Ob (sGr) de�ne

Tw (X∗, G∗) := {twisting functions τ : X∗ → G∗} .

Theorem 7.14. There are natural bijections

HomsGr (GX∗, G∗)
∼−→ Tw (X∗, G∗)

∼←− HomsSet

(
X∗,WG∗

)
f 7→ f ◦ τ (X)

τ (G) ◦ g) ← [ g
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Hence we have adjunction

G : sSet0
//
sGr :Woo .

Theorem 7.14, proposition 7.4 and lemma 7.5 implies

Corollary 7.3. For �xed G∗ ∈ Ob (sGr) , X ∈ Ob (sSet), there is a natural bijection between the set of

twisting function Tw (X∗, G∗) and the isomorphism classes of pairs (E∗, G∗) where E∗ is a principal G∗-

bundle over X∗ with local section σ : X∗ → E∗. The bijection is given by

τ 7→ (G×τ X,σ)

where d0σn (x) = σn−1 (d0x) τ (x).

Our main theorem is the following.

Theorem 7.15. (Kan)

1. For X∗ ∈ Ob (sSet0) a reduced simplicial set and G∗ ∈ Ob (sGr), there are weak homotopy equivalences

of spaces

|G (X∗)| ' Ω |X∗|∣∣W (G∗)
∣∣ ' B |G∗|

This shows that the homotopy type of |G (X∗)| is the loop space of |X|, and the homotopy type of∣∣W (G∗)
∣∣ is the classifying space of |G∗|, which is the reason for the name of the two functors.

2. The adjoint functors
(
G,W

)
give Quillen pair of model categories

G : sSet0
//
sGr :Woo

and

Ho (sSet0) ∼= Ho (sGr) .

Relation to spaces

Recall the singular complex

S : Top −→ sSet

X 7−→ S (X)∗ = {HomTop (∆n, X)}n≥0

109



7.9 Free Diagrams 7 HOMOTOPY COLIMITS

and the Eilenberg subcomplex

ES : Top∗ −→ sSet

(X, ∗) 7−→ ES (X)∗ = {f ∈ HomTop (∆n, X) |f (ei) = ∗,∀0 ≤ i ≤ n}n≥0

Lemma 7.6. (Eilenberg) If (X, ∗) is connected, then ES (X)∗ ↪→ S (X)∗ is a weak equivalence of simplicial

sets, i.e.

|ES (X)∗| ' |S (X)∗| ' X.

Corollary 7.4. Let Top0,∗ be the category of pointed connected spaces, then

|−| : sSet0
//
Top0,∗ : ESoo

is an adjoint pair which is Quillen equivalence,

Ho (sSet0) ∼= Ho
(
Top0,∗

)
.

A consequence is

Ho (sGr) ∼= Ho (sSet0) ∼= Ho
(
Top0,∗

)
G (ES (X)∗) ← [ ES (X)∗ ←[ X

For reduced CW complexes, we can construct much smaller simplicial group models.

7.9 Free Diagrams

Let I be a small (indexing) category, C be any category with all small colimits (hence products).

CI = Fun (I, C) is the category of I-diagrams in C, which can be thought of as I-modules.

Question. What are free I-diagrams (i.e. analogue if free modules)?

Let IS be the category I �made discrete�, with

Objects: Ob
(
IS
)

= Ob (I).

Morphisms: HomIS (i, j) =


Idi i = j,

∅ i 6= j.
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De�nition 7.24. An I-diagram X : I → C is free if it is the left Kan extension

IS Y //� _

in

��

C

I
LinY∼=X

>>

i.e. for any i ∈ Ob (I),

X (i) ∼= colim(f :j→i)∈Ob(I/i)Y (j) ∼=
∐
f :j→i

Y (j)

the coproduct of Y (j) in C indexed by f : j → i in I.

Example 7.29. Let C = Set and I be any small category. X : I → Set is free if there exists a sequence of

objects S ⊆ Ob (I) such that

X ∼=
∐
s∈S

hs

where hs := HomI (s,−) : I → Set consists of the elementary free diagrams.

For example, let I = {1← 0→ 2}. the I-diagrams in Set are

X =

{
X1 X0

f1oo f2 // X2

}
.

When is it free (in terms of f1, f2)?

First, let's take a look at the elementary diagrams.

h0 =
{
• ∅ �

� //? _oo ∅
}

h1 = { • • �
� //? _oo • }

h2 =
{
∅ ∅ �

� //? _oo •
}

Hence X is free if and only if both f1, f2 are injective.

Example 7.30. Let C = sSet and I be any small category. For

X∗ : I → sSet

i 7→ X∗ (i) = {Xn (i)}n≥0

or equivalently,

X∗ = {Xn : I → Set}n≥0

X∗ is free if and only if Xn is free in Set, ∀n ≥ 0.
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Example 7.31. Let C = Cat and I be any small category, for any functor

X : I → Cat

i 7→ X (i)

it consists of the following data,

Ob (X) : I → Set

i 7→ Ob (X (i))

Mor (X) : I → Set

i 7→ Mor (X (i))

Thus X is free if and only if both Ob (X) and Mor (X) are free in Set.

Example 7.32. Let C = Grp ⊂ Cat be the category of small groupoids. X : I → Grp is free if and only

if Ob(X) : I → Set is free.

A free diagram of groupoids need not to be free as a diagram of categories.

Simplicial Diagrams

Let ∆+ ⊆ ∆ be the subset of surjective maps in ∆ (i.e. Mor (∆+) are generated by codegeneracy maps

sj : [n+ 1]→ [n] , 0 ≤ j ≤ n, n ≥ 0).

De�nition 7.25. A simplicial object X : ∆op → C is called semifree if

X|∆op
+

: ∆op
+ → Set

is a free diagram.

Assume that C has adjunction to sets,

F : Set
// C : Uoo

then we can make this de�nition explicitly.
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X : ∆op → C is semifree if and only if X|∆op
+

: ∆op
+ → Set factors as

X|∆op
+

: ∆op
+

//

∃B %%

C

Set

F

??

Example 7.33. Let Γ∗ : ∆op → Gr be a simplicial group, then Γ∗ is semifree if and only if there exists a

subset Bn ⊆ Γn,∀n ≥ 0 such that

1. Γn = F 〈Bn〉.

2. B =
⋃
n≥0

Bn is closed under sj : Γn → Γn+1, i.e. sj (Bn) ⊆ Bn+1,∀0 ≤ j ≤ n, n ≥ 0.

Example 7.34. The Kan loop group of a reduced simplicial set X ∈ Ob (sSet) is semifree.

G (X)n = F 〈Xn+1〉 / (s0x = 1,∀x ∈ Xn) ∼= F 〈Bn〉

where Bn = Xn+1\s0 (Xn).

De�nition 7.26. If Γ∗ is semifree, then we can de�ne

Bn := Bn\
n−1⋃
j=0

sj (Bn−1)

the set of nondegenerate generators of Γ in degree n, and

B :=
⋃
n≥0

Bn.

Note that this gives a semifree simplicial group Γ∗, we need to specify the set B and the values of face

maps di : Γn → Γn−1 on Bn, {
di (x) ∈ Γn−1, x ∈ Bn

}
n≥1

.

De�nition 7.27. (Kan) A set of nondegenerate generators of semifree Γ∗ is called CW basis if di (x) = 1 ⊆

Γn−1,∀x ∈ Bn, 0 ≤ i ≤ n− 1 (not including n).

Recall we have

Ho (sGr) ∼= Ho (sSet0) ∼= Ho
(
Top0,∗

)
G (ES (X)∗) ← [ ES (X)∗ ←[ X

Γ∗ is called a simplicial group model of X if its homotopy type corresponds to X under the above functor.
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For any X we have a �big� functorial model given by

Γbig
∗ (X) := G (ES (X)∗) .

One of the main observation of Kan is the following theorem.

Theorem 7.16. Let X be a reduced CW complex, (sk0 (X) = {∗} , skn (X) = X,∀n � 0). There exists

Γsmall
∗ (X) a semifree simplicial group model of X such that

1.
∣∣Γsmall
∗ (X)

∣∣ ' ΩX.

2. Γsmall
∗ (X) has a CW basis B =

⋃
n≥0Bn such that there is a one-to-one correspondence

Bn−1
oo // {n-dimensional cells in X}

for any n ≥ 1.

The corresponding attaching element dn (x) , x ∈ Bn−1 depends only on the homotopy class of attaching maps

[f ] ∈ πn−1 (skn−1X) of X.

Example 7.35. Let X = S1, then Γ∗ (X) = {F1}n≥0.

7.10 Homotopy 2-types

Moore Complexes

A simplicial group Γ∗ induces a chain complex of nonabelian groups

NnΓ =

n⋂
i=1

Ker (di : Γn → Γn−1) , i 6= 0

in the following way.

If x ∈ NnΓ, then di (x) = 1,∀i > 0,and thus dkd0x = d0dk+1x, ∀k > 0. Hence d0x ∈ Nn−1Γ, and

d2
0x = d1d0x = 1. Therefore we have a chain complex

N∗Γ =

{
N0Γ N1Γ

doo N2Γ · · ·doo
}

where d = d0|NnΓ, n ≥ 0.

Theorem 7.17. (J. C. Moore) There are natural isomorphisms π∗Γ := π∗ (|Γ|) ∼= H∗ (N∗Γ, d).
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Remark 7.10. |Γ| is a topological group.

Corollary 7.5. If X is pointed connected space, let Γ∗ = Γ∗ (X) be a simplicial group model of X, then

πi (X) ∼= πi−1 (Γ∗ (X)) ∼= Hi−1 (N∗Γ, d) ,∀i ≥ 1.

Proof. By Kan's theorem, ΩX ' |Γ∗ (X)|, then

πi (X) ∼= πi−1 (ΩX) ∼= πi−1 (|Γ∗ (X)|) ,∀i ≥ 1.

Homotopy 2-types

De�nition 7.28. A connected space X is called homotopy n-type (n-coconnected) if πi (X) = 0,∀i ≥ n+ 1.

Write Ho
(
Top≤n0,∗

)
the homotopy subcategory of n-types.

Since Ho
(
Top0,∗

) ∼= Ho (sGr) a natural question is to characterize the image of Ho
(
Top≤n0,∗

)
in

Ho (sGr).

For n = 1, we have aspherical spaces with

Ho
(
Top≤1

0,∗

)
∼= Gr

X 7→ π1 (X)

BΓ ←[ Γ

so Ho
(
Top≤1

0,∗

)
can be identi�ed with discrete simplicial groups Γ∗ = {Γn}n≥0.

If Γ8 is a discrete simplicial group, then

NnΓ =


Γ n = 0,

1 n 6= 0.

and the Moore complex is

N∗Γ =
{

1 Γoo 1oo 1 · · ·oo
}
.

We want a similar characterization for Ho
(
Top≤2

0,∗

)
. This is given in terms of crossed modules of groups.
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7.11 Crossed Modules

Recall if A,G are �xed groups with A being abelian, then it is well-known that the equivalence classes of

extensions

ξ :=

 0 // A
i // E

π
// G //

s
yy

0


are in bijection with cohomology classes in H2 (G,A).

To give a class in H2 (G,A), choose a section G s−→ E such that πs = IdGand s (1) = 1, and de�ne

G → Aut (A)

g 7→
(
Adg : a 7→ s (g) as (g)

−1
)

and

c : G×G → A

(g, h) 7→ s (gh) s (g)
−1
s (h)

−1

then c is a 2-cocycle, hence [c] ∈ H2 (G,A).

We want a similar interpretation of H3 (G,A).

De�nition 7.29. [Whitehead] A crossed module is a group homomorphism µ : M → N given together with

a left action

ρ : N ×M → M

(n,m) 7→ nm

or equivalently

ρ : N → Aut (M)

n 7→ (m 7→n m)

satisfying

1. µ (nm) = n · µ (m) · n−1 in N .

2. (Pei�er relation) µ(m)m′ = m ·m′ ·m−1 in M .

Remark 7.11. The following lifting property is equivalent to axioms 1 and 2.

Given any group homomorphism µ : M → N there is a natural commutative diagram

M
Ad //

µ

��

Aut (M)

��

m � //
_

��

Adm_

��
N

Ad //

ρ
;;

Aut (N) µ (m)
� // Adµ(m)
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then µ is a crossed module if and only if there is a lift ρ : N → Aut (M) making the diagram commutes.

Example 7.36. (Algebra) Let M E N be a normal subgroup, then i : M ↪→ N is a crossed module with

nm = n ·m · n−1.

Example 7.37. [Whitehead] (Topology) A Serre �bration

F
i // E

π // B

yields the natural crossed module

µ = π1 (i) : π1 (F )→ π1 (E) .

Example 7.38. (classical algebraic K-theory) If R is a unital ring, recall for n ≥ 3 we can de�ne the n-th

Steinberg group

Stn (R) =
〈xij (r) , r ∈ R, 1 ≤ i 6= j ≤ n〉

xij (r) · xij (s) = xij (r + s)

[xij (r) , xkl (s)] =


1 j 6= k, i 6= l

xil (rs) j = k, i 6= l

xkj (−rs) j 6= k, i = l


Note that the elementary matrices satisfy these relations.

So µn : Stn (R) → En (R) = [GLn (R) , GLn (R)] ↪→ GLn (R) is a well-de�ned group homomorphism.

We have a natural commutative diagram

Stn (R)
µn //

� _

in

��

GLn (R)� _

in

��
Stn+1 (R)

µn+1 // GLn+1 (R)

which induces

µ : St (R)→ GL (R)

where St (R) = lim−→
n

Stn (R) and GL (R) = lim−→
n

GLn (R).

This is naturally a crossed module with respect to the natural conjugation action of GL (R). This follows

from

Lemma 7.7. (Whitehead) Im (µ) = E (R) = [GL (R) , GL (R)] / GL (R).

Theorem 7.18. (Kervaire�Steinberg)
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1. St (R) is universal central extension of E (R).

2. There is an exact sequence

0 // K2 (R) // St (R) // E (R) // K1 (R) // 0

where Ki (R) , i = 1, 2 are the �rst and second algebraic K-theory groups of R.

Example 7.39. Any group object in Cat naturally determines a crossed module (i.e. HomCat (−,G) :

Cat→ Set factors through groups

Cat
HomCat(−,G) //

""

Set

Gr

<<

Note that N : Cat→ sSet the usual nerve functor is right adjoint, hence it maps group objects in Cat

to group objects in sSet, i.e. simplicial groups. N∗ (G) ∈ Ob (sGr). Take the Moore complex of N∗G,

N (N∗G) =

{
N0 N1

doo N2
doo · · ·oo

}

then d : N1 → N0 is a crossed module.

The Relation of Crossed Module with H3 (G,A)

Lemma 7.8. Given a crossed module
(
M

µ−→ N, ρ
)
, de�ne A := Ker (µ) and G = Coker (µ). Then

1. G and A are groups with A being an abelian central subgroup of M .

2. the action ρ : N ×M →M induces a well-de�ned action ρ : G×A→ A making A a G-module.

Proof. By axiom 1 n · µ (m) · n−1 ∈ Im (µ) for any m ∈ M,n ∈ N , so Im (µ) E N , thus G = N/Im (µ) is a

group.

By axiom 2, for any a ∈ A,m ∈ M , we have m =µ(a) m = a ·m · a−1, so [a,m] = 1, thus A is a central

subgroup of M .

The action ρ restricts to A since for any a ∈ A,n ∈ N , µ (na) = n · µ (a) · n−1 = 1 ∈ N , so na ∈ A.

Furthermore, for any m ∈ M , µ(m)a == m · a · m−1 = a, so Im (µ) acts trivially on A, thus the action

descends to ρ : G×A→ A making A a G-module.

Example 7.40. If we take the Steinberg crossed module St (R)
µ−→ GL (R), in this case G = K1 (R) and

A =K2 (R).
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Fix a group G and an abelian group A with a G-module structure, consider the set CrMod (G,A) of all

crossed modules
(
M

µ−→ N, ρ
)
with G = Coker (µ) and A = Ker (µ), and the induced action ρ being the one

given.

We say that two such crossed modules
(
M

µ−→ N, ρ
)
and

(
M ′

µ′−→ N ′, ρ′
)
are related if there exist group

homomorphisms α : M →M ′ and β : N → N ′ such that

0 // A // M //

α

��

N //

β

��

// G // 0

0 // A // M ′ // N ′ // G // 0

commutes.

Let CrMod (G,A) / ∼ be the set of equivalence of classes of crossed modules in CrMod (G,A) modulo

the equivalence generated by the above relation.

Proposition 7.5. (Mac Lane) There is a natural bijection

CrMod (G,A) / ∼∼= H3 (G,A) .

The cohomology class k (µ, ρ) ∈ H3 (G,A) corresponds to
(
M

µ−→ N, ρ
)
is called its Mac Lane invariant.

Topological interpretation. We need the notion of s classifying space for crossed modules.

Given a crossed module
(
M

µ−→ N, ρ
)
, de�ne a (small) category C = C (µ, ρ) as follows:

Objects: Ob (C) := N

Morphisms: Mor (C) := MoN whereMoN ∼= M×N as a set and composition is given by (m,n)·(m′, n′) =

(m ·n m′, nn′).

The source and target maps are

s : Mor (C) −→ Ob (C)

(m,n) 7−→ n

t : Mor (C) −→ Ob (C)

(m,n) 7−→ µ (m)n

so (m,n) ∈M oN corresponds to the arrow

n
(m,n)// µ (m)n .
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The composition is given by

(
µ (m)n

(m′,µ(m)n)
−−−−−−−−→ µ (m′)µ (m)n

)
◦
(
n

(m,n)−−−−→ µ (m)n

)
=

(
n

(m′m,n)
−−−−−−→ µ (m′m)n

)

The nerve N∗C of the category ;looks as follows

N0C = N .

N1C = M oN .

· · · .

NnC = M o (M o (· · ·o (M oN))) ∼= Mn ×N as a set.

All face and degeneracy maps di, sj are group homomorphisms, so N∗C is a simplicial group. We denote

this simplicial group by N//M ∈ Ob (sGr).

De�nition 7.30. (Mac Lane) The classifying space of the crossed module
(
M

µ−→ N, ρ
)
is

X (µ, ρ) := B |N//M |

the usual classifying space of a topological space |N//M |.

We want to understand the homotopy type of X (µ, ρ).

We will use the Kan loop group adjunction

G : sSet0
//
sGr : Woo .

In these terms, we can identify B |N//M | '
∣∣W (N//M)

∣∣, then use Kan's theorem. for any i ≥ 1,

πi (B |N//M |) ∼= πi
(∣∣W (N//M)

∣∣) ∼= πi−1

(
Ω
∣∣W (N//M)

∣∣) ∼= πi−1

(∣∣GW (N//M)
∣∣) ∼= πi−1 (|N//M |) ∼= Hi−1 (N• (N//M) , d)

where the second lats isomorphism follows from the fact that the unit of Kan loop adjunction is a weak

equivalence.

We need to see what is the Moore complex of N//M . Be de�nition, N//M looks as follows

N s0 // M oN

d0=t
oo

d1=soo

where s0 : N →M oN is the canonical inclusion so that d0s0 = d1s0 = IdN . Thus d0|N = d1|N = IdN .
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A straightforward calculation shows that N• (N//M, d) has the form

N Ker (d1) ∼= M
d=µoo 1oo 1oo · · ·oo

where d = d0|Ker(d1) = µ.

Claim 7.2. This is exactly the crossed module we start with.

Lemma 7.9. If Γ∗ is a simplicial group such that its Moore complex has length 1, then the following relation

holds.

Γ∗ =

 Γ0 s0 // Γ1

d0

oo

d1oo //
// · · ·oo

oo

oo


and [Ker (d0) ,Ker (d1)] = 1 in Γ1.

Proof. (Sketch).

For x ∈ Ker (d0) and y ∈ Ker (d1), we consider
[
s0 (x) s1 (x)

−1
, s0 (y)

]
∈ Γ2 then

d0

([
s0 (x) s1 (x)

−1
, s0 (y)

])
=
[
d0s0 (x) d0

(
s1 (x)

−1
)
, d0s0 (y)

]
=
[
x (s0d0x)

−1
, y
]

= [x, y] = 1

and

d1

([
s0 (x) s1 (x)

−1
, s0 (y)

])
=
[
d1s0 (x) d1

(
s1 (x)

−1
)
, d1s0 (y)

]
= [1, y] = 1

so by assumption [
s0 (x) s1 (x)

−1
, s0 (y)

]
∈ Ker (d0) ∩Ker (d1) = 1

Note

1 = d0

([
s0 (x) s1 (x)

−1
, s0 (y)

])
= [x, y] .

Lemma 7.10. In the case of simplicial group N//M , the commutator relation [Ker (d0) ,Ker (d1)] = 1 is

equivalent to the axiom 2 of crossed module.

Corollary 7.6. We have

π1 (B |N//M |) ∼= H0 (N• |N//M | , d) ∼= G

π2 (B |N//M |) ∼= H1 (N• |N//M | , d) ∼= A

πi (B |N//M |) = 0, i ≥ 3.
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Moreover, the action of π1 on π2 agrees with the G-module structure on A, and

H3 (Bπ1;π2) ∼= H3 (G;A)

Postnikov's k3-invariant ↔ k (µ, ρ)

Recall for any connected CW complex X, the Postnikov decomposition is given by

cosk1 (X) cosk2 (X)oooo cosk3 (X)oooo · · ·oooo Xoooo

such that

1. πi (X) ∼= πi (coskn (X)) , i ≤ n.

πi (coskn (X)) = 0, i > n.

2. For n ≥ 2, , there is a �bration

coskn−1 (X) coskn (X)oooo K (πn (X) , n)oo

with characteristic classes

kn+1 (X) ∈ Hn+1 (coskn−1 (X) ;πn (X))

called the (n+ 1)-th Postnikov invariants.

In our case, if X = X (µ, ρ) = B |N//M |, then we have

Bπ1 (X) = cosk1 (X) cosk2 (X)oooo cosk3 (X)oooo · · ·oooo Xoooo

the Postnikov invariant k3 ∈ H3 (Bπ1X,π2X) ∼= H3 (π1X,π2X) ∼= H3 (G,A) coincide with Mac Lane's

invariant.

As a summary, we have

Theorem 7.19. (Loday) The following are equivalent:

1. crossed modules of groups
(
M

µ−→ N, ρ
)

2. group objects in Cat

3. simplicial groups Γ∗ with Moore complex of length 1

Proof. We have construct the proof of 1 =⇒ 2 =⇒ 3 =⇒ 1 as follows.
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Given a crossed module of groups
(
M

µ−→ N, ρ
)
, we can de�ne a group object C (µ, ρ).

For a group object C, the nerve N∗C is a simplicial group with Moore complex of length 1.

The Moore complex of Γ∗

[
N = Γ0 M = Ker (d1)

µoo 1oo · · ·oo
]

gives a crossed module µ : M → N . Note the axiom 2 of crossed module is equivalent to [Ker (d0) ,Ker (d1)] =

1 in Γ1.

7.12 Homotopy Normal Maps

The references for this part are [FS10, FH11].

There is another view on this based on the notion of homotopy normal maps.

Motivation: recall an injective group homomorphism µ : M ↪→ N is normal if it is the kernel of some group

homomorphism N → Γ. Up to homotopy, and group homomorphism can be viewed as an inclusion, so

it's natural to ask how to extend this notion to an arbitrary homomorphism.

De�nition 7.31. A group homomorphism µ : M → N is homotopy normal if the corresponding map of

spaces Bµ : BM → BN is the map of a homotopy �bre of some �bration

BM
Bµ // BN

ν // X

where X is a pointed connected space. The homotopy class of ν is called the normal structure on µ.

Note if M E N is a normal subgroup in the normal sense, we have a canonical normal structure on µ : M ↪→

N , i.e. BN
p // B (N/M) where N

p // // N/M .

Theorem 7.20. [FS10] A group homomorphism µ : M → N is homotopy normal if and only if there is

an action ρ : N → Aut (M) making µ : M → N a crossed module. The corresponding space for which

BM → BN is the homotopy �ber map is B |N//M |, the classifying space of
(
M

µ−→ N, ρ
)
.

Alternative way to state this is in terms of homotopy colimits.
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Given µ : M → N , we can consider the diagram

µ : M −→ Cat ↪→ sSet

∗ 7−→ N

m 7−→

 lm : N → N

n 7→ µ (m)n


and take the homotopy quotient (Borel construction) to get a simplicial set

N//M = hocolimM (µ) = E∗M ×M N

with

(N//M)0 = M ×M N ∼= N

(N//M)n = M ×M M ×M · · · ×M M︸ ︷︷ ︸×MN
n+1

∼= Mn ×N

where N = (N//M)0 acts by right multiplication on (N//M)n, so we get an N -simplicial set.

Similarly, for any simplicial group Γ∗, Γ0 acts on the right via the degeneracy maps s0 on all Γn, so Γ∗

is a Γ0-simplicial set.

Theorem 7.21. µ : M → N is homotopy normal if and only if there is a simplicial group Γ∗ such that

Γ0
∼= N which extends to an isomorphism of Γ0-simplicial sets Γ∗

∼=−→ N//M .

Remark 7.12. This extends to other monoidal model categories.

Example 7.41. A map µ : M∗ → N∗ between simplicial groups is homotopy normal if there exists homotopy

�bration of simplicial sets

W (M∗)
Wµ−−→W (N∗)

µ−→ X∗.

Example of Crossed modules

If G is a group, z ∈ Z (G) is a central element, then the twisted nerve of G is a cyclic set

B∗ (G, z) : ∆Cop −→ Set

[n] 7→ Gn

such that B∗ (G, z) |∆op = B∗G. The cyclic action is

tn (g1, · · · , gn) =
(
z (g1 · · · gn)

−1
, g2, · · · , gn

)
.
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The cyclic realization of B∗ (G, z) is

X (G, z) = |B∗ (G, z)|cy := ES1 ×S1 |B∗ (G, z)| .

Question. what is the homotopy type of B∗ (G, z)?

Aside. Let C∗ = {Z/ (n+ 1)}n≥0 and X∗ be a cyclic set. We have a canonical map

C∗ ×X∗ → X∗

via the the action of Aut∆Cop ([n]) ∼= Z/ (n+ 1) on X∗, which is not a map of simplicial sets. So we

need to replace it by FUXn → Xn where

F : Set∆op //
Set∆Cop : Uoo .

Consider the crossed module

γ : Z −→ G

n 7→ zn

with the trivial G-action on Z.

X (G, z) ∼= B (G//Z) .

Thus

πi (X (G, z)) = 0 i ≥ 3

π1 (X (G, z)) = Cokerγ

π2 (X (G, z)) = Kerγ

If z is of �nite order,

X (G, z) ∼= B (G/ 〈z〉) .

Quillen's + Construction

We will work with pointed connected CW complexes. Given such a complex X, denote π := π1 (X, ∗).

Theorem 7.22. Let N E π be a normal perfect (i.e. [N,N ] = N) subgroup of π, then there exists a CW

complex X+
N with a map j : X → X+

N such that

1. π1 (j) : π � π1

(
X+
N

)
is surjective with Kerπ1 (j) = N .

2. j∗ : H∗ (X,Z)
∼−→ H∗

(
X+
N ,Z

)
is an isomorphism.
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Remark 7.13. The second condition can be restated as, for any π1

(
X+
N

)
-module A (local system on X+

N ),

j∗ : H∗
(
X+
N , A

) ∼−→ H∗ (X,A).

Idea. Add 2-cells to �kill� N ⊆ π and add 3-cells to neutralize the e�ect of 2-cells on homology groups.

Remark 7.14. There is an abstract analogue of this construction for various model categories (e.g. di�erential

graded Lie algebras) where �perfect� makes sense.

Analogy.

1. π∗ for spaces ←→ H∗ of di�erential graded objects.

2. H∗ for spaces ←→ Quillen's homology of di�erential graded objects.

Basic properties of + construction

(P1)
(
X+
N , j

)
is universal in Ho

(
Top0,∗

)
among all pairs of (Y, f : X → Y ) such that π1 (f) (N) = 1 in

π1 (Y ), in the sense

X //

j   

Y

X+
N

f̃

>>

where f̃ is unique up to homotopy.

(P2) If G is a group such that N = [G,G] is perfect, i.e. [[G,G] , [G,G]] = [G,G], then i : N ↪→ G induces

Bi : BN → BG which gives a universal covering α = (Bi)
+

: (BN)
+
N → (BG)

+
N

BN
Bi //

j
��

BG

j
��

(BN)
+
N

α // (BG)
+
N

Application. If R is a unital associative ring, de�ne GL (R) := lim−→
n

GLn (R) and E (R) := lim−→
n

En (R) E

GL (R) the elementary subgroup generated by elementary matrices.

Lemma 7.11. (Whitehead) The derived group of the stable general linear group is the group generated by

elementary matrices.

E (R) = [GL (R) , GL (R)] .

De�nition 7.32. (Quillen) For n ≥ 1, the higher algebraic K-theory

Kn (R) := πn

(
BGL (R)

+
)

126



7.12 Homotopy Normal Maps 7 HOMOTOPY COLIMITS

where the + construction is taken with respect to E (R).

Applying property 7.12 to En (R) E GL (R), we get BE (R)
+ → BGL (R)

+ which gives a universal covering

πn

(
BE (R)

+
)
−→ Kn (R) , n ≥ 2.

The Bous�eld-Kan Completion of A Space

The Bous�eld-Kan completion is a natural extension of pronilpotent completion of groups to spaces.

Recall, if F is a (discrete group), then the lower central series is given by

Γ = Γ1 D Γ2 D · · · D Γn D · · ·

where Γ1 = Γ,Γ2 = [Γ1,Γ] , · · · ,Γn = [Γn−1,Γ] , n ≥ 0.

Γ is abelian if and only if Γ2 = {1}.

Γ is nilpotent if and only if there exists n ≥ 2 such that Γn = {1}.

De�nition 7.33. The pronilpotent completion of Γ is

Γ̂ = C (Γ) := lim←−
n

Γ/Γn

with completion map

p : Γ → CΓ

γ 7→ (γΓ1, γΓ2, · · · )

where

· · · // Γ/Γ3
p2 // Γ/Γ2

p1 // Γ/Γ1 = 1 .

Explicitly,

CΓ =

(γ1, γ2, · · · , ) ∈
∏
n≥1

Γ/Γn|pn
(
γn+1

)
= γn,∀n ≥ 1

 .

The completion map p is universal among all maps Γ→ N .

Remark 7.15. In categorical terms, this can be de�ned as the right Kan extension of the inclusion of nilpotent

groups NGr �
� i // Gr along itself.

NGr� _

i

��

� � // Gr

Gr

Ri(i)=C

;;
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and

C (Γ) = lim
Γ↓NGr

(i) .

Next, recall the Kan loop group construction

G : sSet0
//
sGr : Woo .

Note

• πi (GX) = πi (Ω |X|) = πi+1 (|X|) ,∀i ≥ 0.

• X ∼−→WGX is a weak equivalence for any reduced simplicial set X.

• GWΓ
∼−→ Γ is a weak equivalence for any simplicial group Γ.

De�nition 7.34. The Bous�eld-Kan(integral) completion of a reduced simplicial set X is de�ned by

Z∞ (X) := WCG (X)

where C : sGr→ sGr is the degreewise pronilpotent completion. If X ∈ Ob
(
Top0,∗

)
, then

Z∞ (X) := |Z∞ (ES∗ (X))| .

Basic properties [BK]

(I1) [Lemma I 5.5, p25] For a map f : X → Y in sSet0, Z∞ (f) : Z∞ (X) → Z∞ (Y ) is a homotopy

equivalence if and only if f∗ : H∗ (X,Z)→ H∗ (Y,Z) is an isomorphism.

(I2) [Prop V 3.4, P34] For any reduced simplicial set X, the canonical map i : X → Z∞ (X) is a weak

equivalence if and only if X is nilpotent, i.e. π1 (X) is nilpotent and π1 (X) acts nilpotently on higher

homotopy groups πi (X) , i ≥ 2.

Proposition 7.6. [D. Farjoun] Let R be a unital associative ring, then there exists a natural homotopy

group equivalence

1.
∣∣Z∞WE (R)

∣∣ ∼= BE (R)
+
.

2.
∣∣Z∞WGL (R)

∣∣ ∼= BGL (R)
+
.

Moral. Z∞ can be viewed as a simplicial realization of + construction.
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Corollary 7.7. Kn (R) = πn
∣∣Z∞WGL (R)

∣∣ , n ≥ 1.

Corollary 7.8. The functor C : sGr → sGr has left deformation Q = GW : sGr → sGr and therefore it

has derived functor

LC : Ho (sGr)→ Ho (sGr)

such that

πnLC (GL (R)) ∼= Kn+1 (R) , n ≥ 0.

Remark 7.16. This applies to many functors on groups.
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Part IV

Derived Algebraic Geometry

8 Simplicial Presheaves

Motivation. In classical algebraic geometry, basic objects are schemes.

Fix a commutative ring k (base ring). Consider Schk the category of schemes over k and the Yoneda

embedding

Schk −→ Fun (Schopk ,Set)

X 7−→ hX

where hX is called the functor of points of X. X is determined by hX up to unique isomorphism.

We can re�ne Yoneda lemma in the following way.

Recall a�ne schemes over k are schemes of the form X = Spec (A) where A is a commutative k-algebra,

thus we have a functor

Spec : CommAlgk // Schk

with images being a�ne schemes.

Note we have

Schk
� � h//

h̄=Res◦h ..

Fun (Schopk ,Set)
Res // Fun (AffSchopk ,Set)

∼=
��

Fun (CommAlgk,Set)

where h̄ = Res ◦ h is the composition of Yoneda functor and restriction functor.

(Enhanced) Yoneda lemma. the restriction of the functor of points to commutative algebras

h̄ : Schk // Fun (CommAlgk,Set)

remains fully faithful. Thus the category of schemes over k can be identi�ed with a certain subcategory of

functors F : CommAlgk // Set .

Question. How to characterize this subcategory?
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Example 8.1. Every (co)representable functor

hA : CommAlgk −→ Set

B 7−→ HomCommAlgk (A,B)

is a scheme functor (such functors are exactly a�ne schemes).

For example, take X to be the elliptic curve de�ned by y2 = x3 + x2 + 1, then

h̄ : CommAlgk −→ Set

B 7−→
{

(x, y) ∈ B ×B|y2 = x3 + x2 + 1
}

However, not only representable functors may occur.

Example 8.2. Fix 0 < d < n, n ≥ 1 and consider the functor

Gr (d, n) : CommAlgk −→ Set

B 7−→ {rank d summands of B⊕n}(
B1

f−→ B2

)
7−→

 Gr (d, n) (B1) → Gr (d, n) (B2)

Q 7→ B2 ⊗B1
Q


This is the functor of points that represents the classical Grassmannian.

However, this is not a representable functor. .

Theorem 8.1. [Grothendieck] A functor F : CommAlgk // Set has the form hX for some X ∈

Ob (Schk) if and only if

1. F is a sheaf in the Zariski (Grothendieck) topology in AffSchk ∼= CommAlgopk .

2. There are commutative k-algebras Ai ∈ Ob (CommAlgk) and natural transformations αi ∈ F (Ai) ∼=

HomFun

(
hAi , F

)
such that for any �eld K ⊇ k,

F (K) =
⋃
i∈I

αi
(
hAi (k)

)

i.e. F (K) is covered bu hAi (K) via αi.
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Derived algebraic geometry. Generalize classical schemes (viewed as functors CommAlgk // Set

) in the following ways.

CommAlgk
schemes //

stacks

**

higher stacks

..

� _

i

��

Set� _

i

��
Grpd� _

nerve

��
sCommAlgk

derived schemes

88

derived stacks
// sSet

Goal. Need a homotopy theory on simplicial presheaves, local homotopy theory [Joyal & Jardine].

8.1 Grothendieck Topology

Motivation. If X is a topological space, we de�ne and then replace X by the category C = O (X) of open

sets in X.

Objects: open sets in X

Morphisms: HomC (U, V ) =


U ↪→ V U ⊆ V

∅ o.w.

Note

1. X is the terminal object in C.

2. For any �nite index set I, |I| <∞, ⋂
i∈I

Ui =
∏
i∈I

Ui.

3. For any index set I, ⋃
i∈I

Ui =
∐
i∈I

Ui.

4. A presheaf on X is a functor F : Cop → Set.

5. A sheaf on X is a presheaf F : Cop → Set such that for any U ⊆ X open and open covering {Ui}i∈I
of U , we have

F (U) ∼= eq

∏
i∈I

F (Ui)
//
//
∏
i,j

F (Ui ∩ Uj)

 .

Grothendieck's generalization of this notion of topology consists of replacing a space X (or the corresponding

category O (X)) by an abelian category C in which we specify a system of covering for each object U ∈ Ob (C),
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i.e. the data

cov (U) =
{
{Ui → U}i∈I ⊆Mor (C)

}
satisfying the following 3 axioms

T1. For any U ∈ Ob (C),
{
U

Id−→ U
}
∈ cov (U).

T2. For any f : V → U , and {Ui → U}i∈I ∈ cov (U), all �bre products {Ui ×U V → V }i∈I ∈ cov (V ), i.e.

pulling back of coverings are still coverings.

T3. For any {Ui → U}i∈I ∈ cov (U) and {Uij → Ui}j∈J ∈ cov (Ui), we have {Uij → U}(i,j)∈I×J ∈ cov (U).

Modi�cation.

C −→ Ĉ = Fun (Cop,Set)

U 7−→ hU

we can de�ne covering in terms of subfunctors of hU , called sieves.

Simplicial Presheaves

Let C be a category. Denote Pr (C) := Fun (Cop,Set) the category of presheaves on C. For X ∈ Ob (C),

hX := HomC (−, X) : Cop → Set is a presheaf on X. The assignment X 7→ hX gives a functor h : C ↪→ Pr (C).

Goal. De�ne derived stacks as functors sCommAlgk → sSet.

We approach this in two steps:

1. de�ne nonderived (higher) stacks as functor CommAlgk → sSet

2. extend this to sCommAlgk.

De�nition 8.1. A sieve over X ∈ Ob (C) is a presheaf u ∈ Pr (C) which comes with u ↪→ hX (subfunctor

of hX , i.e.u (Y ) ⊆ hX (Y ) ,∀Y ∈ Ob (C), and for all arrows f : Y ′ → Y of C, u (f) is the restriction of hf to

u (Y )).

Note u may or may not be representable,

De�nition 8.2. A Grothendieck topology T on C consist of the data, for any X ∈ Ob (C), there is a family

of sieves cov (X) over X (covereing sieves) satisfying

1. hX ∈ cov (X).
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2. For any f : Y → X and u ∈ cov (X), f∗ (u) = hY ×hX u ∈ cov (Y ).

f∗ (u) //

��

u� _

��
hY

hf // hX

3. For any u ∈ cov (X), and any sieve v ⊂ hX over X, if for any Y ∈ Ob (C) and any f ∈ u (Y ) ⊂

hX (Y ) = HomC (Y,X), f∗ (v) ∈ cov (Y ), then v ∈ cov (X).

Remark 8.1. The reason to use presheaves instead of objects in C to de�ne covering is that C is not cocomplete

(even coproducts may not exist). For example, let X be a topological space and C = O (X) the category of

open sets in X. If u1, u2 ∈ Ob (C), then u1

∐
u2 /∈ Ob (C), {u1, u2}is a covering of u if u1

⋃
u2 = u.

Question. How to associate to {u1, u2} a subfunctor v ⊂ hu?

v = coeq

{
hu1∩u2

i1 //

i2
// hu1

∐
hu2

}
↪→ hu

is a covering sieve.

De�nition 8.3. A sheaf on a Grothendieck site (C,T ) is a presheaf F : Cop → Set satisfying the sheaf

axiom: for any X ∈ Ob (C) and u ∈ cov (X), the inclusion u ↪→ hX induces a bijection of sets

F (X) ∼= HomPr(C) (hX , F )
∼−→ HomC (u, F ) .

Fact 8.1. The inclusion functor i : Sh (C) ↪→ Pr (C) has a left adjoint the shi��cation functor a : Pr (C)→

Sh (C) which is exact in the sense that it preserves all �nite limits. For F ∈ Ob (Pr (C)), aF is called the

associated sheaf of F .

Notation. Let sPr (C) be the category of simplicial presheaves, i.e. simplicial objects in Pr (C).

sPr (C) = Fun (∆op,Pr (C))

∼= Fun (∆op,Fun (Cop,Set))

∼= Fun (∆op × Cop,Set)

∼= Fun (Cop,Fun (∆op,Set))

= Fun (Cop, sSet)

Thus any object F ∈ Ob (sPr (C)) can be viewed as a functor F : Cop → sSet.
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De�nition 8.4. Let f : F ⇒ G be a morphism of presheaves in sPr (C). We say that

• f is a global weak equivalence if for any X ∈ Ob (C), (fX : FX → GX) ∈WE (sSet).

• f is a global �bration if for any X ∈ Ob (C), (fX : FX → GX) ∈ Fib (sSet).

• f is a global co�bration if it has LLP with respect to all acyclic �bration.

This makes sPr (C) a proper co�brantly generated model category.

It does not depend on T at all. We want to re�ne this such that it depends on T . For this, we need to

introduce homotopy sheaves of F ∈ Ob (sPr (C)).

Given F : Cop → sSet, de�ne the presheaf π̃0 (F ) ∈ Pr (C) by

π̃0 (F ) : Cop F // sSet
π0 //

|−| ""

Set

Top

π0

<<

For X ∈ Ob (C) choose p ∈ F (X)0 a 0-simplex in F (X) and for i ≥ 1, de�ne

π̃i (F, p) : (C/X)
op −→ Gr (⊆ Set)(

Y
f−→ X

)
7−→ πi (|F (Y )| , f∗ (p))

where

f∗ : F (X) → F (Y )

p 7→ f∗ (p)

Denote π0 (F ) := aπ̃0 (F ) , πi (F ) := aπ̃i (F, p) and re�ne to these as homotopy sheaves of F .

De�nition 8.5. (local model structure on sPr (F ) )) Given f : F ⇒ G in sPr (C) we say

• f is a local weak equivalence if

1. π0 (f) : π0 (F )→ π0 (G) is an isomorphism of sheaves, and

2. For any X ∈ Ob (C), p ∈ F (X)0 , i ≥ 1, and f induces isomorphisms πi (F, p)
∼−→ πi (G, f∗ (p)).

• f is a local co�bration if it is a global co�bration.

• f is a local �bration if it has RLP with respect to all local co�brations.

Theorem 8.2. [R. Jardine, A. Joyal] sPr (C) equipped with local weak equivalences, local co�brations, local

�brations, is a model category. We call it the local model structure on sPr (C).
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Hypercovering

Question. What are �brant objects?

The key is the notion of hypercovering [Verdier].

De�nition 8.6. A hypercovering of X ∈ Ob (C) is a simplicial presheaf H ∈ Ob (sPr (C)) with morphisms

p : H → hX (covering map) such that

1. For any n ≥ 0, the presheaf Hn : Cop H−→ sSet
(−)n−−−→ Set is a disjoint union of representable presheaves,

i.e. there exists Xn,i ∈ Ob (C) such that Hn =
∐
i hXn,i .

2. For any n ≥ 0, the map of presheaves

Hn
∼= Hom (∆ [n] , H) // Hom (∂∆ [n] , H)×Hom(∂∆[n],hX) Hom (∆ [n] , hX)

induces an epimorphism of associated sheaves.

Remark 8.2. ∆ [n] is the standard n-simplex

∆ [n] : ∆op → Set

[k] 7→ Hom∆ ([k] , [n])

and

Hom (∆ [n] , H) : Cop → Set

X 7→ Hom (∆ [n] , H (X))

Remark 8.3. Condition 2 can be equivalently restated as local lifting property: For any Y ∈ Ob (C), and any

commutative diagram

∂∆ [n] //
� _

��

H (Y )

p

��
∆ [n] // hX (Y ) = Hom (Y,X)

there is a covering sieve u ∈ cov (Y ) such that for any (f : U → Y ) ∈ u (Y ) ⊂ Hom (Y,X) there is a morphism

∆ [n]→ H (u) such that

∂∆ [n] //
� _

��

H (u)

��
∆ [n]

::

// hX (Y )

This is a local analogue of the lifting property characterizing acyclic �bration of sSet. In particular, p :

H → hX is a local weak equivalence.
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Remark 8.4. If n ≥ 2, condition 2 can be restated as: Hn → Hom (∂∆ [n] , H) induces an epimorphism of

associated sheaves. Note this statement is independent of X nor covering map.

Let F ∈ Ob (sPr (C)). For any X ∈ Ob (C) and hypercovering p : H → hX , de�ne an coaugmented

cosimplicial diagram of simplicial sets

F (H∗) : ∆ → Set

[n] 7→ F (Hn)

as follows.

For n ≥ 0, (p : H → hX)⇐⇒ {pn : Hn → hX} where hX ∈ Pr (C) ↪→ sPr (C).

Applying Hom (−, F ) and use condition (1)

F (X) ∼= Hom (hX , F )
p∗n(X)−−−−→ Hom (Hn, F ) = Hom

(∐
hXn,i , F

)
∼=
∏
F,i

Hom
(
hXn,i , F

) ∼= ∏F (Xn,i) =: F (Hn) .

Thus, we have a map of cosimplicial diagram in sSet

F (X)→ F (H∗)

so we have

α : F ⇒ hocolim
[n]∈∆

F (Hn) . (11)

Theorem 8.3. [DHI] An object F ∈ Ob (sPr (C)) is �brant if and only if

1. For any X ∈ Ob (C), F (X) is �brant in sSet, i.e. Kan complex.

2. For any X ∈ Ob (C) and any hypercovering p : H → hX over X, 11 is a weak equivalence of simplicial

sets.

De�nition 8.7. A simplicial presheaf F ∈ Ob (sPr (C)) is called a stack if it satis�es 2.

By theorem, the �brant objects of sPr (C) are all stacks.

Notation/Terminology.

1. Ho (sPr (C)) is the category of stacks (because every object is isomorphic to a �brant one). Stack,

morphisms, isomorphisms of stacks are all referred to Ho (sPr (C)).

2. For any F, F ′ ∈ Ho (sPr (C)), [F, F ′] := HomHo (F, F ′).
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Proposition 8.1. A presheaf F : Cop → Set (viewed as a constant simplicial presheaf) is a stack if and

only if it is a sheaf (in the usual sense).

Proof. This is because homotopy limits becomes limits and condition 2 becomes the usual sheaf axiom.

Moral. Condition 2 is homotopy (analogue of) sheaf axiom.

Put di�erently, a presheaf is �brant in sPr (C) if and only if it is a sheaf. Thus homotopy theory of sPr (C)

knows about the relation between sheaves and presheaves.

Corollary 8.1. Let F be an object in Pr (C) ↪→ sPr (C), and aF ∈ Sh (C) is the associated sheaf, then for

any G ∈ Ob (sPr (C)),

1. [G,F ] ∼= [G, aF ] ∼= HomsPr(C) (F, aF ).

2. Moreover, if G is an object in Pr (C) ↪→ sPr (C), then

[G,F ] ∼= [aG, aF ] ∼= HomsPr(C) (aG, aF ) ∼= HomPr(C) (G,F )

where the last isomorphism follows from the fact that Sh (C) is a full subcategory of Pr (C).

Corollary 8.2. The natural functor

Sh (C) �
� // Pr (C) �

� // sPr (C) loc // Ho (sPr (C))

is full embedding. Moreover, it has left adjoint

π0 : Ho (sPr (C)) → Pr (C) a−→ Sh (C)

F 7→ π̃0 (F ) 7→ aπ̃0 (F )

so the category of stacks is just extension of the category of usual sheaves.

Warning. In general, sheaves of sets are exactly stacks, sheaves of simplicial sets are far from being stacks.

Example 8.3. Take a sheaf of groups H : Cop → Gr then

BG : Cop → sSet

X 7→ N∗G (X) = {G (X)
n}n≥0

is a sheaf of simplicial sets, but not a stack.

Stacks are generalization of sheaves.
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8.2 Example: Generalized Manifolds

We will consider simplicial presheaves on smooth manifolds following [FH13] and Joyce 2011.

Let C = Man be the category of �nite dimensional smooth manifolds over R with smooth maps. C has

a natural Grothendieck topology, where coverings are usual open coverings of manifolds, , i.e. a covering of

X is a collection U = {Ui}i∈I of open subsets such that
⋃
i∈I Ui = X. Associated to U a sieve

u = eq

∐
i,j

hUi∩Uj
//
//
∐
i∈I
hUi

 .

We identify X as representable sheaves

hX : Manop → Set

Y 7→ hX (Y ) = Hom (Y,X)

so Pr (Man) is the category of generalized manifolds in the sense that every F : Manop → Set is deter-

mined by its action on test objects (manifolds) X 7→ F (X). The point is to extend di�erential geometric

constructions from usual to generalized manifolds.

1. Di�erential forms on generalized manifolds.

For p ≥ 0, and �x a manifold X, consider the set Ωp (X) of smooth p-forms on X. In local coordinates,

Ωp (X) 3 ω =
∑
fi1,··· ,ip (x) dxi1 ∧· · ·∧dxip . Since for any map f : X → Y between manifolds, the pull-back

map gives fp : Ωp (Y )→ Ωp (X), Ωp : Manop → Set is a presheaf on Man (generalized manifold).

For p = 0, Ω0 (X) = C∞ (X) is a sheaf of sets, so is Ωp (X) ,∀p ≥ 1. Thus Ωp : Manop → Set is a stack

on Man.

2. G-connection

Let G be a Lie group, a group object in Man.

Let π : P → X be a principal G-bundle on X. Recall π is a locally trivial �bre bundle such that P is

equipped with a right G-action

P ×G→ P

such that each �bre π−1 (x) , x ∈ X is preserved under the action and the restriction of the G-action to
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π−1 (x) is free and transitive, i.e. for any p ∈ π−1 (x), the action map

G → π−1 (x)

g 7→ p · g

is a di�eomorphism.

A connection in P is a natural way to relate di�erent �bres. More precisely, a G-connection is a direct

sum decomposition of the tangent space TpP for each p ∈ P : TpP ∼= Hp ⊕ Vp (which is invariant under the

action of G) where

Vp = Tpπ
−1 (π (p)) ↪→ TpP

is the subspace of vertical vectors, contained canonically in TpP . Thus a connection is determined by the

choice of subspace Hp (horizontal vectors) for each p ∈ P , i.e. p 7→ Hp.

De�nition 8.8. [Ehresmann] A G-connection a distribution on the total space (i.e. a subbundle of T∗P )

which is G-invariant and transverse to �bers of π.

Note for each p ∈ P , the di�erential (at e ∈ G) of the natural map

ip : G → π−1 (π (p))

g 7→ p · g

identi�es

g = TeG ∼= Tpπ
−1 (π (p)) =: Vp

A G-connection is thus determined by the projection

Θp : TpP → Vp ∼= g

such that Θp ◦ dpip = Id, i.e. Θp ∈ Ω1 (P )⊗ g =: Ω1 (P, g) is a g-valued 1-form (connection form) on P .

Formally, Θ is characterized by 2 properties.

1. Θ is G-invariant form, i.e. Θ ∈ Ω1 (P, g)
G, i.e. for g ∈ g, R∗g (Θ) = Adg−1 (Θ) where R∗g is induced by

the right G-action

Rg : P → P

p 7→ p · g

2. For any p ∈ P , i∗p (Θ) = ΘMC where i∗p is induced by ip : G → π−1 (π (p)) ↪→ P and ΘMC is the
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Maurer-Cartan form.

(If G is a matrix group, then ΘMC = g−1dg.)

Goal. To classify principal G-bundles with G-connections.

Example 8.4. Fix a Lie group G. De�ne

F : Manop → Set

X 7→ F (X)

by

F (X) = {equivalenc classes of G-connections on X} = {(π : P → X,Θ)} / ∼

where (π,Θ) ∼ (π′,Θ′) if there exists isomorphism ϕ : P → P ′ such that

P ∼
ϕ //

π   

P ′

π′~~
X

such that Θ = ϕ∗ (Θ′).

F is a presheaf but not a sheaf. Indeed, considerX = S1 and take covering
{
U1 = S1\ {i} , U2 = S1\ {−i}

}
,

then U1 ∩ U2 = I1 ∪ I2 a disjoint union of two open intervals. If F is a sheaf, then we have a Cartesian

diagram

F
(
S1
)

//

��

F (U1)

��
F (U2) // F (I1 ∪ I2)

Since (�at) G-bundles are determined by equivalence classes of holonomy representations ρ : π1 (X) → G

under the adjoint action. The equivalence classes of holonomy representations in this case are

G/G //

��

{•}

��
{•} // {•, •}

which is not Cartesian.
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Stack G-connection

Idea. Instead of classifying connections up to isomorphisms we will classify connections together with iso-

morphisms.

De�ne a presheaf of groupoids B∇G and E∇G by constructing two categories for each X ∈ Ob (Man)

Ob (B∇G (X)): (π,Θ) where π : P → X is a principal G-bundle, Θ ∈ Ω1 (P )⊗ g is a G-connection.

Mor(B∇G (X)): commutative diagram

P ∼
ϕ //

π   

P ′

π′~~
X

such that Θ = ϕ∗ (Θ′).

Ob (E∇G (X)): (π,Θ, s : X → P ) where s : X → P is a global section (trivialization), πs = Id.

Mor(B∇G (X)): commutative diagram

X

s

~~

s′

  
P ∼

ϕ //

π   

P ′

π′~~
X

such that Θ = ϕ∗ (Θ′).

De�nition 8.9. The simplicial presheaves B∇G and E∇G are de�ned by

B∇G : Manop −→ sSet

X 7−→ N∗ (B∇G (X))

and

E∇G : Manop −→ sSet

X 7−→ N∗ (E∇G (X))

Note that there is a natural map of simplicial presheaves

p : E∇G→ B∇G

induced by the forgetful functor of presheaves of groupoids (π,Θ, s) 7→ (π,Θ).
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Theorem 8.4. [FH13]

1. Both B∇G and E∇G are stacks (i.e. satisfying homotopy sheaf axiom).

2. E∇G is weak equivalent to the sheaf Ω1 ⊗ g, viewed as a discrete simplicial presheaf

E∇G ' Ω1 ⊗ g.

Proof. For (2), the weak equivalence is induced (at the level of groupoids) by the two functors

α : E∇G
//
Ω1 ⊗ g : βoo

de�ned by

αX : E∇G (X) −→ Ω1 (X)⊗ g

(π,Θ, s) 7−→ s∗ (Θ)

and

βX : Ω1 (X)⊗ g −→ E∇G (X)

ω 7−→ (πω,Θω, sω)

where πω = πX : X ×G→ X the canonical projection gives a trivial G-bundle and

sω : X −→ X ×G

x 7−→ (x, e)

and Θω = π∗Gω + π∗GΘMC where ΘMC is the Maurer-Cartan 1-form on G.

Note αX · βX = IdX and

βX · αX : E∇G (X) → Ω1 (X)⊗ g → E∇G (X)

(π,Θ, s) 7→ ω = s∗ (Θ) 7→ (πω,Θω, sω)

we have a commutative diagram

E∇G (X)
βX ·αX //

o
��

E∇G (X)

o ϕ
��

(π,Θ, s)
� //

_

��

(πω,Θω, sω)
_

��
E∇G (X)

Id // E∇G (X) (π,Θ, s) � // (π,Θ, s)
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where

X ×G ∼
ϕ //

πω
##

P

π��
X

Thus E∇G ' Ω1 ⊗ g.

Di�erential Forms on Stacks

Idea. If we want to extend a natural geometric construction on a manifold X, we have to express this

construction in terms of hX and replace hX by arbitrary F .

Note if we identify a smooth manifold X with its corresponding presheaf hX : Manop → Set, then by

Yoneda lemma,

HomPr(Man) (hX ,Ω
p) ∼= Ωp (X) .

This suggests that for any F : Manop → Set, we may de�ne

Ω• (F ) := HomPr(Man) (F,Ω•) .

For example, take F = Ωq for �xed q ≥ 0, and look at Ωp (Ωq) = HomPr(Man) (Ωq,Ωp) di�erential

p-forms on di�erential q-forms.

Explicitly, an element, τ ∈ Ωp (Ωq) is a natural transformation of from q-forms to p-forms on manifolds,

in the sense, for any f : X → Y ,

Ωq (Y )
τY //

Ωq(f)

��

Ωp (Y )

Ωp(f)

��
Ωq (X)

τX // Ωp (X)

Example 8.5. (Topology) Take p = q and consider τ = ωp : Ωp ⇒ Ωp given by ωpX = IdΩp(X), then

τ ∈ Ωp (Ωp).

Take q = 1 and consider Ωp
(
Ω1
)
.

Theorem 8.5. [FH13]

1. The space Ωp
(
Ω1
)

=


spanR


p/2︷ ︸︸ ︷

dω1 ∧ · · · ∧ dω1

 , p even,

spanR

ω1dω1 ∧ · · · ∧ dω1︸ ︷︷ ︸
(p−1)/2

 , p odd.
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2. The de Rham complex of Ω1 looks as

Ω•
(
Ω1
)

=

[
R1 0 // R1 1 // R1 0 // R1 1 // · · ·

]

so

Hp
DR

(
Ω1,R

)
=


R1, p = 0,

0, p 6= 0.

De�nition 8.10. For F ∈ Ho (sPr (Man)) any simplicial presheaf, de�ne de Rham complex

Ω• (F) := [F ,Ω•] =

{ [
F ,Ω0

] d //
[
F ,Ω1

] d // · · ·
}

where [−,−] := HomHo(sPr(Man)) (−,−).

Since each Ωp is a sheaf, hence a �brant object in sPr (Man), by corollary 8.1,

Ω• (F) = [F ,Ω•]

= HomsPr(Man) (F ,Ω•)

∼= eq

 HomPr(Man) (F0,Ω
•)

d∗0 //

d∗1

// HomPr(Man) (F1,Ω
•)


= Ker [(d∗1 − d∗0) : Ω• (F0)→ Ω• (F1)]

where

F :=

{
F0 F1

d1

oo
d0oo F2 · · ·oooo

oo
}

and

Ω• :=
{

Ω• Ω•oooo Ω• · · ·oooo
oo }

From this de�nition it's immediate that Ω• (F) is a homotopy invariant construction (while we cannot

see this from the usual de�nition).

Universal G-connection

Let F : Manop → Set be a presheaf on Man and G be a Lie group.

A (left) G-action on F is de�ned by

a : G× F −→ F
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which on test manifold

aX : Hom (X,G)× F (X) −→ F (X)

is the action of the over group Hom (X,G) on F (X).

Associated to a G-action of F is a presheaf of action groupoid Gn F de�ned objectwise by the nerve of

the category associated to a manifold X with

Objects: Ob (Gn F (X)) := F (X)

Morphisms: Mor (Gn F (X)) = Hom (X,G)× F (X) with

s : Mor (Gn F (X)) −→ Ob (Gn F (X)) t : Mor (Gn F (X)) −→ Ob (Gn F (X))

(g, ξ) 7−→ ξ (g, ξ) 7−→ aX (g, ξ) = g · ξ

Thus

Gn F : Manop −→ sSet

X 7−→ N∗ (Gn F (X))

Apply this to F := Ω1 ⊗ g, this has the obvious right G-action

a :
(
Ω1 ⊗ g

)
×G −→

(
Ω1 ⊗ g

)
de�ned objectwise by

aX :
(
Ω1 (X)⊗ g

)
×Hom (X,G) −→

(
Ω1 (X)⊗ g

)
(ω, g) 7−→ g∗ (ΘMC) + Adg−1 (ω)

Thus

Btriv
∇ G := Gn

(
Ω1 ⊗ g

)
∈ Ob (sPr (Man)) .

There is a natural map of presheaves of groupoids

ψ : Btriv
∇ G→ B∇G

de�ned on objects as

ψX : Ω1 (X)⊗ g −→ {(π,Θ)}

ω 7−→ (πX : X ×G→ X,Θω = π∗G (ω) + π∗G (ΘMC))
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Proposition 8.2. ψ is a weak equivalence.

Then we have a commutative diagram

Ω1 ⊗ g
can // //

β '
��

Btriv
∇ G

' ψ

��
E∇G

p // B∇G

Hence E∇G
p // B∇G is a generalized principal G-bundle.

Note β is G-equivariant and G acts on E∇G freely.

Recall any map

α : E∇G −→ Ω1 ⊗ g

(π,Θ, s) 7−→ s∗ (Θ)

is equivalent to

α ∈
[
E∇G,Ω

1 ⊗ g
] ∼= [E∇G,Ω1

]
⊗ g ∼= Ω1 (E∇G)⊗ g,

so Θun := α can be viewed as a G-connection on E∇G
p // B∇G .

Theorem 8.6. Θun is the universal G-connection in the strong sense: given any (π,Θ), there is a unique

classifying map
(
f, f̄
)
such that

P
f //

π

��

E∇G

p

��
X

f̄ // B∇G

and Θ = f∗ (Θun).

Remark 8.5. This is to be compared with classical classi�cation of principal G-bundles (without connection).

For a Lie group G, there exists two in�nite-dimensional spaces EG and BG de�ned (up to homotopy)

P ∼= f∗ (EG) //

��

EG

p

��
X

f // BG

where f is also de�ned up to homotopy.

One point in common: classifying spaces are not usual manifolds. (in�nite-dimensional/generalized).

Theorem 8.7.
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1. Ω• (E∇G) ∼= W (g) = Λ (g∗)⊗ Sym (g∗).

2. Ω• (B∇G) ∼= Sym (g∗)
G
.

3. There is a canonical map Sym (g∗)
G � � // Λ (g∗)⊗ Sym (g) called the universal Chern-Weil map.

Problem 8.1. The representation homology can be de�ned in smooth category, then it has a new argument

(�coe�cients�) given by simplicial presheaves on Man.

Given X ∈ Ob
(
Top0,∗

)
, G ∈ Ob (LieGr) ,F ∈ sPr (Man), de�ne HR∗ (X,G,F) such that when F =

Ω0 = O (G), then HR∗ (X,G,O) = HR∗ (X,G).

HR∗ (X,G,F) is a cochain di�erential graded algebra.

Solution. HR∗ (X,G,F) := B (G (X,G,FG)) where B is the May bar construction and G (X) : Gop →

sSet,

FG : G G //Manop
F // sSet .
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