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Lecture 01: Tentative Topics 08 February 2021

1 Tentative Topics

1. Quick introduction to∞-categories.

(a) Motivation.

• categorical motivation: nerves of categories.
• topological motivation: singular complex of spaces.

Each perspective has its own problems, and they are modified such
that nerves are replaced by quasi-categories and singular complexes
are replaced by simplicial spaces. It turns our that the modified
versions give two models of∞-categories.

(b) Five models (examples) of∞-categories.

• simplicial categories by Dywer and Kan [DK2].
• complete Segal spaces by Rezk [R1].
• Segal categories [B4].
• Quasi-categories by Boardman and Vogt [BV], Joyal [J2] [J3], and

Lurie [L].
• Relative categories by Barwick and Kan [BK1].

(c) Comparision theorems.

2. Model categories.

(a) Review of Quillen’s theory of model categories.

i. Bousfield Localization of model categories [H2].
ii. Universal model categories [D3] and presentation of model cate-

gories [D2]. Examples includes A1-homotopy theory of smooth
schemes, see [D3] section 8.

(b) Homotopy (co)limits in model categories.

(c) Examples.

i. Homology decomposition of classifying spaces (for compact Lie
groups).

ii. Homotopy colomits as tools of quantum deformation. For in-
stance, we can think of S3 as a homotopy colimit

S3 ∼= S1 ∗ S1 = hocolim
{

S1 S1 × S1 S1
π1 π2

}
so we can deform it via

γ =

[
p a

q b

]
∈ MCG(S1 × S1) = SL2(Z)
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Lecture 01: Tentative Topics 08 February 2021

as follows

hocolim
{

S1 S1 × S1 S1
π1 π2◦γ

}
=: L(p,q)

which gives us the Lens space L(p,q).
iii. Khovanov homology as homotopy limit.

3. Homotopy theory of∞-categories with a view towards homotopy colim-
its.

Remark. Given a small category C and a model catefgory M, the functor category
MC = Fun(C,M) is not always a model category.

When C is good enough, MC is a model category, so we can define homotopy
colimit (resp. limits) as the left (resp. right) derived functor of colimit (resp.
limit) functor, which is left (resp. right) adjoint to the constant functor const :
M→MC which assigns to each object X ∈ Ob(M) the constant functor X : C→
M which takes every object in C to X.

MC

M

colim limconst

For any arbitrary C, the existence of homotopy (co)limits are studied via the
following several methods.

1. Model approximation [CCS].

2. Homotopical categories [DHKS].

3. Derivators [G2].
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2 Quick Introduction to∞-categories

2.1 Motivation

Notation. Let C be a small category and D be any category.
We will write DC = Fun(C,D) for the category of covariant functors from

C to D (where morphisms are natural transformations between functors) and
DC = Fun(Cop,D) for the category of contravariant functors from C to D.

In particular, Ĉ = Pre(C) = Fun(Cop, Set) is called the category of presheaves
of sets on C.

We begin with a general categorical principle.

Proposition 2.1. Let C be a small category and D be a locally small cocomplete category.
There is an equivalence of categories

Φ : DC Adj(Ĉ,D)
' (2.1) {{eq:cosimplicial-adj}}{{eq:cosimplicial-adj}}

where Adj(Ĉ,D) is the category of triples(
L : Ĉ D : R, ψ : Hom(L(−), ∗)

∼=
−→ Hom(−,R(∗))

)
and ψ is a binatural isomorphism.

Explicitly, given any F : C→ D, Φ(F) = (LF,RF,ψF) is defined as follows.

• RF : D→ Ĉ is given by

d Rd : c 7→ Hom(Fc,d)

• LF : Ĉ → D is the left Kan extension (please refer to classical category
theory references if you’re not familiar with this construction) of F along
the Yoneda functor h : C ↪→ Ĉ.

C D

Ĉ

F

h

Lh(F)=:LF

η

{simp-adj}
Corollary 2.2. Constructing a simplicial adjunction with values in D

L : sSet D : R

is equivalent to specifying a cosimplicial object ∆→ D.

The main index category C that we are interested in is the simplicial category
∆ and it gives us the corollary above. Let’s start with a brief review of this
category.
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2.1.1 The Simplex Category

∆ is the simplex category defined with

• objects are finite ordered sets [n] = {0 < 1 < · · · < n} for n ≥ 0, and ]item
morphisms are order-preserving maps [n]→ [m].

∆ is generated by the coface maps

di : [n− 1] [n]

which is the unique map that skips i and codegeneracy maps

sj : [n+ 1] [n]

which is the unique map that repeats i twice.

Notation. Let ∆− be the category with the same objects and morphisms are
generated by di’s. Let ∆+ be the category with the same objects and morphisms
are generated by sj’s.

Exercise 2.3. ∆ is a crossed category.

∆ = ∆− ./ ∆+.

For every morphism f : [n] → [m] in ∆, there is a unique object [k] in ∆ and
morphisms s : [n] → [k] in ∆+ and d : [k] → [m] in ∆− such that f can be
decomposed uniquely as f = d ◦ s. 2

Given a simplicial set K•, we may present it as a diagram

K• =
{
K0 K1 K2 · · ·

}
we are omitting the degeneracy maps here so simplicity.

Notation. We will write sSet = Fun(∆op, Set) = Set∆ the category of simplicial
sets and sD = Fun(∆op,D) = D∆ the category of simplicial objects in D.

Dually, we will write cD = Fun(∆,D) = D∆ the category of cosimplicial
objects in D.

There are two examples that are especially important for our discussion.

2This is called the PBW property.
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2.1.2 Geometric Realization.

Let D = Top be the category of compactly generated weakly Hausdorff spaces.
There is a natural cosimplicial space

∆• : ∆ Top

[n] ∆n = {(x0, · · · , xn) ∈ Rn+1|
∑
xi = 1, xi ≥ 0}

f : [n]→ [m] f̂ : ei 7→ ef(i)

which by Corollary 2.2 gives us the following adjunction

|− | : sSet Top : Sing

where |− | is the geometric realization functor

|K•| =
∫[n]∈Ob(∆)

Kn ×∆n
=
∐
n≥0 Kn ×∆n/ ∼

where the equivalence relation is

(ϕ∗x,σ) ∼ (x,ϕ∗σ),

for x ∈ Km,σ ∈ ∆n,ϕ : [n]→ [m] ∈Mor(∆), and Sing is the singular complex
functor which is given by

Sing(X)n = HomTop(∆
n,X)

and the corresponding face and degeneracy maps are induced by the coface
and codegeneracy maps on ∆•.

2.1.3 Nerves of Categories.

Let D = Cat be the category of small categories. We have a natural functor

i : ∆ Cat

[n] −→n = {0→ · · ·→ n}

where −→n is the category that represents the quiver of type An. This induces an
adjunction

c : sSet Cat : N.

The nerve of a category C is given by

NnC = HomCat(
−→n ,C) = {X0

f1−→ · · · fn−−→ Xn,n-composable morphisms in C}.

9
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In other words,

N0C = Ob(C)

N1C = Mor(C)

NnC = Mor(C)×Ob(C) · · · ×Ob(C)Mor(C)︸ ︷︷ ︸
n

.

And for ϕ : [m]→ [n] in ∆,

Nϕ : NnC NmC

(X0
f1−→ · · · fn−−→ Xn) (Xϕ(0)

g1−−→ · · · gm−−→ Xϕ(m)).

where gi : Xϕ(i−1) → Xϕ(i) is defined as gi = fϕ(i) ◦ · · · ◦ fϕ(i−1)+1, and
when ϕ(i− 1) = ϕ(i), gi = id.

The category c(K) is defined as follows.

• objects are elements in K0, and

• morphisms are generate by elements in K1 in the following sense: given
f ∈ K1, it gives a morphism

f : d0f d1f

subject to the composition law

d1α = d0α ◦ d2α

for any α ∈ K2.
x1

x0 x2

d0ααd2α

d1α

The counit cN⇒ id is a natural isomorphism.

Example 2.4 (Bar construction of groups). Let Gr be the category of discrete
groups. wW can view groups as categories with a single object with objects in
the groups as morphisms in this category, in this way we get a functor

B∗ : Gr Cat

Composing this functor with the nerve functor, we get the simplicial classi-
fying space or the bar construction B∗G = N(B∗G) of a group G, and the
classifying space of G is defined to be the geometric realization BG := |B∗G|.
Note the functor

B : Gr Ho(Top0,∗)

10
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is fully faithful, and we can view groups as homotopy types of aspherical spaces
(whose higher homotopy groups vanishes) by taking their fundamental groups.

From this point of view, we can generalize many operations on groups to
space. For instance, abelianization of groups generalizes to homology of spaces
(i.e. the homotopy type pf infinity symmetryc products of spaces [H1]), and
nilpotent completion of groups generalizes to Bousfield-Kan completion of
spaces [BK2].

A useful way to view bar construction is as following. By Yoneda lemma we
have a fully faithful embedding

Gr ↪→ Fun(Grop, Set) = Ĝr

how can we characterize the essential images? Of course we can answer repre-
sentable functors, but in fact we can do better. The idea is as follows. We want
to restrict to a subcategory G ⊂ Gr which is as small as possible, and without
lose of information of the group structures. This indeed works, when we take G

to be the full subcategory of finitely generated free groups, where objects are
〈n〉 = Fn(n ≥ 0) the free group with n generators. The composite

Gr Fun(Grop, Set) Fun(Gop, Set)

G HomGr(−,G) G : Gop → Set, 〈n〉 7→ Gn

h res

remains fully faithful.
Furthermore, G has (strict) monoidal structure given by coproduct (i.e. free

product of groups)
〈n〉 ∗ 〈m〉 = 〈n+m〉

and the above functor G : Gop → Set is strict monoidal preserving (i.e. it
takes products in Gop, or equivalently coproducts in G, to products in Set). Let
Set

⊗
G = Fun

⊗
(Gop, Set) be the category of strict monoidal functors, we see the

image of Gr under the above composite indeed lies in Set
⊗
G .

Exercise 2.5 (Lawvere). Prove that the the above construction induces an equiv-
alence of categories

Gr ' Set
⊗
G

Thus, we can view the bar construction in terms of functor categories

B∗ : Set
⊗
G ' Gr Cat sSet = Fun(∆op, Set)

G B∗G B∗G

N

11



Lecture 02: Motivation 10 February 2021

Exercise 2.6. Show that B∗ is induced by a functor b : ∆ → G in Cat, i.e. we
have

B∗ ∼= b∗ : Set
⊗
G ' Gr sSet = Fun(∆op, Set)

(Gop
G
−→ Set) (∆op

bop
−−−→ Gop

G
−→ Set)

Remark. Let M be a monoidal category. Then the group object in M can be
defined as M

⊗
G . For example, cocommutative Hopf algebras are group objects

in the category of commutative coalgebras. 3 In this way, we can define internal
nerves given be the functor

B∗ : M
⊗
G M∆

(Gop
G
−→M) (∆op

bop
−−−→ Gop

G
−→M)

In fact, we can replace G by the algebraic theory of monoids and give similar
construction.

General property of nerve construction. The nerve functor is fully faithful,
in fact N is the left inverse of c, c ◦N ' id, so we have an embedding

N : Cat sSet

whose essential images are 2-coskeletal simplicial sets.

Proposition 2.7. If F : C→ D is an equivalence of categories, N∗F : N∗C→ N∗D is
a weak equivalences of simplicial sets.

The converse is not true. For example, take C =
−→
0 = {∗} and D =

−→
1 = {0→

1}, we have a functor F :
−→
0 ↪→ −→

1 which induces a map

N∗F : N∗
−→
0
'
−→ N∗

−→
1

which is a weak homotopy equivalence of simplicial sets, but F is not a category
equivalence.

Proposition 2.8. If both C and D are groupoids, then F : C→ D is an equivalence of
categories if and only if N∗F : N∗C→ N∗D is a weak equivalences of simplicial sets.

We want some refinement so that the nerve functor reflects weak equiva-
lences of categories. There are mainly two approach.

3It seems that not all cocommutative Hopf algebras are group objects in the category of cocom-
mutative coalgebras, since the antipode in the definition of Hopf algebra is not required to be a
coalgebra map. See here.
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Lecture 03: Motivation 15 Feburary 2021

1. We can change the weak equivalences in simplicial sets (fewer) so that
if C 6' D as categories, we have N∗C 6' D as simplicial sets. This new
notion of weak equivalences will force us to modify the model structure
on sSet. This is Joyal’s model structure on sSet, with fibrations being
quasi-categories. 4

2. We can replace the target of the functor N to be sSp the category of
simplicial spaces (or equivalently, bisimplicial sets). This leads to the
construction of complete Segal spaces [R1].

2.1.4 Basic Examples of Simplicial Sets

Standard n-simplex. Recall we have the Yoneda functor h : ∆ → sSet, and
we will denote ∆[n]∗ = h[n] the standard n-simplex. Explicitly,

∆[n]k = {(i0, · · · , ik)|0 ≤ i0 ≤ · · · ≤ ik ≤ n}

By Yoneda embedding, we see that

HomsSet(∆[n]∗,X) ∼= Xn,n ≥ 0

for any simplicial set X. Thus ∆[n]∗ represents the functor

(−)n : sSet Set

X∗ Xn

Properties

1. There is an embedding
∆ Cat

[n] −→n
Since this is a fully faithful functor, we have

HomCat(
−→m,−→n ) ∼= Hom∆([m], [n])

which induces a natural isomorphism of functors ∆op → Set

N∗(
−→n ) = HomCat(∗,−→n ) ∼= Hom∆(∗, [n]) = ∆[n]∗

4The general principle is, whenever you have a model category structure, the class of fi-
brant/cofibrant objects usually have many interesting properties. More precisely, if you are working
with (topologically) model categories, many interesting algebraic conditions that you want to
impose on objects in order to do homotopy theory can be interpreted as being in the class of
cofibrant/cofibrant-fibrant objects.

13
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2. We have a functor ∆→ Top (which is faithful but not full) and the follow-
ing diagram of left Kan extensions

∆ Top

sSet

h
|−|=Lanh(∆∗

which is in fact commutative since h is fully faithful. The left Kan extension
is exactly the geometric realization of simplicial sets.

The above two properties imply B(−→n ) ∼= |∆[n]∗| = ∆n.
Notice the assignment [n] 7→ ∆[n]∗ gives a (Yoneda) functor∆→ sSet, which

is a cosimplicial simplicial set, called the standard cosimplicial simplicial set.

Fun(∆, sSet) = Fun(∆, Fun(∆op, Set)) ∼= Fun(∆×∆op,Set)

We call a functor ∆× ∆op → Set a ∆-bimodule. In particular, the standard
cosimplicial simplicial set is given by the following ∆-bimodule

∆×∆op Set

([n], [k]) Hom∆([n], [k])

The left and right ∆-actions commutes, in particular, applying this to ∆[•]∗,
we get coface and codegeneracy maps

di : ∆ [n− 1] ∆ [n] n ≥ 1, 0 ≤ i ≤ n

sj : ∆ [n+ 1] ∆ [n] n ≥ 0, 0 ≤ j ≤ n

We can write the standard cosimplicial simplicial set explicitly as follows (omit-
ting codegeneracy maps as usual)

∆[0]∗ ∆[1]∗ ∆[2]∗ · · ·

Definition 2.9. The n-th boundary simplex of ∆[n]∗ is the simplicial subset of
∆[n]∗

∂∆[n] :=
⋃

0≤i≤n
di(∆[n− 1]∗) ⊂ ∆[n]∗.

Example 2.10. 1. For n = 0, ∆[0]∗ = {∗} with

∆[0]k = {(0, · · · , 0)︸ ︷︷ ︸
k

}

is a discrete simplicial set which is the terminal object in sSet, and ∂∆[0]∗ =
∅.

14
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2. For n = 1,
∆[1]k = {(0, · · · , 0︸ ︷︷ ︸

i

, 1, · · · , 1︸ ︷︷ ︸
k+1−i

), 0 ≤ i ≤ k+ 1}

and

∂∆[1]k = d0(∆[0]k)
⋃
d1(∆[0]∗) = {(0, · · · , 0)︸ ︷︷ ︸

k

, (1, · · · , 1)︸ ︷︷ ︸
k

}

is the discrete simplicial set {0, 1} (i.e. sets viewed as constant simplicial
set with identity as face and degeneracy maps).

Definition 2.11. For 0 ≤ k ≤ n, the k-th horn of ∆[n]∗ is the simplicial subset

Λk[n]∗ :=
⋃

i 6=k,0≤i≤n
di(∆[n− 1]∗) ⊂ ∆[n]∗

which is the cone centered at vertex k.

To illustrate the definition, we will work the following example.

Example 2.12. We will use topological simplex for demonstration. Take n = 2,
consider the following picture of ∆2 in Figure 1. Then boundary is given by

Figure 1: 2 simplex in R3 {fig:2simplex}

0

1

2

and the 0-th horn is

0

1

2
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and the 1-th horn is

0

1

2

and the 2-th horn is

0

1

2

Kan Complexes. For 0 ≤ k ≤ n, we have the inclusion functor

Λk[n] ∆[n]∗

which induces a map between sets

Xn = HomsSet(∆[n]∗,X) HomsSet(Λk[n],X) =: Λk(X). (2.2) {{eq:horn-lifting}}{{eq:horn-lifting}}

Exercise 2.13 ([GJ], Corollary 3.2). Show that

Λk(X) ∼= {(x0, · · · , x̂k, · · · , xn) ∈ Xn−1 × · · · × Xn−1|
dixj = dj−1xi, ∀0 ≤ i < j ≤ n, i, j 6= k} (2.3)

Definition 2.14. A Kan complex is a simplicial set X such that the above maps
2.2 are surjective for all 0 ≤ k ≤ n,n ≥ 0, i.e.

Λk[n]∗ X

∆[n]∗

∃
(2.4) {{eq:horn-filling}}{{eq:horn-filling}}

every horn can be filled in to an n-simplex.

Example 2.15. 1. Let X be a topological space, then Sing(X) is a Kan com-
plex.

2. (Moore) Every simplicial group G (by forgetting the group structure) is a
Kan complex.

3. The nerve of every groupoid C is a Kan complex.
(Sketch of proof.) The lifting condition is roughly speaking the requirement
of left and right inverses for every morphism in C, and every morphism

16
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in groupoid has an inverse. For instance, when n = 2, we have following
lifting diagrams

1 1 1

0 2 0 2 0 2

g g

1

f f

1

In the first diagram, dashed arrow represents the left inverse of g. The sec-
ond diagram represents composition of morphisms and the last diagram
represents the right inverse of f.

Remark (Moral). Kan complexes are groupoids up to homotopy. In fact, in the∞-category language, they are∞-groupoids.

Theorem 2.16 ([L], Propostion 1.1.2.2). A simplicial set X is the nerve of a small
category C if and only there are unique inner horn ( i.e. Λk[n]∗ for 0 < k < n) filling.

Quasi-categories

Definition 2.17. A simplicial set X is called a quasi-category if for every inner
horn Λk[n]∗(0 < k < n), the lifting 2.4 always exists. 5

2.2 Homotopy Category

In a general sense, to define a “homotopy theory” on a category C is to specify
a class of morphisms W (called weak equivalences) which we want to treat as
“isomorphisms” in C.

Example 2.18. Take C = Top and W = homotopy equialence/weak homotopy
equivalences.

One can always define a category C[W−1] together with a functor C →
C[W−1] satisfying the following universal property.

For any F : C→ D such that F(W) ⊆ Iso(D), there is a functor F : C[W−1]→
D together with a natural isomorphism α : F ∼= F ◦ γ

C D

C[W−1]

F

γ

F

α : F ∼= F ◦ γ. where F is unique up to unique isomorphisms. The category of all
factorization (F,α) forms a contractible groupoid.

However, there are some problems with C[W−1].
5Sometimes, they are also called weak Kan complexes or inner Kan complexes.

17
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1. The category C[W−1] ([GZ]) is not locally small.

2. We can not control maps in C that become isomorphisms in C[W−1].

Problem 2 is detected by the following classes of morphisms. Define W̃ :=

{f ∈Mor(C),γ(f) ∈ Iso(C[W−1]), then W ⊂ W̃ but this is not always equal. We
say W is saturated if equality holds.

Moral. One has to impose additional conditions on W.
Here is a list of possible conditions.

1. 2-of-3 property: for any composable pair f,g in C, if any two of f,g,g ◦ f
are in W, so is the third.

2. 2-of-6 property [DHKS]: for any triple of composable maps

A B

C D

f

g

h

hg,gf ∈W implies f,g,h,hgf ∈W.

3. Retract axiom: given

X X̃ X

A Ã A

r f r

where horizontal compositions are identities, r is called a retract of f. Then
f ∈W =⇒ r ∈W.

4. Wide subcategory: W is closed under composition and contains all identity
maps. In particular, Ob(W) = Ob(C).

5. W contains all all isomorphisms.

Remark. 1. 2-of-6 property implies 2-3 property, but not vice versa.

2. The class of all isomorphisms in any category C satisfies 2-6 property.
Indeed,

• f(gf)−1 is right inverse of g: g ◦ f(gf)−1 = id.

• hg ∈ Iso(C) implies g is monic, so gf(gf)−1g = g ◦ id implies
f(gf)−1g = id, so f(gf)−1 is also left inverse of g.

18
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Remark. Check this last fact is used to prove that if f : X Y : g are ho-
motopy equivalent such that fg ∼ id and gf ∼ id then f,g are weak homotopy
equivalences.

Corollary 2.19. If W is saturated, then 2-6 property holds because W is characterized
by isomorphisms in C[W−1].

Remark. In any model category, the class of weak equivalences satisfies 2-of-6
property.

We will use three types of weak equivalences

1. Quillen’s weak equivalences in model categories: W satisfies all 5 proper-
ties.

2. In homotopical categories [DHKS], W satisfies (2) and (5).

3. In relative categories (C,W) (category with equivalences [BK1]), W satis-
fies (4). 6

Exercise 2.20. Let W be a class of morphisms in a category C such that there
is a functor F : C → D with F(W) ⊂ Iso(D), then W must satisfy all the five
properties.

Not sure if you want to require W to be saturated?

(2-categorical) universal mapping property for localization. [GZ] Let C be a
category and W a class of morphisms in C together with a localization

γ : C→ C[W−1].

For any category M, γ induces a fully faithful embedding

Fun(C
[
W−1

]
,M) Fun(C,M)

γ∗

with essential images are isomorphic to the full subcategory FunW(C,M) that
inverts W.

Fun(C
[
W−1

]
,M) Fun(C,M)

FunW(C,M)

∼=

γ

6On small relative categories, there is a nontrivial model structure that is Quillen equivalent to
Joyal model category on sSet.
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2.3 Model Categories

Definition 2.21 (Quillen, [Q1] [Q2]). A model category C is a category with 3
distinguished classes of morphisms

• We: Weak equivalences, denoted by ∼
−→,

• Fib: Fibrations, denoted by�,

• Cof: Cofibrations, denoted by ↪→,

all of which form wide subcategories of C satisfying

MC1 C has finite limits and colimits with initial object ∅ and terminal object ∗.

MC2 2-of-3 property for weak equivalences.

MC3 We, Fib, Cof satisfy retract axiom.

MC4 Cofibrations satisfy left lifting property with respect to acyclic fibrations
(i.e. fibrations which are also weak equivalences) and fibrations satisfy
right lifting property with respect to acyclic cofibrations (cofibrations
which are also weak equivalences).

MC5 Factorization property: for every morphism in C there are two ways of
factorizing morphisms

A B X
∼

A C X
∼

where the first is an acyclic cofibration followed by a fibration, and the
second is a cofibration followed by an acyclic fibration.

Remark. There are some modifications that we usually take.

1. in MC1, we require existence of all small limits and colimits.

2. In MC5, the two factorization are functorial.

3. In MC4, the following notation is used. Given two morphisms i : A→ B

and p : X→ Y, consider commutative diagrams

A X

B Y

i ph

we say i ∈ LLP(p) and p ∈ RLP)i) if there exists h : B→ X such that then
MC4 can be restated as Cof ∈ LLP(Fib∩We) and Fib ∈ RLP(Cof∩We).
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Lemma 2.22. 7 In any model category,

Cof = LLP(Fib∩We), Fib = RLP(Fib∩We),

Moreover,
Cof∩We = LLP(Fib), Fib∩We = RLP(Cof).

Remark. A model category is closed in the sense that 2 of 3 classes of WE,Fib,Cof
determines the third. Except that Fib, Cob cannot determine We.

Definition 2.23. A model category is called cofibrantly generated if there is a
class (usually countable set) of morphisms I ⊂ Cof generating cofibrations and
a class (usually countable set) J ⊂ Cof∩We of acyclic cofibrations such that

Fib = RLP(J), Fib∩We = LLP(I)

which satisfy small object argument.

Definition 2.24. 1. An object Q in C is cofibrant if ∅ ↪→ Q is a cofibration.

2. An object R in C is fibrant if Q� R is a fibration.

We can get cofibrant replacement

∅ A

QA

∼

and fibrant replacement

X ∗

RX

∼

2.3.1 Quillen’s Model Structure

Theorem 2.25 (Quillen). There is a proper, combinatorial, cofibrantly generated model
structure on sSet with

• Weak equivalences are Quillen’s weak equivalence of simplicial sets, i.e. f : X∗ →
Y∗ is a weak equivalence if the induced map |f| : |X| → |Y| on their geometric
realizations is a weak homotopy equivalence.

• Cofibrations are monomorphisms of simplicial sets.
7See old notes.
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• Fibrations are Kan fibrations, i.e. morphisms which have right lifting property
with respect to all horn lifting maps.

In this model category, all simplicial sets are cofibrant, and Kan complexes
are exactly the fibrant objects.

The class of fibration in this model category can be described as maps having
RLP with respect to horn lifting maps

Λk[n]∗ X

∆[n]∗ Y

i p
h

for all n ≥ 1, 0 ≤ k ≤ n.

Remark. This model structure is cofibrantly generated. More precisely, fibrations
can be characterized as

Fib = RLP(J)

where J = {Λk[n]∗ ↪→ ∆[n]∗,n ≥ 1, 0 ≤ k ≤ n} is the set of all horn inclusions,
and

We∩ Fib = RLP(I)

where I = {∂∆[n]∗ ↪→ ∆[n]∗,n ≥ 0} is the set of all boundary inclusions.

2.3.2 Joyal Model Structure

We want a model structure on sSet such that quasi-categories are the fibrant
objects, this is Joyal’s model structure [DS] [L].

We can apply the categorical principle 2.1 in the following way. Fix a simpli-
cial set Y, we can construct a cosimplicial simplicial set

(−)× Y : ∆ sSet

[n] ∆ [n]∗ × Y

which induces an adjunction

(−)× Y : sSet sSet : Map(Y,−).

where
Map(Y,Z)n = HomsSet(∆ [n]∗ × Y,Z)

gives the internal hom of sSet.
Consider the functor

τ0 : sSet Cat Set

X c(X) π0c(X)

c π0
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where π0C is the iso-classes of obejcts in C. Using this to define

τ0 [Map(−,−)] : sSetop × sSet Set.

Definition 2.26 (Joyal). A map f : A→ B in sSet is called a Joyal equivalence
if for any quasi-category K,

f∗ : τ0(Map(B,K)) τ0(Map(A,K))∼

is an isomorphism of sets.

There is another equivalent description of Joyal equivalences.

Definition 2.27 ([DS]). Consider the category
←→
I = { • • } the groupoid

with two objects and two isomorphisms. We identity N
−→
I =

−→
I .

Given f,g : A → K with K a quasi-category, an
−→
I -homotopy is a map

A×←→I h
−→ K

A A×←→I A

K

f
h

g

When K is a quasi-category, this defines an equivalence relation ∼I on
Hom(A,K) and we define

[A,K] := Hom(A,K)/ ∼I

Lemma 2.28 ([DS]). f is a Joyal equivalence if and only if for any quasi-category K,

f∗ : [B,K]→ [A,K]

is an isomorphism of simplicial sets.

Theorem 2.29 (Joyal). The Joyal’s model structure is given by

• Weak equivalences are Joyal weak equivalences.

• Cofibrations are monomoprhisms.

• Fibrations are weak Kan fibrations, i.e. morphisms which have right lifting
property with respect to all inner horn lifting maps.

Remark. This model category is a cofibrant model category and the fibrant
objects are quasi-categories.

Remark (Nerves). 1. The adjunction

c : sSet Cat : N.

(in particular the categorification functor c) has poor homotopical proper-
ties. For instance, this is not a Quillen adjunction.
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2. The nerve has nice homotopy inverses; this implies in particular that the
nerve functor induces an equivalence of homotopy categories.

Exercise 2.30. Take Sn∗ := ∆[n]∗/∂∆[n]∗ the simplicial n-sphere, |Sn∗ | ∼= Sn.
NcSn∗ ∼= ∆[n]∗ for any n ≥ 2, thus c(Sn∗ ) is contractible.

To see that the nerve construction has nice homotopy inverse, we need to
introduce the simplex category.

Simplex category and category of simplices

Definition 2.31 (Slice category). Let F : C → D be a functor. Fix an object
d ∈ Ob(D) and define a category F ↓ dwith

• objects are pairs (c, f) where c ∈ Ob(C) and f : F(c)→ d is a morphism in
D, and

• morphims between (c, f) and (c ′, f ′) are morhpisms ϕ : c→ c ′ in C such
that f = f ′ ◦ F(ϕ).

F(c) F(c ′)

d

F(ϕ)

f f ′

Example 2.32. 1. The simplx category of a small category C is

∆C := ∆∗ ↓ C
with

• objects are ([n], f), where [n] ∈ Ob(∆) and f : −→n → C is a functor
between categories. Explicitly, objects are n-composable morphisms
in C.

• morphisms are functor ϕ : [n]→ [m] in ∆ such that

−→n −→m
C

∆∗(ϕ)

f f ′

commutes.

2. Given a simplicial set X, the Yoneda functor

h : ∆ ↪→ sSet

defines the category ∆X := ∆ ↓ X of simplices of Xwhere
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• objects are ([n], x : ∆[n]∗ → X), i.e. elements in
∐
n∈N Xn, and

• morphisms are f : [n]→ [m] in ∆ such that x = f∗(y).

∆[n]∗ ∆[m]∗

X

f∗

x y

Exercise 2.33. ∆C ∼= ∆(NC) is an isomorphism of categories.

Theorem 2.34 ([I], Theorem 3.2). The functor

∆ ↓ (−) : sSet→ Cat

is the homotopy inverse to
N : Cat→ sSet

Test Categories The notion of a test category was introduced by Grothendieck
in [S4]. A test category A is meant to axiomatize common features of categories
of shapes used to model homotopy types in homotopy theory,

Ho(Pr(A)) ∼= Ho(Top)

such as the categories of simplicial sets, or cubical sets. The natural question
is, what are the possible test categories A? Various conjectures made in [S4] are
proven in [C1] which moreover develops the main toolset and establishes the
model structure on presheaves over a test category.

25



Lecture 06: Complete Segal Spaces 24 Feburary 2021

3 Complete Segal Spaces

The main reference for this section is [R1].
One of the motivation for this section is, we’ve seen quasi-category as a

model for∞-categories, and there are many (at least four) other models, each
of which is a nice model for ∞-categories, why do people still care about
other models given the fact that quasi-categories are quite nice, accessible
combinatorial models? One potential answer/motivation is, can we generalize
everything to other algebraic constructions, namely, can we consider groups
or more complicated algebraic structures in a similar manner. And instead of
working with quasi-categories, we can also work with other models. It turns
out that for groups for example, structures like monoid and group actions,
while they can be considered up to homotopy in algebraic topology, are studied
in the other models if you want to develop a theory in the same direction as∞-categories. Namely, Complete Segal spaces and Segal categories, which we
will discuss in this section, are suitable models for this purpose.

Let’s start with a motivating problem: We observe the nerve functor N :

Cat → sSet is fully faithful, and two categories C1 ∼= C2 are isomorphic if
and only if their nerves N∗C1 ∼= N∗C2 are isomorphic. However, N∗ does not
capture equivalences: Kan weak equivalences N∗C1 ' N∗C2 between nerves of
categories does not imply category equivalences C1 ' C2. Thus the functor

Cat sSet

Cat[Eq−1] Ho(sSet) = sSet[WE−1]

N

N

N is not fully faithful.

Notation. We will call objects in sSet spaces, and objects in sSet∆ simplicial
spaces. we will write X∗ ∈ Fun(∆op, sSet) as

X• =
{
X0 X1 X2 · · ·

}
where each Xn is a vertical simplicial set.

There are many interesting model structures on bisimplicial sets.

1. Bousfield-Kan (BK) model structure (projective)

2. Reedy model structures

3. Bergner model structure (left Bousfield localization of BK model structure
on Segal maps).

4. Rezk model structure (left Bousfield localization of Reedy model structure
on Segal maps).
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3.1 Classical Homotopy Theory of Categories

In order to answer the following question, we start with some classical results. 8

Question 3.1. When exactly does a functor F : C→ D induce a Kan weak equivalences
N∗F : N∗C→ N∗D?

We start with the following observation: given two functors F,G : C → D

and a natural transformation α : F⇒ G, α induces a functor

Hα : C× I D

(c, 0) F(c)

(c, 1) G(c)

where I = {0→ 1}. And we get a commutative diagram

C C× I C

D

i0

F
Hα

i1

G

Note N∗I = ∆[1]∗, so it induces a simplicial homotopy

N∗C N∗C×∆[1]∗ N∗C

D

N∗i0

N∗F
N∗Hα

N∗i1

N∗G

To sum up, any natural transformation α : F → G gives a homotopy of
simplicial set maps. As a consequence, if F : C→ D is an adjoint functor, then
the unit and counit gives us

N∗F ◦N∗G ' idN∗C

N∗G ◦N∗F ' idN∗D

after applying the nerve functor.
One of the most important application of slice category is the following

theorem.

Theorem 3.2 (Quillen, Theorem A). Let F : C→ D be a functor. If N∗(F/d) ' {∗}
for all d ∈ Ob(D), then N∗F : N∗C → N∗D is a weak homotopy equivalence, i.e.
BF : BC

∼
−→ BD.

8Proofs are in old notes.

27



Lecture 06: Classical Homotopy Theory of Categories 24 Feburary 2021

Notation. For any F : C→ D, we write F/d = F ↓ d for any object d in D.

Example 3.3. Let F : C → D be a left adjoint with righr adjoint G, then F/d is
contractible.

F : C D : G

The counit natural transformation gives εd : FGd
∼
−→ d for any d ∈ Ob(D), so

(Gd, ε) is a terminal object in F/d, which implies that F/d is weakly contractible.

Quillen’s Theorem A can be deduced from Theorem B.
Notice,

1. d 7→ F/d defines a functor

F/(−) : D Cat

d F/d

(β : d→ d ′) (F/β : F/d→ F/d ′)

(3.1) {{eq:slice-functor}}{{eq:slice-functor}}

2. There is a forgetful functor

jd : F/d→ C

which composes

F/d C D
jd F

and on nerves

N∗(F/d) NC N∗D.
N∗jd N∗F

Quillen’s theorem B detects when this sequence is a fibration.

Theorem 3.4 (Quillen, Theorem B). Assume that for any morphism β : d→ d ′ in
D,

N∗(F/β) : N∗(F/d)→ N∗(F/d ′)

is a weak equivalence, then

N∗(F/d) N∗C N∗D

is a homotopy fibration sequence for any d, i.e.

N∗(F/d) N∗C

{∗} N∗D

y·

is homotopy Cartesian.

28



Lecture 06: Classical Homotopy Theory of Categories 24 Feburary 2021

Note N(F/d) ' hocofib(NF), so by applying Theorem B, we see that trivial
homotopy fibers implies that N∗F : N∗C → N∗D is a weak homotopy equiva-
lence.

There is another proof of Theorem A based on the ideal of homotopy decom-
positions.

The functor 3.1 gives a diagram of small categories of shape D. Applying
nerve functor we get

N∗(F/(−)) : D→ Cat→ sSet

and the aasignment
jd : F/d→ C

gives a functor
j = constC : F/(−)→ C

which induces
N∗j : N∗[F/(−)]→ N∗C

and a map in Ho(sSet)

Nj∗ : hocolimDN∗[F/(−)]→ N∗C
{lem:whe}

Lemma 3.5 (Quillen). For any F : C→ D, the map

Nj∗ : hocolimDN∗[F/(−)]
∼
−→ N∗C

is a weak homotopy equivalence, i.e.

hocolimD[B(F/−)]
∼
−→ BC. (3.2) {{eq:whe}}{{eq:whe}}

is a weak homotopy equivalence of topological spaces.

Question 3.6. How does lemma implies Theorem A?

Given any diagram Γ : D → sSet, there is a canonical map Γ → ∗ =

const∆[0]∗ and therefore a map between homotopy colomits

can : hocolimD Γ → hocolimD ∗ ∼= N∗D (3.3) {{eq:can}}{{eq:can}}

Combining these together we get a commutative diagram

hocolimD [N∗F/(−)]

N∗C N∗D

Nj∗
∼

can
∼

N∗F
∼

where both can and N∗F are weak equivalences, so by 2-of-3 property of weak
equivalences, Nj∗ is also a weak equivalence.

Lemma 3.5 is a consequence of a beautiful formula of Thomason.
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Theorem 3.7 ([T]). Let F : D→ Cat be a functor, then

hocolimD(N∗F) ' N∗(D

∫
F)

where D
∫
F is the Grothendieck construction.

Definition 3.8. Let F : D → Cat be a functor, the Grothendieck construction
D
∫
F is a category with

• objects are pairs (d, x) where d ∈ Ob(D) and x ∈ Ob(F(d)).

• morphisms are

HomD
∫
F((d, x), (d ′, x ′)) = {(f,ϕ) : f : d→ d ′,

(ϕ : F(f)x→ x ′) ∈ HomF(f)d(F(f)x, x ′)}.

Definition 3.9. F/D = D
∫
(F/−) is the global slice category with objects⋃

d∈DOb(F/d). Explicitly, objects are triples (c,d, f : Fc→ d) where c ∈ Ob(C),
d ∈ Ob(D), f : Fc→ d ∈Mor(D).

Then we can replace the canonical map 3.3 by the map N(F/D)
∼
−→ NC.

Remark. We can think of 3.2 as a kind of homotopy decomposition.

There are important similar decomposition for other spaces.

Example 3.10. LetG be a compact Lie group (e.g. finite group). Let BG := |N∗G|
be the geometric realization of simplicial spaces.

Theorem 3.11 ([N]). Let G ∼= G ′ be compact connected Lie groups if and only if
BG ' BG ′.

Therefore if you are interested in Lie groups from homotopical point of
view, you can replace Lie groups by their classifying spaces, and there are
many interesting Lie theory constructions, e.g. notions of closed subgroups,
centralizers, maximal torus, that can be translated in the language of classifying
spaces. In particular, there are many tools of studying classifying spaces which
rely on this idea of homotopy decomposition.

Definition 3.12. Let G be a compact connected Lie group and p be a prime. A
homology decomposition ( mod p) of BG is given by a functor F : D → Top
together with a map f : hocolimD F → BG such that

f∗ : H∗(hocolimD(F), Fp) ' H∗(BG, Fp)

and for any d ∈ Ob(D), there is a closed subgroup Hd ⊆ G such that F(d) '
BHd, and

BHd ' F(d) −→ hocolimD(F)
f
−→ BG

is induced by the inclusion Hd ↪→ G.
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Notation. We shall denote Sp = sSet and sSp = sSet∆.

Complete Segal Spaces The concept of complete Segal spaces is after Rezk
[R1]. This is one the model for ∞-category. It requires a lot of background
in order to introduce the definition, but to deal with them it is actually easier
than the other models. And they come very natural in practice. The main
constructions are

• Classifying diagram of a category (Rezk nerve).

• Reedy model structure on simplicial spaces.

• Localization of model structures (Bousfield localization).

3.2 Classifying Diagram of a Category

Observation. Let Gpd be the category of (small) groupoids, then there is a
natural inclusion

i : Gpd Cat

which has a left adjoint

loc : Cat Gpd

C C[Mor(C)1]

and a right adjoint
Iso : Cat Gpd

C Iso(C)

where Iso(C) is the maximal subgroupoid of C. Explicitly,

HomIso(C)(x,y) = {invertible arrows x→ y in C}.

Gpd

Cat

iloc Iso
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Notation. Let C be a small category. For any n ≥ 0, define C[n] = Fun(−→n ,C)
the functor category with objects

(f0, · · · , fn−1) = (c0
f0−→ c1

f1−→ · · · fn−1−−−→ cn)

n-tuples of composable morphisms in C.

Definition 3.13. The classifying diagram (Rezk nerve) of C is defined to be the
simplciial space

NR(C)∗ : ∆op sSet = Sp

[n] N∗(Iso(C[n]))

and for f : [n] → [m], it induces a map
−→
f : −→n → −→m, which gives a map

f∗ : C[m] → C[n] and thus a map

NRf∗ : N∗(Iso(C[m]))→ N∗(Iso(C[n])).

By convention, NR(C)∗ : ∆op → Sp looks like

NR(C)∗ =

{
NR(C)0 NR(C)1 NR(C)2 · · ·

}
.

Thus we have the Rezk nerve functor

NR : Cat sSp

C NR(C)

The components look as follows.

• NR(C)0 = N(Iso(C)) contains only the information of isomorphisms in C.

• NR(C)1 = N(Iso(C[1])), where Iso(C[1]) = Mor(C),

– objects are morphisms in C and,

– morphisms are pairs of isomorphisms (ϕ,φ) : f→ g such that

x y

z w

f

ϕ ∼= φ∼=
g

commutes
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• In general, NR(C)n,m is the set of diagrams in C of the form

• • • • •

• • • • •

• • • • •

• • • • •

∼= ∼= ∼= ∼= ∼=

∼= ∼= ∼= ∼= ∼=

where horizontal ones are n-composable morphisms and vertical ones are
m-composable isomorphisms.

Comparison map. The adjunction

i : Gpd Cat : Iso

yields the unit of the adjunction η : idGpd → Iso i, which extends to a natual
morphism

η : N NR

of functors Gpd→ sSp. Explicitly, for any gropuoid G, there is a natural map

ηG : N(G)∗ → NR(G)∗

of simplicial spaces, where N(G)∗ is regarded as a constant (in horizontal direc-
tion) simplicial space.

Gpd sSp

sSet
N

NR

η

Definition 3.14. Unless named otherwise, by a weak equivalence of simplicial
spaces we mean an degreewise weak equivalences of simplicial sets, i.e. f : X∗ →
Y∗ is a weak equivalence if and only if fn : Xn → Yn is a weak equivalence in
Sp = sSet.

Remark. This class of weak equivalences can be extended to different model
structures, namely, the Reedy model structure and BK model structure of sSp.

Proposition 3.15 ([R1]). The map ηY : N(Y)→ NR(Y) is a weak equivalence in sSp
for any groupoid Y.
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Proof. If Y is a groupoid, then so is all Y[n] for all n ≥ 0, and hence Iso(Y[n]) =
Y[n]. On the other hand, [n]→ [0] induces a functor

Y = Y[0]
∼
−→ Y[n]

which is an equivalence of categories.
This map is fully faithful and is essentially surjective since Y is a groupoid,

Y = Y[0] ' Y[n] = Iso(Y[n]),

thus ηY : N(Y)→ NR(Y) is a weak equivalence.

Example 3.16. Ig G is a connected groupoid (i.e. there is only one iso-class of
objects) then the choice of such any object in G gives an equivalence of categories,

AutG(x)
∼
−→ G

thus
NR(G) ' NG ' NAutG(x).

If G is not connected, we have

NR(G) ' NG '
∐

〈x〉∈Isoclass(G)

AutG(x).

Now let C be a category (not a groupoid),

• NR(C)0 = N(Iso(C))

• NR(C)1 =
∐
〈x〉,〈y〉∈Isoclass)C)

∐
〈ϕ:x→y〉NAutC[n](〈ϕ〉)

Example 3.17. 1. Let C =
−→
1 = {0

ϕ
−→ 1}. Then

• AutC(0) = AutC(1) = AutC(ϕ) = e the trivial group.

• NRC0 = Ne
∐

Ne.

• NRC1 = Ne
∐

Ne
∐

Ne, and |NRC1| = 3 points.

2. Let C =
−→
0 . We see that NR(

−→
0 )0 6' NR(

−→
1 )0, so NR(

−→
0 ) 6' NR(

−→
1 ).

3. Let C =
←→
1 , then NR(

←→
1 )0 ' NR(

−→
1 )0, but NR(

←→
1 )1 ' Ne

∐
Ne, thus

|NR(
←→
1 )1| ' 2pt 6' |NR(

−→
1 )1|.

Theorem 3.18 ([R1]). 1. The functor NR : Cat→ sSp is fully faithful.

2. F : C→ D is an equivalence of categories if and only if NR(F) : NRC→ NRD is
a weak equivalences of simplicial spaces.
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Proof. For part (2), notice that Iso(C[n]) are groupoids for n ≥ 0. Hence NR(F)n :

NRCn → NRDn is a weak equivalence of simplicial sets if and only if Iso(F[n]) :
Iso(C[n])→ Iso(D[n]) is an equivalence of categories.

Of course, if F[n] is an equivalence of categories, then Iso(F[n]) is an equiva-
lence of categories. But check

Lemma 3.19. F[n] is an equivalence of categories if and only if F is an equivalence of
categories.

thus NR(F) : NRC→ NRD is a weak equivalences of simplicial spaces.
(To be continued later.)

3.3 Reedy Model Structure on Simplicial Spaces

Goal. We want a model structure on sSp such that NR(C) are (special) fibrant
objects. 9

Remark. Properties of Rezk nerve:

1. For any C, NR(C) is determined by NR(C)0 and NR(C)1. Indeed, we have

NR(C)n ∼= NR(C)1 ×NR(C)0
· · · ×NR(C)0

NR(C)1︸ ︷︷ ︸
n

.

We will relax the isomorphisms to be weak equivalences, which gives us
the definition of Segal spaces.

2. The subspace of NR(C)1 arising from isomorphisms in C is equivalent to
NR(C)0. More precisely,

i : Iso(C) ↪→ C

gives us

NR(Iso(C))1 NR(C)1

NR(Iso(C))0 NR(C)0

i

s0' s0

By mimicking the above properties, we give the definition of complete Segal
spaces as below.

Definition 3.20. Let X∗ be a simplicial space,

1. if the Segal maps Xn ' X1 ×X0 · · · ×X0 X1 are a weak equiavlence, i.e.
there is a composition operation well defined up to coherent homotopy,
then X∗ is called a Segal space.

9Prof. Yuri Berest quoted "The route is curved, but our goals are trivial". Here is the same
situation.
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2. if furthermore, the sub-simplicial object Core(X∗) on the invertible mor-
phisms in each degree is homotopy constant: it has all face and degeneracy
maps being homotopy equivalences (this says that if a morphism is an
equivalence under the explicit composition operation then it is already a
morphism in X0), then X∗ is a complete Segal space.

Remark. One cannot just put a model structure on the category of models (e.g.
the category of all quasi-categories) because this is not closed under limits
or/and colimits. Instead, we put a model structure on a larger category so that
the fibrant objects are precisely our models. For instance, we have the Joyal
model structure on sSet where quasi-categories are fibrant objects.

For Complete Segal spaces (and other models), we need to work with
sSp = sSet∆ and modify the (canonical) Reedy model structure by localiz-
ing (Bousfield localization) twice to get our desired model structures.

Remark. This “double” Bousfield localization is a common phenomena.

Example 3.21 (Derived stacks). Let k be a commutative ring. Let

dAffk = (sCommk)op

be the category of derived affine schemes over k. The category

sPr(dAffk) = Fun(sCommk, sSet)

has a canonical model structure, and by localizing once we get

sPr(dAffXk )

prestack model structure, where fibrant objects are derived prestacks. And after
the second localization (stackification) we get

sPr(dAff∼k)

stack model structure where fibrant objects are derived stacks.

3.3.1 Promoting Model Structures

There is a very useful procedure to lift or promote model structure from one
category to another.

Theorem 3.22 (Kan, [H2]). 10 Let F : C D : G be a pair of adjoint functors.
Let C be a cofibrantly generated model category with generating cofibrations I and
generating acyclic cofibrations J. Define weak equivalences, cofibrations and fibrations
in D as follows

10see old notes.
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• f ∈WE(D)⇔ G(f) ∈WE(C).

• f ∈ Fib(D)⇔ G(f) ∈ Fib(C).

• Cof(D) := LLP(WE(D)∩WE(D)).

Assume

1. G preserves sequential colimits, i.e. given

X0 X1 · · · Xn · · ·

the natural map

colimn(GXn) G(colimn Xn)
∼

is an isomorphism in C.

2. Cof(D)∩ LLP(Fib(D)) ⊆WE(D)

Then (WE(D), Fib(D),Cof(D)) makes D a cofibrantly generated model category with
generating cofibrations F(I) and generating acyclic cofibrations F(J).

Remark. In practice, (1) is easy to check and for (2) we need the following.

Lemma 3.23. Suppose in D the following holds,

1. there is a functorial fibrant replacement R : D→ D

(X→ ∗) (X→ RX� ∗)

In particular, R = id if D is fibrant, i.e. every morphism X→ ∗ is a fibration.

2. for any object X in D, there is a canonical path object

X X× X

P(X)

∆

∼

Then D satisfies property (2).

Example 3.24. Let k be a commutative ring.

Sym : sModk sCommk : U

gives the model structure on sCommk and this becomes a Quillen adjunction.
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Theorem 3.25 (BK, standard projective model structure on diagrams). Let C
be a small category, and M a cofibrantly generated model category with generating
cofibrations I and generating acyclic cofibrations J. Let MC = Fun(C,M) be the
category of all C-diagrams in M. Then MC has a cofibrantly generated model structure
with

• WE(MC) := objectwise weak equivalences of diagrams, i.e.

f : X→ Y ∈WE(MC)⇔ f(c) : X(c)→ Y(c) ∈WE(M), ∀c ∈ Ob(C).

• Fib(MC) := objectwise fibrations of diagrams.

• Cof(McC) := LLP(WE(MC)∩ Fib(MC)).

[H2], 11.6.1. Let Cδ be the discrete category underlying C,

• objects are the same as objects in C, and

• morphisms are only identity morphisms.

then
MCδ = Fun(Cδ,M) =

∏
c∈Ob(C)

M

has the obvious model structure with WE, Fib,Cof defined objectwise. Then
the inclusion Cδ ↪→ C induces a functor U

F : MCδ MC : U

with left adjoint F : MCδ →MC defined by for X = {X(c)}c∈Ob(C),

F(X) :=
∐

c∈Ob(C)
X(c)

⊗
hc

where hc = HomC(c.−). Note M is tensored over Set. More explicitly,

F(X) =
∐

c∈Ob(C)

∐
f∈HomC(c,d)

X(c).

Check this adjunction satisfies the lifting theorem.

Example 3.26. Let M = sSet, C = ∆op, MC = sSp has a model structure where
weak equivalences are objectwise weak equivalences.
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Reedy Model Structures Reedy Model Structure (RMS) [[H2], Chapter 15] is
a natural model structure on MC (M a (simplicial) model category) defined only
for special C - called Reedy categories - with the same weak equivalences as in
BK but more cofibrations (and hence less fibrations than in BK).

The advantage of this model structure is, if M is a simplicial model category
(e.g. M = sN) there is an internal realization functor

|− |M : sM→M

which is left Quillen with respect to Reedy model structure. For instance,
M = Top recovers our classical geometric realization functor.

Definition 3.27. A small category C is Reedy if it contains two wide subcate-
gories

−→
C (called direct) and

←−
C (called inverse) such that

1. C =
−→
C ./

←−
C is a crossed category, i.e. any morphism f in C has a unique

decomposition
f =

−→
f ◦←−f ,

where
−→
f ∈Mor(←−C ) and

←−
f ∈Mor(←−C ).

2. there is a degree function

deg : Ob(C)→ Z≥0

such that

• every nonidentity morphism in
−→
C raises degree, i.e.

deg(f(c)) ≥ deg(c), ∀c ∈ Ob(C), f ∈Mor(−→C ),

• every nonidentity morphism in
←−
C lowers degree, i.e.

deg(f(c)) ≤ deg(c), ∀c ∈ Ob(C), f ∈Mor(←−C ).

Remark. Notice

1. If C is Reedy, so is Cop (swap the two subcategories).

2. If C,D are Reedy, so is C×D.

Example 3.28. 1. ∆ is Reedy, with deg[n] = n.
−→
∆ = ∆+ all injective maps,

and
←−
∆ = ∆− all surjective maps.

2. ∆op is Reedy.

3. Let X be a simplicial set, ∆X = ∆ ↓ X the category of simplices is a Reedy
category, with deg(x) = n if x ∈ Xn. Then

−→
∆X = ∆+X,

←−
∆X = ∆−X.
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3.3.2 Skeletons and Coskeletons

Recall (cf. odd notes) if M is a category with all (small) limits and colimits, then
for any f : I→ J ∈Mor(Cat), we have

MJ

MI

f∗
f! f∗

where
f! : M

I →MJ

is given by left Kan extension 11

I M

J

X

f
Lf(X)=:f!(X)

which can be computed by

f!X(j) ∼= colim(f ↓ j U−→ I
X
−→M).

And dually,

f∗X(j) ∼= lim(j ↓ f U−→ I
X
−→M).

Example 3.29. Let J = ∆ and I = ∆≤n the full subcategory of ∆ with objects
{[0], · · · , [n]}. There is a natural inclusion functor

in : ∆op≤n ∆op

For any M, sM = Fun(∆op,M) and s≤nM = Fun(∆op≤n,M) the n-truncated
simplicial objects in M, we have the following diagram of adjoints.

sM

s≤nM

(in)
∗(in)! (in)∗

For any simplicial set X, we define

11This is in fact pointwise left Kan extension.
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• skn(X) := (in)!i
∗
nX, and

• coskn(X) := (in)∗i∗nX.

Observe that adjunction morphisms

skn(X)→ X, X→ coskn(X)

give

1. the skeleton filtration sk0 X→ sk0 X→ sk2 X→ · · ·→ X of X,

2. the coskeleton tower X→ · · ·→ cosk2 X→ cosk1 X→ cosk0 X of X,

From now on we will mainly focus on the skeleton filtration, the dual statements
hold for coskeleton towers.

By the colimit formula of left Kan extension,

skn(X)m ∼= colim(
ϕ:[m]→[k],
k≤n

)
∈∆
ϕ∗(Xk) colim(

ϕ:[m]→[k],
k≤n

)
∈∆−mn,,,,,,,,,nnnnnnnnnnnnnnnnnnnnnn

ϕ∗(Xk)

since any ϕ : [m]→ [k] can be factored uniquely as [m]� [k ′] ↪→ [k].
Notice if m ≤ n, skn Xm = Xm. In general this formula says skn Xm is

generated by images of degeneracy in X of dimensionm, and⋃
n≥0

skn(X) ∼= X

i.e. the skeleton filtration is exhausted.
More generally, we define for f : X∗ → Y∗ ∈ Mor(sM), the n-th relative

skeleton of f is defined to be the pushout in sM

skn X X

skn(Y) skXn(Y) Y

skn f
f

p·

3.3.3 Latching and Matching Objects

Given X ∈ Ob(sM), we define the n-th latching object in M

Ln(X) := skn−1 Xn ∈ Ob(M)

and the n-th matching object in M

Mn(X) := coskn−1 Xn ∈ Ob(M).

These come with natural maps

s : Ln(X)→ X,d : X→Mn(X)

and in a similar manner we can define the n-th relative latching and matching
objects for any map f : X→ Y in sM.
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Theorem 3.30 (Reedy). Let C = ∆op and M a model category. There is a Reedy
model structure on MC with

1. WE(sM) = objectwise weak equivalences.

2. Cof(sM) = are morphisms f : X∗ → Y∗ such that for any n ≥ 0, the natural
maps LXn(Y) ↪→ Y is a cofibration in M.

Ln(X) X

Ln(Y) LXn(Y) Y

Lnf
f

p·

3. Fib(sM) = morphisms f : X∗ → Y∗ such that for any n ≥ 0, the natural maps
Xn �MXn(Y) are fibrations in M.

Remark. 1. This theorem extends to all Reedy categories.

2. Every cofibrant object X ∈ Ob(M) gives a cofibrant object in sM with
respect to the Reedy model structure, but this is not true for fibrant objects.

3. Unlike Bousfield-Kan model structure, sM is not a simplicial model cate-
gory (natural simplicial structure on sM does not agree with Reedy model
structure). For instance, given a cofibration i : K ↪→ L in sSet and a
cofibration j : X ↪→ Y in sM,

i� j : (K� Y)
∐
K�X

L�X ↪→ L� Y

i� j is a cofibration, but when i is a acyclic cofibration, i� j is not neces-
sarily an acyclic cofibration.

Recall the notion of Quillen functors.

Lemma 3.31 (see old notes). Given a pair of adjoint functors between model categories

F : M N : G

the following are equivalent:

1. G preserves fibrations and acyclic fibrations,

2. F preserves cofibrations and acyclic cofibrations,

3. G preserves fibrations and F preserves cofibrations.

These are called Quillen pairs.
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Assume that M is a simplicial model category, then there is a natural realiza-
tion functor

|− |M : sM M

defined as follows. We will use

(−)�M (−) : sSet×M M

for the internal tensor product on M.

Definition 3.32. For any X ∈ Ob(sM), we define

|X| := coeq

 ∐
ϕ:[m]→[n]∈∆

∆[n]�Xm
∐

[n]∈∆
∆[n]�Xn

ϕ∗

ϕ∗

 ∈M

Example 3.33. When M = Top the category of compact generated weakly
Hausdorff topological spaces,

|− |Top : sTop Top

is the classical geometric realization.

Notice |− |M is left adjoint to the exponential object functor

(−)∆ : M→ sM

Theorem 3.34 (Reedy). If M is a simplicial model category,a nd sM is equipped with
Reedy model structure, then

|− |M : sM M : (−)∆

is a Quillen pair. In particular,

Example 3.35. M = sSet and sM = sSp with Reedy model structure.
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4 Derived Functors

Given a model category M there is an associated homotopy category

Ho(M) := M[W−1],W =WE(M).

When M is a model category, the homotopy category Ho(M) has good proper-
ties.

Our goal is to construct localization theory 12 for Ho(M) in terms of M.

4.1 Yoga of derived functors

[DHKS]
We work with homotopical categories (M,W) where W ⊂ M is the full

subcategory of weak equivalences satisfying

1. W contains all isomorphisms.

2. W satisfies 2-of-6 property.

3. W is saturated, i.e. f ∈W if and only if δf ∈ Iso(Ho(M)), where

δ : M Ho(M) = M [W] .

Example 4.1. (M,W) is homotopical when M is a model category with W the
class of weak equivalences.

Remark. For homotopical category M, Ho(M) can be viewed as a minimal
homotopical category with WHo(M) = Iso(Ho(M)).

Definition 4.2. Let M,N be homotopical categories, F : M→ N is homotopical
if F(WM) ⊆WN.

Lemma 4.3. For a homotopical functor F : M → N, there is a unique functor F :

Ho(M)→ Ho(N) such that

M N Ho(N)

Ho(M)

F

γ

δ

LF:=Rγ(δF)

commutes.

Proof. Apply UMP of localization.
12There are left and right localization theory because there are left and right Quillen functors.
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Definition 4.4. The total left derived functor LF of F is defined as the right
Kan extension

M N Ho(N)

Ho(M)

F

γ

δ

LF:=Rγ(δF)

ε

This comes with a natural transformation ε : LF ◦ γ⇒ δF, which is universal in
the sense that for any (G, ε ′), there is a unqiue factorization

G ◦ γ δF

LF ◦ γ

ε ′

LF

∃!
ε

{def:ldf}
Definition 4.5 ([DHKS]). A left derived functor of F : M → N is a functor
LF : M→ Ho(N) together with a comparision map ε : LF⇒ δF satisfying

1. LF is homotopical.

2. (LF, ε) is universal (terminal) among all homotopical functors G : M →
Ho(N) with ε ′ : G⇒ δF, i.e.

G δF

LF

ε ′

η
∃!

ε

Definition 4.6 ([S3]). A pointwise left derived functor LF of F : M → N is a
functor LF : M→ N with ε : LF→ F such that (LF = δLF, δε : δLF→ δF) is a left
derived functor as in the definition 4.5.

Remark. 1. If LF exists, it is unique up to homotopy.

2. Even if LF exists, LFmay not exist. 13

Later we will define realizable left derived functors which refines LF.

4.2 Derived Functors as Deformations

Definition 4.7. A left deformation of a homotopical category M is an endo-
functor Q : M→M with natural weak equivalence q : Q⇒ idM.

13For instance, when a model category does not have functorial cofibrant replacement.
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Remark. Q is always a homotopical functor. For any f : X→ Y ∈Mor(M), the
following commutative diagram

QX QY

X Y

Qf

qX qY

f

shows that f ∈W if and only if Qf ∈W.

Lemma 4.8. Let MQ be the full subcategory of M such that MQ ⊇ Im(Q) contains
essential image of Q for a left deformation (Q,q) of M. Then i : MQ →M induces an
equivalence of categories

Ho(MQ) ' Ho(M).

We call any MQ with these properties a left deformation category of M associated to
(Q,q).

Proof. MQ is homotopical with WMQ
= WM ∩MQ, and Ho(MQ) = MQ[W−1

Q ],
then i is homotopical, which induces a functor

i : Ho(MQ) Ho(M)

with inverse induced by Q : M→ Im(Q) ⊆MQ.

Definition 4.9. Let F : M→ N be any functor. A left deformation (Q,q) of M is
called a left F-deformation if there is a left deformation retract MQ such that
F|MQ

is homotopical.
{ex:F-def}

Exercise 4.10. Show that a left deformation (Q,q) is an F-deformation if and
only if

1. FQ : M→ N is a homotopical functor, and

2. FqQ : FQ2
∼
−→ FQ is a natural weak equivalence, i.e. for any X ∈ Ob(M),

F(qQX) : F(QQX) FQX
∼

is a weak equivalence in N.

4.2.1 Main Exmaples

Cofibrant Replacement Let M be a model category, W = WE(M) ⊂ M. As-
sume M has functorial factorization

∅ QX X
qX

then Q : M→M the cofibrant replacement functor together with q : Q
∼
−→ id is

a left deformation, and MQ is the category of all cofibrant objects in M.
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Classical homological algebra Let A be an associative unital ring. Let M =

Ch+(A) be the category of nonnegatively graded chain complexes of left A-
modules. M is a model category with

• WE(M) = quasi-isomorphisms.

• Fib(M) = levelwise epimorphisms fn :Mn � Nn for n > 0.

• Cof(M) = levelwise injective morphisms with projective cokernels.

MQ consists of chain complexes with projective components.

Classical homotopy theory Let M = sGr the category of simplicial groups.

Definition 4.11. A simplicial group Γ∗ is semifree if the restriction

Γ∗|(∆+)op : (∆+)op Gr

Set

F〈−〉

factors through Set. Explicitly, Γ∗ is semifree if and only if there exists a sequence
of subsets Bn ⊂ Γn such that

1. Γn = F〈Bn〉,n ≥ 0, and

2. B = ∪n≥0Bn is closed under degeneracy maps, i.e. sΓj (Bn−1) ⊆ Bn,n ≥
1, 0 ≤ j ≤ n.

Theorem 4.12 (Kan). A cofibrant simplicial group is a retract of a semifree sim-
plicial group.

Kan Loop Group Construction is a functor

G : sSet0 sGr

X∗ G(X)∗

where
G(X)n = F〈Xn+1〉/(s0x = 1, ∀x ∈ Xn).

with degeneracy maps

s
G(X)
j : G(X)n → G(X)n+1

induced by sXj : Xn+1 → Xn+2 and face maps

di(x) =

{
dX0 (x)d

X
1 (x)

−1, i = 0,

induced by dX1 : Xn+1 → Xn, i > 0
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Remark. Note we have

Bn := Xn+1\s0(Xn) Xn+1 (GX)n

F(Bn)

∼=

which shows that G(X) is semifree with basis B = ∪
n≥0

Bn.

Theorem 4.13. The Kan loop group functor has a right adjoint

G : sSet0 sGr :W

whereW is simplicial classifying space functor,

(WΓ)n = Γn−1 × · · · × Γ0

with corresponding face and degeneracy maps. In particular, when we restrict it to Gr,
this is usual classifying space functor W|Gr = B∗. This is a Quillen equivalence and
we have

G : Ho(sSet0) ' Ho(sGr) :W

where both functors are homotopical.

Combining this with the geometric realization Quillen adjunction

|− | : sSet0 Top0,∗ : ES

we see that simplicial groups models homotopy types of pointed connected
topological spaces.

In this case, Q = GW and the counit q : Q ⇒ id is a left deformation of
simplicial groups.

4.3 Properties of Derived Functors

Proposition 4.14. If F is left deformable with respect to (Q,q), then F has a left derived
functor LF : M→ Ho(N) given by

LF = δFQ : M M N Ho(N)
Q F δ

with comparison map
ε = δFq : LF δF.

Proof. Recall the definition of left derived functors, we need to show two things.
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1. It is easy to see that LF = δFQ is homotopical.

LF = δFQ : M M N Ho(N)

MQ

Q

Q

F δ

F|MQ

Thus LF = δ ◦ F|MQ
◦Q is homotopical as a composition of homotopical

functors.

2. For the universal property, let (G, ε̃ : G ⇒ δF) be another pair. Observe
that if G is homotopical and q : Q ⇒ id is a natural weak equivalence,
then Gq : GQ⇒ G is an isomorphism of functors. Indeed,

Gq = {GQX
∼=
−→ G(X),X ∈ Ob(M)}

since weak equivalences in Ho(N) are isomorphisms. Thus it has an
inverse

(Gq)−1 : G GQ
∼=

then the composite

ε̃ : G GQ δFQ = LF δF
(Gq)−1 ε̃Q ε

is equal to ε̃ since the diagram

G GQ

δF δFQ = LF

ε̃ ε̃Q

Gq

∼=

ε

commutes. Hence η = (ε̃Q) ◦ (Gq)−1 satisfies

G δF

LF

ε̃

η ε

It remains to show the uniqueness of the factorization. Take another
factorization (instead of η):

G δF

δFQ = LF

ε̃

ξ ε
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Let’s precompose with Q

GQ δFQ

δFQ2 = (LF)Q

ε̃Q

ξQ εQ

∼=

where

ξQ : M M Ho(N)
Q

G

δF

ε

Notice that εQ is an isomorphism of functors. Indeed, by exercise 4.10,
FqQ : FQ2 ⇒ FQ is a natural weak equivalences, so

εQ = δFqQ : δFQ2 δFQ

is a natural isomorphism.

This means that ξQ is uniquely determined by ε̃Q, i.e. ξQ = (εQ)−1 ◦
ε̃Q. But ξ is a natural transformation implies we have the following
commutative diagram

GQ δFQ2

G δFQ

ξQ

Gq ∼= εQ∼=

ξ

so ξ = (εQ) ◦ (ξQ) ◦ (Gq)−1 is uniquely determined by ξQ thus by ε̃Q.

Remark. This argument shows that LF = FQ : M→ N together with Fq : LF⇒ F

is a pointwise derived functor.

Example 4.15. Let M be a model category, W =WE(M) ⊂ M. Assume M has
functorial factorization

∅ QX X
qX

then the cofibrant replacement functor Q : M → M together with q : Q
∼
−→ id

is a left deformation, and MQ is the category of all cofibrant objects in M. It
follows that any left Quillen functor F : M→ N is left deformable with respect
to (Q,q) and hence LF : M→ Ho(N) exists.

More generally, any functor F : M → N that maps acyclic cofibrations
between cofibrant objects to weak equivalences is left deformable with respect
to (Q,q).

F(Cof(MQ)∩WE(MQ)) ⊆WE(N). (4.1) {{eq:def-cond}}{{eq:def-cond}}
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Proof. Recall a left Quillen functor maps cofibrations to cofibrations and acyclic
cofibrations to acyclic cofibrations, so it satisfies condition 4.1. We need to show
the following lemma.

Lemma 4.16 (Brown’s lemma). If F : M→ N is a functor between model categories
satisfies condition 4.1, i.e. it maps acyclic cofibrations between cofibrant objects to weak
equivalences, then F|MQ

is homotopical.

Proof. Take A,B ∈ Ob(MQ) and f : A ∼
−→ B a weak equivalence, we need to

show that F(f) ∈ WE(N). Consider a factorization of f
⊔

idB = pq : A
⊔
B ↪→

C
∼
� B and

A

A
⊔
B C B

B

iA

q ∼

p

iB

Observe that

• qiA : A ↪→ A
⊔
B ↪→ C ∈ Cof(M), and

• qiB : B ↪→ A
⊔
B ↪→ C ∈ Cof(M),

and

• p : C→ B ∈WE(M), and

• pqiA = f : A
∼
−→ B ∈WE(M), and

• pqiB = idB ∈WE(M),

so by 2-of-3 property,

qiB,qiA ∈ Cof(M)∩WE(M).

Apply F to these maps, we see

F(qiA), F(qiB), F(pqiB) = F(idB ∈WE(N).

Again by 2-of-3 property, F(p) ∈WE(N), so

F(f) = F(qiA) ◦ F(p) ∈WE(N).
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Example 4.17 (Quillen homology). Let M be a model category. Let Mab be the
category of abelian group objects, i.e. A ∈ Ob(Mab) if and only if HomM(B,A)
is an abelian group for any B ∈ Ob(M), i.e. hA : M→ Set factors through Ab.
We have i : Mab →M the forgetful functor (which is faithful but not full).

Example 4.18. For M = sGr or sSet, Mab = sAb.

In many cases, i : Mab →M has a left adjoint

(−)ab : M Mab : i. (4.2) {{eq:ab}}{{eq:ab}}

the abelianization functor.
Mab can be given a model structure so that 4.2 is a Quillen adjunction and

we have the derived functor

L(−)ab : M Ho(Mab)

which is the Quillen homology.
We can also define Quillen cohomology as follows.
Assume Mab has stable model structure so that ∅ = ∗ and there is a (invert-

ible) suspension functor

Σ : Ho(Mab) Ho(Mab)

Then we can define the Quillen cohomology of M with coefficients in A ∈
Ho(Mab) as

HM
n (X,A) := HomHo(Mab)

(L(X)ab,Σ−nA).

Example 4.19. Let M = sSet and Mab = sAb. We have

(−)ab = Z[−] : sSet sAb : i.

Note L(−)ab ∼= (−)ab ∼= Z[−], so we have

L∗(X)ab = π∗Z[X] =: H∗(X, Z)

which is usual simplicial homology. In particular when X is the simplicial
complex associated to a topological space, this is the usual singular homology
of spaces.

Example 4.20. Let M = sGr and Mab = sAb. We have

(−)ab : sGr sAb : i.

where (γ)ab = Γ/[Γ , Γ ]. Then

L(Γ)ab ∼= QΓ/[QΓ ,QΓ ]
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where Q = GW is the semifree deformation. Then

π∗L(Γ)ab = π∗(QΓ)ab ∼= H∗+1(BΓ , Z) = H∗+1(Γ , Z)

is the group homology.

Example 4.21. Assume k is a field of characteristic 0. Let M = DGCAk
be the category of commutative DG algebras over k. Let A ∈ Mab, then
HomM(B,A) ∈ Ab implies A = {0}, so there is no nontrivial abelian group
objects in this category. We will fix this by considering the follwoing category.

Fix A ∈ DGCAk and consider

M ↓ A = DGCAk/A

Then 14

(M ↓ A)ab ∼= DGMod(A)

and we have the following adjunction

Ω1 : (−/A) : DGCAk/A DGMod(A) : An (−)

where
AnM = A⊕M

is the semidirect product (square-zero extension), with

(a,m)(b,n) = (ab,an+mb).

The left adjoint is the relative Kähler differential

Ω1(B/A) := A⊗BΩ1(B)

and its left derived functor is

LΩ1(−/A) : DGCAk/A D(DGMod(A))

defined by LΩ1(B/A) = A⊗QBΩ1(QB).
Take f = idA : A→ A,

Lk\A := LΩ1(idA)

is the cotangent complex of A. And its associated homology is André-Quillen
homology

H
AQ
∗ (A) = H∗(Lk\A)

and André-Quillen homology of Awith coefficients inM

H
AQ
∗ (A,M) = H∗(Lk\A

⊗
A

M).

14When A is an associative algebra, we need to replace modules by bimodules, then this recovers
Hochschild homology.
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Example 4.22 (Lie-Hodge Homology). Assume k is a field with char(k) = 0, Let
DGLAk 15 be the category of DG Lie algebras, where objects are a = ⊕i∈Zai ∈
DGLAk equipped with a DG Lie bracket

[−,−] : a× a a

satisfying commutativity

[x,y] = (−1)|x||y|[y, x]

and Jacobi identity
[x, [y, z]] = [[x,y], z] + [y, [x, z]].

This category is equipped with a projective model structure, with

• WE = quasi-isomorphisms, and

• Fib = degreewise surjective maps.

In this case, the abelianization (DGLAk)ab ∼= Chk and we have the adjunction

(−)ab : DGLAk Chk : i

where the left adjoint is given by

aab = a/[a, a].

Then the left derived functor is given by

L(a)ab = Qa/[Qa,Qa]

and Quillen showed
H∗(Laab) ∼= HCE∗+1(a,k).

where HCE∗ is the Chevalley-Eilenberg homology of DG Lie algebras,
Recall if a is a Lie algebra, an adjoint-invariant symmetric bilinear form on a

is
〈−,−〉 : a× a V

Sym2(a)

which factors through Sym2(a), i.e 〈x,y〉 = 〈y, x〉, and satisfies

〈[x,y], z〉 = 〈x, [y, z]〉.
15We can replace DGLAk by sLA when char(k) 6= 0, but there are some interesting properties

that requires this assumption.
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Example 4.23. Let a be a semisimple finite dimensional complex Lie algebra,
the killing form on a is an adjoint-invariant symmetric bilinear form.

Among all such forms, there is a universal one

a× a V

λ(2)(a)

where λ(2) : LieAlgk → Vectk is given by

λ2(a) =
Sym2(a)

〈[x,y]z− x[y, z]〉
which is introduced by Drinfeld (1991), and is used by Ginzburg and Gan (2003).

A natural question that we can ask is

Question 4.24. What’s cyclic homology of Lie algebras?

The generalization we will discuss goes back to Getzler and Kapranov
(following Kontsevich, 1998), which works for algebras over any cyclic operad.

Theorem 4.25 (Feigin-Tsygan). The functor

(−)# : DGA Chk

A A/(k · 1A + [A,A])

is left deformable (not a Quillen functor), which implies it has a left derived functor and

H∗(L(A)# ∼= HC∗(A).

This is one application of cyclic homology by viewing it as homology of
derived functor of abelianization. If we look at the expression, this is the derived
functor of universal trace (vanishes on commutators).

In the case of DGAk, we have (by accident) this coincidence that (reduced)
cyclic homology agrees with homology of derived functor of abelianization, but
for DG Lie algebras, the cyclic homology is defined as the homology of derived
functor of λ(2),

HCLie(a) = H∗(Lλ
(2)(a)).

Exercise 4.26. Show that the derived functor exists.

Now instead of considering only 2-forms, let’s consider the universal ad-
invariant symmetric p-multilinear form (coinvariants of the adjoint representa-
tion of a in Symp(a))

a× · · · × a λ(p)(a) =
Symp(a)

[a,Symp(a)]
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For every p ≥ 1, we have

λ(p) : DGLAk Chk

a λ(p)(a)

When p = 1, λ(1)(a) = aab.

Remark. When dimk(a) <∞, the natural pairing

Symp(a)× Symp(a∗) k

λ(p)(a)× Symp(a∗)ad

is nondegenerate (here Symp(a∗)ad = k [a]ad), so we have

λ(p)(a) = Homk(Symp(a∗)ad,k).

Theorem 4.27 ([BFP+]). λp is left deformable, thus Lλ(p) exists and has nice proper-
ties, and we call

HC(p)(a) = H∗(Lλ(p)(a))

Lie-Hodge homology of a. In particular,

HC(1)(a) = HCE∗+1(a,k)
HC(2)(a) = HC∗(a).

Proposition 4.28. For any DG Lie algebra a, there is a natural direct sum decomposi-
tion

HC∗(Ua) ∼=
⊕
p≥1

HC
(p)

(a)

called Lie-Hodge decomposition.

Remark (Loday,1988). For a commutative DG algebra A, there is a similar de-
composition

HC∗(A) =
⊕
p≥0

HC(p)(A).

But these two decompositions are very different.

Sketch of proof. Recall for any a ∈ DGLAk, by the PBW theorem⊕
p≥0

Symp(a) ∼= Ua

as a-modules. Thus we have

Symp(a) Ua

x1 · · · xp 1
p!

∑
σ∈Σp ±xσ(1) · · · xσ(p)
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which induces
λ(p)(a) ↪→ (Ua)#

and a natural transformation of functors

Lλ(p)(a) ↪→ L(Ua)#

which induces the decomposition⊕
p≥0

HC(p)(a)→ HC(Ua)

Topological interpretation (rational homotopy theory [Q1]) LetX be a simply-
connected space, X is called rational if πn(X, x) is a Q-vector space for ∀n ≥ 2.
Then

f : X
∼
−→ XQ

is called the rationalization ( BK localization at 0), and it induces a map

f∗ : π∗(X) π∗(XQ)

π∗(X)⊗Q

∼=

Theorem 4.29 (Quillen). There is an equivalence of homotopy categories

Ho(TopQ
0,∗) Ho(DGLA0K)

X aX

∼=

where the left hand side corresponds to the homotopy types of rational simply connected
spaces, and the right hand side corresponds to the homotopy types of rational non-
negatively (homological) graded DL Lie algebras.

Theorem 4.30 (Goodwille-Jones, ...). Let X be a simply connected space of finite
Q-type (dimQH∗(X, Q) < ∞), let LX = Map(S1,X) be the free loop space of X.

Notice that there is a natural S1-action on LX, then for HS1

∗ (LX, Q) the reduced
S1-equivariant homology with coefficients in Q, there is a natural isomorphism

α : H
S1

∗ (LX, Q) ∼= HC∗(UaX).
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Consider finite coverings

ϕn : S1 S1, n ≥ 0

eiϕ einϕ

which induces Frobenius operations

Φn : H
S1

∗ (LX, Q) H
S1

∗ (LX, Q).

Theorem 4.31 (Bugheler, Gajda, Frobenius). For each p ≥ 0, define

H
S1,(p)
∗ (LX, Q) =

⋂
n≥0

ker(Φn −npid)

then we have another decomposition

H
S1

∗ (LX, Q) ∼=
⊕
p≥0

H
S1,(p)
∗ (LX, Q)

and the Goodwille isomorphisms restricts to isomorphisms

H
S1,(p)
∗ (LX, Q) ∼= HC

(p+1)
∗ (aX)

String Topology [CS] Let X be a close smooth manifold. There is a (geometri-
cally defined) Lie bracket

H
S1

∗ (LX, Q)×HS1

∗ (LX, Q) H
S1

∗ (LX, Q).

Question 4.32. Does the Chas-Sullivan bracket preserves the Hodge decomposition?

Theorem 4.33. Suppose X is rationally diptic space (i.e. dimQ(
⊕
n≥2 πn(X)⊗Q) <∞), then CS bracket is compatible with the Hodge decomposition.

4.3.1 Derived Adjunctions

Perhaps the most important and useful application of model categories are

Question 4.34. Given a functor F : M→ N, when does its derived functor LF or RF

induces
Ho(M) ' Ho(N)?

Quillen divided this into two questions.
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Question 4.35. Given a pair of adjoint functors

F : M N : G

when does (F,G) induce an adjunction

LF : Ho(M) Ho(N) : RG (4.3) {{eq:Quillen-adj}}{{eq:Quillen-adj}}

The answer to this question is Quillen’s adjunction theorem.

Question 4.36. If 4.3 holds, when does (LF, RG) gives equivalences?

The answer to this question is Quillen’s equivalence theorem.
Recently, Maltsimistis [M1] 16 realized that the universal properties of

left/right Kan extensions are not enough, and we need stronger notions, namely
absolute derived functors.

More on Kan Extensions Let’s consider the universal property of Kan exten-
sions. Given two functors

C D

E

F

G

The existence of left/right Kan extensions amounts to the existence of the
following left/right adjunctions

Fun(E,D)

Fun(C,D)

G∗LG(F) RG(F)

There are natural isomorphisms

HomFun(C,D)(H ◦G, F) ∼= HomFun(E,D)(H,RGF),
HomFun(C,D)(F,H ◦G) ∼= HomFun(E,D)(LGF,H)

which describes exactly the universal properties of left/right Kan extensions.

Definition 4.37. A right Kan extension RG(F) is pointwise if for any e ∈ Ob(E),

RG(F)(e) ∼= lim(e ↓ G U
−→ C

F
−→ D).

16Deligne [D1] noticed this in the context of triangulated categories, namely derived categories of
abelian categories.
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Remark. When D is complete, every right Kan extension is pointwise.

In homotopical algebra,

M N Ho(N)

Ho(M)

γ

F δ

LF=Rγ(δF)

Ho(N) is neither complete nor cocomplete.

Proposition 4.38 (MacLane). A right Kan extension is pointwise if and only if it is
preserved by all representatble functors

C D Set

E

G

hd

RG(F)

RG(h
d◦F)

where hd = HomD(d,−) : D→ Set for any d ∈ D. In other words,

RG(h
d ◦ F) ∼= hd ◦ RG(F).

Proof. It is clear that when the right Kan extension is pointwise, it commutes
with hd (since hd commutes with all limits). On the other direction, we have

HomD(d,RG(F)(e)) = hd(RG(F)(e))

= hd ◦ RG(F)(e)
∼= RG(h

d ◦ F)(e)
∼= HomFun(E,Set)(h

e,RG(hd ◦ F))
∼= HomFun(C,Set)(h

e ◦G,hd ◦ F)
∼= HomFun(C,Set)(Hom(e,G(−)), Hom(d, F(−))

∼= {cones under d of the functor FU : e ↓ G FU
−−→ Set}

Consider the diagram of e ↓ G, it is clear that RG(F)(e) represents lim
e↓G(FU).

Remark. If LF is not pointwise, then it is usually illy behaved.

However, for us pointwise Kan extension is not enough, and we will intro-
duce the notion of absolute Kan extensions.

Definition 4.39. Let F : M → N be a functor between homotopical categories.
The (total) left derived functor LF : Ho(M) → Ho(N) is called absolute if the
corresponding right Kan extension is absolute in the sense that it is preserved
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by any functors

M N Ho(N) E

Ho(M)

γ

F δ

LF=Rγ(δF)

Rγ(HδF)

for any H : Ho(N)→ E, RG(HδF) ∼= HδRG(F).

Proposition 4.40 ([M1]). The left derived functor LF of any left deformable functor is
absolute.

Corollary 4.41. The left derived functor LF of any left Quillen functor F : M → N

between model categories is absolute.

Quillen Adjunction

Theorem 4.42 ([M1], [D1]). 17 Given an adjoint pair

F : M N : G

such that LF and RG exists, then there is a unique adjunction

LF : Ho(M) Ho(M) : RG

compatible with localization in the sense

HomN(FX, Y) HomM(X,GY)

HomHo(N)(δF(X), δY) HomHo(M)(γX,γGY)

HomHo(N)(LF(γX), δY) HomHo(M)(γX, RG(δY))

∼=

δ γ

ε∗X η∗Y
∼=

commutes, where ε : LFγ ⇒ δF and η : γG ⇒ RGδ are the corresponding natural
transformations equipped in the Kan extension constructions.

Proof. See notes.

Corollary 4.43 (Quillen Adjunction Theorem). If

F : M M : G

is a Quillen pair, then LF and RG exist and we have an adjunction

LF : Ho(M) Ho(M) : RG.
17See Keller’s survey on derived categoreis.
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DHKS Adjunction Theorem

Definition 4.44. An adjunction

LF : Ho(M) Ho(M) : RG

is called deformable if F is left deformable and G is right deformable.
{thm:DHKS-adjunction}

Corollary 4.45 ([DHKS] Adjunction Theorem, Section 42). For any deformable
adjunction

LF : Ho(M) Ho(M) : RG

LF and RG exist and we have an adjunction

LF : Ho(M) Ho(M) : RG.

Quillen Equivalence

Definition 4.46. Let

LF : Ho(M) Ho(M) : RG

be a Quillen pair between model catgories. We say (F,G) is a Quillen equiv-
alence if for any A ∈ Ob(Mcof) and X ∈ Ob(Nfib), f : A

∼
−→ GX is weak

equivalence in M if and only if f# : FA→ X is a weak equivalence in N.

Theorem 4.47 (Quillen Equivalence Theorem). If (F,G) is a Quillen equivalence,
then

LF : Ho(M) Ho(M) : RG

is an equivalence of categories.

Proof. It suffices to show the unit and counit are natural isomorphisms.

1. Consider the unit η : idHo(M) ⇒ RG ◦LF.

Take A ∈ Ob(Mcof) and apply F to fibrant replacement rF(A) : F(A)
∼
−→

LF(A), which is a weak equivalence in N if and only if f# : A
∼
−→ G(LF(A))

is a weak equivalence in M, if and only if γr#
F(A) : rA

∼=
−→ γG(LF(A)) =

RG(LF(γA)) is an isomorphisms in Ho(M). For any B ∈ Ob(Ho(M)),

there is an isomorphism B
∼=
−→ γAwhere A ∈ Ob(Mcof), so we have

B RGLF(B)

γA RGLF(γA)

ηB

∼= ∼=

ηγA

∼=

thus ηB is also an isomorphism.

2. The proof for the counit ε : LF ◦RG⇒ idHo(N) is dual.
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Nonexample In practice, many interesting adjunctions are not deformable, so
Theorem 4.45 does not apply.

Let G be an affine algebraic group scheme over a field k. Take (for instance)
G = GLn,n ≥ 1, the functor

GLn : Commk Gr

A GLn(A)

has a left adjoint
(−)G : Gr Commk : G(−)

Γ (Γ)G = O(RepG(Γ))

G(A) A

which extends levelwise to a simplicial adjunction

(−)G : sGr sCommk : G(−)

Notice there are natural projective model structures on sGr and sCommk but
the adjunction is not a Quillen pair.

For instance, when n = 1, G = GL1 = Gm, we have

(−)Gm : Gr Commk : Gm(−)

A× A

F1 k [F1] = k
[
x, x−1

]
where F1 is cofibrant in sGr but k[x, x−1] is not cofibrant in sCommk.

Claim 4.48 ([BFP+]). This pair is not Quillen, nor deformable as adjunction between
homotopical categories. Nevertheless, there exists derived adjunction

L(−)G : Ho(sGr) Ho(sCommk) : RG

and are absolute.

Model Approximations [CCS]

Definition 4.49. A left model approximation of a homotopical (or more gener-
ally, a relative) category C is a model category M given together with a pair of
adjoint functor

l : M C : r

satisfies
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1. r is homotopical, i.e. r(W) ⊆WE(M).

2. l is homotopical on cofibrant objects in M.

3. (l, r) is almost Quillen equivalence: for anyA ∈ Ob(C) andX ∈ Ob(Mcof),

(X
f
−→ r(A) ∈WE(M)⇐⇒ (l(X)

f#
−→ A) ∈WE(C) (4.4) {{eq:model-approximation}}{{eq:model-approximation}}

Example 4.50 (Prototypical). If l : M N : r is a Quillen equivalence
with r being homotopical, then M is a model approximation of N.

Remark. By definition, Quillen equivalence l : M N : r is characterized
by the following fact: for any fibrant object A in N and cofibrant object X in M,

(X
f
−→ r(A) ∈WE(M) ⇐⇒ (l(X)

f#
−→ A) ∈WE(N)

and we have derived adjunction

Ll : Ho(M) Ho(N) : Rr

and 4.4 implies both unit and counit

η : id ∼
−→ RrLl (4.5) {{eq:cond1}}{{eq:cond1}}

ε : LlRr
∼
−→ id (4.6) {{eq:cond2}}{{eq:cond2}}

are isomorphisms.
When r is homotopical, Rr = r. In this care, condition 4.6 follows from

condition 4.4 without assuming A being fibrant.

Moral From homotopical point of view, being a model category or having a
model approximation should not have much difference.

{lem:model-approx-adjunction}
Proposition 4.51. Let l : M C : r be a left model approximation of a homo-
topical category, then (l, r) induces derived adjunction

Ll : Ho(M) Ho(C) : r

with counit ε : Ll ◦ r ∼
−→ idHo(C) being a natural isomorphism so that r : Ho(C) ↪→

Ho(M) is fully faithful.

Proof. By definition of left model approximation, (l, r) is deformable, so (Ll, r)
exists and are adjoint by DHKS theorem. By formal properties, we have

Lemma 4.52. The counit ε : FG→ id of an adjunction

F : C D : G

is an isomorphism if and only if G is fully faithful.
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Proof. Observe for any d,d ′ ∈ Ob(D) and any f : d→ d ′ in D, commutativity
of

FG(d) d

FG(d ′) d ′

εd

FG(f) f

εd ′

is equivalent to the commutativity of the following diagram

Hom(d,d ′) HomC(G(d),G(d ′))

Hom(FG(d),d ′) HomD(FG(d), FG(d ′))

G

hd ′(εd) F∼=

ΨGd,Gd ′

hFG(d)(εd ′)

Notice hFG(d)(εd ′) ◦ F is the adjunction isomorphism associated to ε. Thus G is
a bijection if and only if

hd ′(εd) : Hom(d,d ′) Hom(FG(d),d ′)

is an isomorphism, if and only if εd is an isomorphism.

To prove proposition, it suffices to show that r : Ho(C) ↪→ Ho(M) is fully
faithful, i.e for any X, Y in C, write X = γ(X) and Y = γY in Ho(C),

rX,Y : HomHo(C)(X, Y) HomHo(M)(r(X), r(Y))
∼=

We construct explicitly the inverse map.
Let’s fix Q,R : M → M be the cofibrant and fibrant replacement functor

together with q : Q⇒ idM amd s : idM ⇒ R the corresponding natural weak
equivalences. Given any f : r(X) → r(Y), we can represent it by f : Qr(X) →
RQr(Y). Then we can form zigzags of maps

X lQr(X) lRQr(Y) lQr(Y) Y'
q#
r(X) l(f) lsr(Y)

'
qr(Y)

'

where q#
r(X) : lQr(X)→ X is a weak equivalence in C since qr(X) : Qr(X)→ r(X)

is a weak equivalence in M, and similarly every arrow except for l(f) are weak
equivalences. Apply C→ Ho(C) and we get a map ψf : X→ Y by inverting all
isomorphisms, and f 7→ ψf is the inverse of r.

Check this.

Definition 4.53. Let F : C→ D be a functor between homotopical categories. A
left deformation l : M C : r is called good for F is

Fl : M C D

is homotopical on cofibrant objects.
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Lemma 4.54. If (l,r) is a good for F, then F is left deformable, hence LF exists and is
absolute.

Example 4.55 ([CCS], Bousfield-Kan model approximation). Given a model
category M and any small category I, the functor category MI = Fun(I,M)

does not have, in general a model structure. But it has a natural class of weak
equivalences, namely the class of objectwise weak equivalences, and we can
treat it as a homotopical category. There is a “universal” model approximation
of MI described as follows.

Take ∆I the simplex category of I,

∆I = ∆ ↓ N∗(I)
with

• objects σ ∈ ⋃n≥0Hom(∆[n]∗,N∗(I)) =
⋃
n≥0Nn(I), and

• morphisms are

Hom∆I(σ
′,σ) = {f : ∆[n]∗ → ∆[m]∗|σ

′ = σf : ∆[n]∗
f
−→ ∆[m]∗

σ
−→ N∗(I)}.

We denote such maps by f̃ : σf→ σ.

Consider the full subcategory M∆I
b ⊆ M∆I of bounded ∆I-diagrams, i.e.

X : ∆I → M with the property X(s̃j) are isomorphisms in M for all s̃j : σsj →
σ ∈ ∆I.

Consider
τ : ∆I I

(i0 ←− i1 ← · · ·← in) i0

a map of small categories which yields

MI M∆I

M∆I
b

τ∗

which factors through M∆I
b , and we have an adjunction

τ! : M
∆I
b MI : τ∗

where the left adjoint is given by left Kan extension along τ.

Theorem 4.56. For any model category M and small category I,

1. M∆I
b has a natural BK model structure.
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2. (τ!, τ∗) is a left model approximation.

More generally, any left model approximation l : M C : r gives rise
to

M∆I
b MI CI

τ!

τ∗

lI

rI

which is a left model approximation of CI.

Example 4.57. Consider sGr the category of simplicial groups viewed as a
homotopical category (forgetting the model structure) and sMon the category
of simplicial monoids viewed as a model category, then the adjunction

l : sMon sGr : r

is a left model approximation.

Proof. Think of sMon as a simplicial category with one object and l is DK
localization.

Theorem 4.58 ([BRY], Appendix). Let F : C D : G be adjoint pair between
homotopical categories. Assume that

M

C D

l
F̂

F

r

G

Ĝ

where (l, r) is a left model approximation given with adjunction (F̂, Ĝ) such that

1. (F̂, Ĝ) is deformable (e.g. Quillen pair),

2. there is a natural transformation η : F̂⇒ Fl which is a natural weak equivalence
on cofibrant objects in M,

3. essential images Im(RĜ) ⊆ Im(r) in Ho(M).

then LF and RG exist and are given by

LF = LF̂ ◦ r, RG = LL ◦RĜ.

Moreover, these are absolute derived functors and we have derived adjunction

LF : Ho(C) Ho(D) : RG.
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Remark. If D is a model category and (F̂, Ĝ) is a Quillen pair, we call (F̂, Ĝ) a left
model approximation of (F,G).

Sketch of proof. By [DHKS], condition (1) implies that LF̂, RĜ exists and are
absolute, and are adjoint. Condition (2) implies that

LF̂ ∼= L(F ◦ l) ∼= LF ◦Ll

Since F̂ is left deformable, (l, r) is good for F, so by proposition 4.51 Ll ◦ r ∼= id
thus LF ∼= LF̂ ◦ r. By condition (3), RĜ can be factored as

RĜ : Ho(D) C Ho(M)
G0 i

where C = Im(r). By proposition,

r : Ho(C) C Ho(M)
r0 i

where r0 is an equivalence with inverse l0 := Ll ◦ i : C ∼
−→ Ho(C).

Consider Ll ◦RĜ ∼= Ll ◦ i ◦G0 ∼= l0 ◦G0, take any X ∈ Ho(C) and A ∈
Ho(D),

HomHo(C)(X, Ll ◦RĜ(A)) ∼= HomHo(C)(X, l0 ◦G0(A))
∼= HomC(r0(X),G0(A))
∼= HomC(ir0(X), iG0(A))
∼= HomHo(M)(r(X), RĜ(A))
∼= HomHo(D)(LF̂r(X),A)
∼= HomHo(D)(LF(X),A)

Hence Ll ◦ RĜ is right adjoint to LF. Theorem follows from the following
lemma.

Lemma 4.59. Let F : C D : G be an adjunction between homotopical cate-
gories. Assume

1. F has an absolute left derived functor LF and

2. LF has a right adjoint G̃.

Then G̃ is the absolute right derived functor of G, i.e. RG exists and RG ∼= G̃.

Proof. We check that G̃ satisfies the UMP of absolute right derived functor RG.

D C Ho(C) E

Ho(D)

G

γD

γC E

LF

RG

H
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For any E,Hwe want to show

Hom(E ◦RG),H) ∼= Hom(EγCG,HγD) (4.7) {{eq:nat-iso}}{{eq:nat-iso}}

where Hom is the set of natural transformations. The following observations
implies the functorial isomorphism 4.7.

1. By UMP of LF being an absolute left derived functor

Hom(E,H ◦LF) ∼= Hom(EγC,HγDF)

2. G̃ is right adjoint to LF implies G̃∗ = (−) ◦ G̃ is left adjoint to LF∗ =

(−) ◦LF.
Hom(E ◦ G̃,H) ∼= Hom(E,H ◦LF)

3. G is right adjoint to F so G∗ = (−) ◦G is left adjoint to F∗ = (−) ◦ F

Hom(EγC,HγDF) ∼= Hom(EγCG,HγD)

Example 4.60. [BKR] Let Ring be the category of associative unital rings. Con-
sider

GLn : Ring Gr

A GLn(A)

where GLn(A) is the group of invertible n× nmatrices with entrics in A. This
functoe has a left adjoint which can be described as follows

Gr Ring Mn(Z) ↓ Ring Ring
Z[−]

(−)×

Mn(Z)∗(−) (−)Mn

U Mn(−)

where
(f : A→ B)A := {b ∈ B|[f(a),b] = 0, ∀a ∈ A}.

We have (Γ)n = (Z[Γ ] ∗Mn(Z])Mn(Z). Thus we have adjunction

(−)n : Gr Ring : GLn(−)

which extends levelwise to an adjunction

(−)n : sGr sRing : GLn

This is not a Quillen pair. For instance, for n = 1, take Γ = F1,

(F1)1 ∼= k[x, x−1]
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which is not cofibrant.
It is not hard to see that (−)n is left deformable (take Q = GW : sGr→ sGr

so L(−)n exists and is absolute., but GLn is not right deformable. By a theorem
of Shulman (2011), if G is both left and right deformable, LG ∼= RG. And by a
theorem of Swan, GLn is left deformable, but RG 6∼= LG. So this is a case where
the theorem applies.

Consider the adjunction

sMon

sGr sRing

(̂−)n
l

(−)n

r

GLn

ĜLn

where l is the Dywer-Kan localization, and ĜLn is Waldhausen’s construction
of matrics invertible up to homotopy and R GLn = Ll ◦ ĜLn.

Remark. In 1985- 1986, Waldhausen defined algebraic K-theory of spaces

A : Top∗ Top∗

which has many properties as Quillen’s algebraic K-theory

KQ : Ring Top∗

Take X ∈ sSet0 and Z[G(X)] ∈ sRing , A(X) 6' KQ(Z[G(X)]).
Note KQ(R∗) := Z× |BGL∞(R∗)|+ is not homotopy invariant since GL∞ is

not homotopy invariant.
Waldhusen generalized GLn as follows. Note we have

π∗Mn(R∗) ∼= Mn(πi(R∗)), ∀i ≥ 0

so the functor Mn : sRing → sRing is homotopic, and we can define ĜLn(R)
as the pullback

ĜLn(R) Mn(R)

GLn(π0R) Mn(π0R)

y·
π0

then we see

πiĜLn(R) =

{
GLn(π0R), i > 0

Mn(πiR), i = 0

and we can define ĜL∞(R) = lim ĜLn(R) and

KW(R∗) := Z× |B(ĜL∞(R∗)|
+.
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Theorem 4.61. For any X ∈ sSet0, A(X) → KW(Z[GX]) is a rational homotopy
equivalence.

For arbitrary affine algebraic group scheme G viewed from the functor point
of view.

The question is how to make G or BG homotopy invariant?
Galatius and Venkatesh [GV] define

∆ Commk sComm

[n] O(NG) QO(NG) ∼= O(G)⊗n

Q

And
Ĝ : sCommk sSp0

A Map∆(QO(NG),A)

In this case, we have left model approximation

LsSp0

sGr sCommk
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5 Localizations

Let M be a model category and S ⊂Mor(M) be a class of maps.

Definition 5.1. A left Bousfield localization of M with respect to S is a model
category LSM given together with left Quillen functor j : M→ LSM satisfying

1. Lj : Ho(M) → Ho(LSM) maps every map in S = {γ(f) ∈ Ho(M), f ∈ S}

to isomorphisms in Ho(LS)M).

2. j is initial among all left Quillen functors F : M → N such that LF(S) ⊂
Iso(Ho(N)), i.e. there is a unique F : LSM → N so that we have the
following factorization.

M N

LSM

F

j F

Remark. If it exists, j is unique up to unique isomorphism.

Dually we cam define

Definition 5.2. A right Bousfield localization of M with respect to S is a model
category RSM given together with right Quillen functor j : M→ RSM satisfying

1. Rj : Ho(M) → Ho(RSM) maps every map in S = {γ(f) ∈ Ho(M), f ∈ S}

to isomorphisms in Ho(RS)M).

2. j is initial among all right Quillen functors F : M→ N such that LF(S) ⊂

Iso(Ho(N)), i.e. there is a unique F : RSM→ N

M N

RSM

F

j F

Question 5.3. 1. Given a Quillen pair F : M N : G and a class of mor-
phisms S ⊂ Mor(M) we want to specify conditions (in terms of F) where LF

maps S to isomorphisms in Ho(N).

2. How to describe weak equivalences in LSM (S-local weak equivalences).

We need a notion of localization of categories.

5.1 Simplicial Localization

Recall the notion of a simplicial category

Definition 5.4. A simplicial category is a category enriched in sSet, i.e.

72



Lecture 16: Simplicial Localization 05 April 2021

1. For any X, Y ∈ Ob(C), there is a mapping space MapC(X, Y) ∈ oB(sSet).

2. For any X, Y,Z ∈ Ob(C), there is a composition law

MapC(X, Y)×MapC(Y,Z) Map(X,Z)◦

which is a morphism of simplicial sets.

3. For any X ∈ Ob(C), there is a unit map

iX : ∆[0]∗ Map(X,X)

which is a morphism of simplicial sets.

4. For any X, Y ∈ Ob(C), HomC(X, Y) ∼= MapC(X, Y)0.

These satisfy axioms of associativity and left/right indentities.

Remark. A simplicial set is not the same thing as a simplicial object in Cat. Any
simplicial category C gives rise to an simplicial object C∗ : ∆op → Cat

C0 C1 C2 · · ·

such that

• objects are discrete Ob(Cn) = Ob(C), for any n ≥ 0, and di and sj act as
identities on objects,

• morphisms are HomCn(X, Y) := MapC(X, Y)n.

Definition 5.5 (Quillen). A simplicial model category M is a model category
and a simplicial category with two structures satisfying the two compatibility
axioms:

MC6 M is tensored and cotensored over sSet, i.e.

� : sSet×M M tensor or copower

(−)− : M× sSetop M cotensor or power

together with natural isomorphisms in sSet

MapM(K�X, Y) ∼= MapsSet(K, MapC(X, Y)) ∼= MapM(X, YK).

MC7 For any j : A ↪→ A a cofibration in M, and any p : X� Y a fibration in M,

Map(j,p) : MapM(B,X) MapM(A,X)×MapM(A,Y) MapM(B, Y)

(called pullback corner map) is a Kan fibration in sSet. Moreover, when
j,p are weak equivalences, so is Map(j,p).
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Lemma 5.6 ([H2], 9.3.7). MC7 is equivalent to the following. For any i : A ↪→ B ∈
Cof(M) and any j : K ↪→ L ∈ Cof(sSet) (i.e. inclusion), the following pushout corner
map

i� j : A� L
∐
A�K B�K B� L

is a cofibration in M. Moreover, if i and j are weak equivalences, so is i� j.

Example 5.7. Let M = sSet then the mapping space is defined by

MapsSet(K,L)n = HomsSet(K×∆[n]∗,L)

for any n ≥ 0.

Example 5.8. Let M = sC where C is an algebraic category, (thus cocomplete
and complete),

MapsC(X, Y)n = HomsC(X�∆[n]∗, Y).

For instance, take M = sGr, the tensor product is given byG�K = {
∐
Kn
Gn}n≥0.

Example 5.9 (Counterexample). The reedy model structure on sC, where C is
cofibrantly generated model category, is not a simplicial model category, note
i� j ∈WE(sC) if i ∈WE(sC).

5.2 Monad and Comonad

In order to introduce the standard simplicial resolution, let’s start with a brief
review of (co)monad.

5.2.1 (Co)monad

Definition 5.10. A monad (triple) on a category C is given by an endofunctor
T : C→ C with two morphisms η : idC ⇒ T and µ : T ◦ T ⇒ T satisfying

1. associativity, i.e. the following diagram commutes

(T ◦ T) ◦ T = T ◦ (T ◦ T) T ◦ T

T ◦ T T

Tµ

µT µ

µ

2. unitality, i.e. the following diagram commutes

T T ◦ T T

T

ηT

µ

Tη
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Remark. This can be regarded as a “generalized” associative, unital algebras.

Definition 5.11. A comonad (cotriple) on a category C is given by an endofunc-
tor ⊥ : C⇒ C with two morphisms ε : ⊥ ⇒ idC and δ : ⊥ ⇒ ⊥ ◦ ⊥ satisfying
coassociative diagram

⊥ ⊥ ◦⊥

⊥ ◦ ⊥ (⊥ ◦⊥) ◦ ⊥ = ⊥ ◦ (⊥ ◦⊥)

δ

δ ⊥δ
δ⊥

and counital diagram

⊥ ⊥ ◦⊥ ⊥

⊥

⊥εε⊥

δ

Primary Examples: (Topological) Operads The main reference is [M2].

Example 5.12 (Operads in Spaces). An operad O in Top∗ is given by a collection
of spaces {O(j)}j≥0 such that

1. O(0) = {∗},

2. there is a unit element 1 ∈ O(1),

3. for any j ≥ 0, O(j) is a right Σj-space: cO(j)× Σj → O(j).

satisfying composition laws: for any k ≥ 0, and any j1, · · · , jk ≥ 0,

γ : O(k)×O(j1)× · · · ×O(jk) O(j1 + · · ·+ jk)

and Σ-equivalence and associativity and unitality.

Remark. O(j) is called the space of j-nary operation.

Definition 5.13. We say that a space X carries an action of O (X is a O-space) if
we are given

Θj : O(j)× X X, j ≥ 0

such that

1. Θ0 : ∗→ X is the basepoint of X,

2. Θ1 : O(1)× X→ X satisfies Θ(1)(1, x) = x.

75



Lecture 17: Monad and Comonad 07 April 2021

Equivalently, for any X ∈ Top∗, there is the endomorphism operad EX
where

EX(j) = HomTop∗(X
j,X)

Then an O-space is a morphism of operad O→ EX.

Example 5.14. 1. Let N be a discrete operad with N(j) = ∗, ∀j ≥ 0. An
N-space is a commutative monoid in Top∗

2. Let M be a discrete operad with M(j) = Σj∀j ≥ 0, with right Σ-action
given by multiplication

M(j)× Σj Σj
m

and composition laws are (Σ-equivariant thus) determined by the values
at e

γ : Σk × Σj1 × · · · × Σjk Σj

(ek, ej1 , · · · , ejk) ej

where j = j1 + · · ·+ jk. An M-space is an associative monoid (i.e. associa-
tive H-space).

Example 5.15 (M-space). The (reduced) James monoid is given by

J(X) = (
∐
k≥0

Xk)/ ∼

where (x1, · · · , xi, ∗, xi+1, · · · , xk) ∼ (x1, · · · , xi, xi+1, · · · , xk). This is the free
topological monoid generated by X.

Example 5.16 (N-space). The Dold-Thom space (or infinite symmetric product
space) SP∞X of X is defined as follows. Let SPN(X) = XN/ΣN, there is natural
inclusions

SP1(X) SP2(X) · · ·

and we define SP∞X = lim
−→
N

SPNX.

Theorem 5.17 (Dold-Thom). π∗SP∞(X) ∼= H̃∗(X;Z).

Theorem 5.18 ([M2]). SP∞X has homotopy type of an abelian simplicial group

|A| '
∏
n≥0

K(n, H̃n(X)).
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Example 5.19 (little cube operad). Fix n ≥ 1, Cn(j) = the space of j-tuples of
“little n-cubes”, i.e. linear embedding with parallel axes and disjoint interior.

Note Cn(j) ' Confj(Rn) whic is Σj-homotopy equivalent.
Key fact: For any X ∈ Top∗, the n-th loop space

Y ' Ωn(X) = Map∗(S
n,X)

carries a natural action of Cn

Θn,j : Cn(j)×Ωn(X) Ωn(X)

Exercise 5.20. Write explicit formulas.

Definition 5.21. An A∞-operad is a Σ-free operad C (i.e. ∀j ≥ 0, C(j) is a free
Σj-space) in Top∗ given with augmentation (a map of operad) ε : C→M such
that

π0(ε) : π0C 'M

is a local Σ-equivalence, i.e. for any j ≥ 0, the components of C(j) ∼= Σj and
each component is contractible.

Example 5.22. C1 is an A∞-operad.

Proposition 5.23 ([M2]). Every operad O determines a monad TO in Top∗ so that an
O-space is equivalent to an algebra over TO.

Proof. There is functor

Operad(Top∗) Monad(Top∗)

O (TO : Top∗ → Topast)

where
TO(X) =

∐
j≥0

(O(j)×Σj X
j)/ ∼

and the equivalence relation ∼ is given by

(e, x1, · · · , xi−1, ∗, xi+1, · · · , xj) ∼ (δ(c), x1, · · · , xi−1, xi+1, · · · , xj)

When O = N, TN(X) = SP∞X and when O = M, TM(X) = J(X).
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(Co)monad arising from adjunctions. Given a pair of adjoint functors F : C D : G

with unit η : idC ⇒ UF and counit ε : FU⇒ idD, we can define

T = UF : C→ C, µ = UεF : T ◦ T = UFUF⇒ T = UF,
⊥ = FU : D→ D, δ = FηU : ⊥ = FU→ ⊥ ◦⊥ = FUFU.

Claim 5.24. (T = UF,η,µ) is a monad on C and (⊥ = FU, ε, δ) is a comonad in D.

Proof. Use identities for adjunction morphisms, we have(
FU

FηU⇒ FUFU
εFU⇒ FU

)
= idFU(

UF
ηUF⇒ UFUF

UεF⇒ UF
)
= idUF

which gives the unitality diagrams. The associativity diagram follows from
naturality of the unit and counit functors, i.e. for any x ∈ Ob(C) we have

UFUFUFx UFUFx

UFUFx UFx

UFUεFx

UεFUFx UεFx

UεFx

and for any y ∈ Ob(D)

FUy FUFUy

FUFUy FUFUFUy.

FηUy

FηUy FUFηUy

FηUFUy

5.2.2 (Co)bar Construction

Claim 5.25. Every monad in C gives a functor C → cC and every comonad gives a
functor D→ sD.

Proof. Given (⊥, ε, δ) on D, and A ∈ Ob (D), we define

⊥∗ : D sD

A ⊥∗A = {⊥nA}n≥0

where ⊥nA = ⊥n+1A and

di = ⊥iε⊥n−i : ⊥n+1A ⊥nA,

sj = ⊥jδ⊥n−j : ⊥n+1A ⊥n+2A.
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Explicitly, ⊥∗A can be expressed as follows

⊥A ⊥2A ⊥3A · · ·

The simplicial identities are satisfied because of the functoriality of units and
counits and the identity for adjunction morphisms. In particular, disj = id for
i = j, j+ 1 follows from(

FU
FηU⇒ FUFU

εFU⇒ FU
)
= idFU,(

FU
FηU⇒ FUFU

FUε⇒ FU
)
= idFU.

We apply this to the following adjunction

F : Graph Cat : U

where Graph is the category of reflexive discrete graphs, i.e. every vector is
equipped with a (identity) loop. The above construction gives us a functor

(FU)∗ : Cat sCat

C (FU)∗(C)

which is the simplicial resolution of C such that the image of every category C is
a simplicial category.

Example 5.26 (Homotopy Coherent Nerve). Recall the adjunction

c : sSet Cat : N

gives a simplicial resolution functor

Q : Cat sCat

and applying this to ∆ viewed as a category, we get a cosimplicial simplicial
category

∆ Cat sCat

[n] −→n Q−→n
Q

which by 2.1 gives the adjunction

C : sSet sCat : N

where C is the rigidification functor and N is homotopy coherent nerve functor.
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Example 5.27. The adjunction

Sym : Modk Commk : U

induces the simplicial resolution functor

Q : Commk sCommk.

Then consider the group scheme functor

G : Commk Gr sSet

A G(A) N∗(A)

N

and thus we have

∆ Commk sCommk

[n] O(NnG) QO(NnG)

O(N∗(G)) Q

which gives us an adjunction

sSet sCommk : G

where G is called homotopy coherent group 18 (it is not a group).

Question 5.28. When does this construction give a resolution?

Extra Degeneracy Let ∆+ be the category defined by adding to ∆ an initial
object [−1] so that ∆ ⊂ ∆+ is a full subcategory such that

• Ob(∆+) = {[n]}n≥−1,

• Hom∆+([n], [m]) = Hom∆([n], [m]) for any n,m ≥ 0, and

• Hom∆+([n], [−1]) = ∅ for any n ≥ 0, and

• Hom∆+([−1], [n]) = {∗} for any n ≥ −1.

Definition 5.29. An augmented simplicial object in C is a functor X : ∆+ → C

which is usually presented as follows.

X−1 X0 X1 · · ·ε

d1

d0

18One can ask what is the relation between G and RĜ, and the answer is yes, but with some
modifications.
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Note given a simplicial object X∗ ∈ Ob(sC), to give an augmentation is equiva-
lent to either give a map ε : X0 → X−1 in C such that εd0 = εd1 in HomC(X1,X−1),
or as a map of simplicial objects

ε∗ : X∗ X−1 (5.1) {{eq:augmentation}}{{eq:augmentation}}

where X−1 is viewed as a discrete simplicial set.

Example 5.30. If C = Set, there are two canonical augmentation for a simplicial
set X∗ ∈ Ob(sSet). Consider the inclusion i : ∆ ↪→ ∆+, which induces a functor
i∗ : sSet+ → sSet that has both left and right adjoint

sSet+

sSet

i∗π0 triv

where

π0X = coeq {X0 X1 · · · }.
d1

d0

Question 5.31. When is 5.1 a weak equivalence in sC?

Definition 5.32. An extra degeneracy for an augmentation ε∗ : X∗ X−1

is given by a sequence of maps s−1 : Xn → Xn+1 such that

1. εs−1 = idX−1
,

2. d0s−1 = idX0 for all n ≥ 0,

3. di+1s−1 = s−1di for all i ≥ 0,

4. sj+1s−1 = sjs−1 for all i ≥ 0.

Lemma 5.33. If X is a simplicial object in C where C is cocomplete, giving an augmen-
tation ε∗ : X∗ → X−1 is equivalent to giving a retract diagram

X−1 X∗ X−1
s−1 ε∗

so that these maps give a simplicial homotopy equivalence X∗ ' X−1.

Corollary 5.34. If a simplicial object X in a simplicial model category admits an
augmentation ε∗ : X∗ → X−1 with extra degeneracy, then

|ε∗| : |X∗| X−1
∼

is a weak equivalence.
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Example 5.35 (Bar construction). X = B(∗, I, F).

For the functor (FU)∗ : D → sD associated to an adjunction (F,U), the
natural augmentation (FU)∗(A) → A does not have an extra degeneracy in
general.

If we apply to (FU)∗(A) the functor U, then we can see the natural augmen-
tation

UA UFU(A) UFUFUA · · ·

always has an extra degeneracy given by

s−1 = ηU(FU)n+1 : U(FU)n+1A U(FU)n+2A.

Moral. When F : C D : U is a forgetful adjunction such that

(f∗ : X∗ → Y∗) ∈WE(sD)⇐⇒ (Uf∗ : UX∗ → UY∗) ∈WE(sC)

In this case, we have that 5.1 is a weak equivalence for any object A ∈ sD.

Example 5.36. Let G be a group. Consider the adjunction

G×− : Set SetG : U

Apply the above construction to the trivial G set {∗} gives us the classical bar
construction of a group.

5.3 Simplicial Localizations

There are really two constructions 19

• simplicial localization,

• hammock localization.

5.3.1 Simplicial Localization

Recall the adjunction
F : Graph Cat : U

where the category F(A) associated to a graph A is free in the sense that every
morphism in F(A) can be written uniquely as a composition of atomic (i.e. it
admits no nontrivial factorization, f = f1 ◦ f2 implies either f1 or f2 is id)
morphisms in A.

19See Dywer-Kan’s series of papers.
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The above construction gives us a functor

(FU)∗ : Cat sCat

C (FU)∗(C)

which is the simplicial resolution of C such that the image of every category C is
a simplicial category F(C).

Definition 5.37 ([DK2]). Given a relative category (C,W), define its simplicial
localization to be

L(M,W) = F∗(M)[F∗(W)−1].

which is achieved by the usual localization applied degreewise.

The universal property of simplicial localization is that, for any functor
T : M→ D (where D is a simplicial model category) such that T(W) ⊆WE(D),
there exists a unique simplicial functor T : L(M,W)→ D such that we have the
unique factorization

M D.

L(W,W)

T

can
T

In general, L(M,W) need not to be locally small.

Definition 5.38. Let S be a simplicial category, we define π0(S) the category of
components of S by

• Ob(π0S) = Ob(S) and,

• Homπ0S(x,y) = π0[MapS(x,y)].

Theorem 5.39 (DK). π0(L(M,W)) ∼= M[W−1].

Consider the category SC of (small) simplicial categories (categories enriched
in sSet) and simplicial functors F : C → D such that FX,Y : MapC(X, Y) →
MapD(FX, FY) is a morphisms of simplicial sets. Then we have a functor

π0 : SC Cat

There is natural functor

HomΠ0(C)(X, Y) = π0MapC(X, Y).

Simplicial localization solves the following universal problem.
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Given a relative category (M,W), there is a (unique) simplicial category
LM = L(M,W) with a functor

sloc : M LM

satisfying

1. sloc induces an equivalence of categories

M LM π0LM

M
[
W−1

]
sloc

loc

π0

'

2. sloc is initial among all functors T : M → D where D is a simplicial
category and π0T(f) is an isomorphisms in π0(D) for all f ∈W.

M D

L(W,W)

T

sloc T

5.3.2 Hammock Localization

Definition 5.40 (DK2). Given a relative category (M,W), a hammock localiza-
tion LH(M,W) is the simplicial category with

• ObLH(M,W) = Ob(M) = Ob(W), and

• mapping spaces MapLH(M,W)(x,y) having reduced hammocks of width
k and (any) length n ≥ 0 in simplicial degree k

c0,1 c0,2 · · · c0,n−1

c1,1 c1,2 · · · c1,n−1

x ck−1,1 ck−1,2 · · · ck−1,n−1 y

ck,1 ck,2 · · · ck,n−1

o

∼

o

∼

o

∼

∼

∼

∼
∼

∼

such that

1. all vertical arrows look downwards and are in W,
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2. in each column, all horizontal arrows starting at that column look
in the same direction and the arrows looking to the left are weak
equivalences.

3. in any adjacent columns has arrows look in opposite directions.

4. in each column, the horizontal arrows cannot all be the identity maps.

Theorem 5.41 ([DK1]). If (M,W) is a model category, then the mapping space in
LH(M,W) can be defined only using hammocks of length 2

x c0,1 c0,2 y
∼

or
x c0,1 c0,2 y.∼ ∼

Question 5.42. What is the relation between L(M,W) and LH(M,W)?

Answer. They are DK equivalent.

Definition 5.43. A simplicial functor F : C → D is called Dwyer-Kan equiva-
lence if

DK1 F is homotopically fully faithful, i.e.

FX,Y : MapC(X, Y)→MapD(FX, FY)

is a weak equivalences in the Kan model structure of sSet.

DK2 π0F : π0C→ π0D is an equivalence of categories.

Remark. In presence of DK1, condition (DK2) is equivalent to the following.

DK2’ F is homotopically essentially surjective, i.e. π0F : π0C→ π0D is essen-
tially surjective.

Theorem 5.44 (DK). 1. If M is a model category, with W =WE(M) being weak
equivalences in M, then LM and LHM are DK equivalent.

2. If M is a simplicial model category, the simplicial functor M→ LHM is a DK
equivalence.

3. Up to DK equivalences, every simplicial category is of the form L(M,W) for some
relative category (M,W).

Motto If we think of relative categories as abstract homotopy theories, then
simplicial categories can be regarded as models for homotopy theories. Then the
category SC of all simplicial categories with DK-equivalences as weak equiva-
lences is a homotopy theory of homotopy theories (in place of the non-existence
of model category of model categories).
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Goal Put a model structure on SC with DK-equivalences being precisely weak
equivalences.

5.3.3 Example and Application of Simplicial Localization

Example 5.45 ([DK1]). Consider the diagram of discrete group homomorphisms

H G K
α β

Define M to be the category with 3 objects X, Y,Z and

Y X Z

1

KH

G 1

1. HomM(X,X) = G as a monoid,

2. HomM(X, Y) = H as a set,

3. HomM(X,Z) = K as a set,

4. HomM(Y, Y) = HomM(Z,Z) = {id}.

with composition

HomM(X, Y)×HomM(X,X) HomM(X, Y)

(h,g) hα(g)

HomM(X,Z)×HomM(X,X) HomM(X,Z)

(k,g) kβ(g)

◦

◦

Let W be the subcategory of M with

1. HomM(X,X) = G as a monoid,

2. HomM(X, Y) = eH as a set,

3. HomM(X,Z) = eK as a set,

4. HomM(Y, Y) = HomM(Z,Z) = {id}.

Note after taking nerve functor we get

N∗H N∗G N∗K
N∗α N∗β

in sSet.
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Lemma 5.46. N∗M ∼= hocolim( N∗H N∗G N∗K
N∗α N∗β

).

Corollary 5.47. π1(X) ∼= H ∗G K = hocolim( H G K
α β

).

Theorem 5.48. 1. M[W−1] ' connected discrete groupoid with objects X, Y,Z
where

AutM[W−1](X)
∼= AutM[W−1](Y)

∼= AutM[W−1](Z)
∼= π1(X).

2. L(M,W) ∼= simplicial connected groupoid on objects X, Y,Z with simplicial
mapping spaces

MapL(M)(X,X) ' MapL(M)(Y, Y) ' MapL(M)(Z,Z) ∼= GX.

Abstract Morita Theory Given a functor f : C→ D a morphism in Cat, there
is an adjoint pair

f! : SetC SetD : f∗

Theorem 5.49 (Borceax). The adjunction is an equivalence if and only if f is fully
faithful and essentially surjective (up to retracts), i.e. there exists D ′ ⊂ D such that f
is essentially surjective onto D ′.

Simplicial Morita Thoery Given a simplicial functor F : C → D which is a
morphism in SC, there is an adjoint pair

F! : SetC SetD : F∗

Theorem 5.50. The induced Quillen pair (F!, F∗) for the projective model structure on
diagram categories is a Quillen pair if and only of

1. F satisfies (DK1),

2. F satisfies (DK2’) homotopically up to retracts, i.e. π0(F) is essentially surjective
up to retracts.

Definition 5.51. If C is a simplicial category, f : X → Y is called a homotopy
equivalence in C if π0f is an isomorphism in π0C.

Theorem 5.52 ([B3]). The category SC of small simplicial categories has a cofibrantly
generated model category structure with F : C→ D being a

• weak equivalences if and only if F is a DK equivalence,

• fibration if for any homotopy equivalence in D of the form

f : FX1
∼
−→ Y

there is a homotopy equivalence g : X1 → X2 in C such that F(g) = f.
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6 Simplicial Categories

There are Quillen equivalences between different models of∞ -categories.

SC SeCat CSS

QCat RCat

C N

QCat the category of quasi-categories.
SC the category of simplicial categories.
SeCat the category of Segal categories.
CSS the category of complete Segal spaces.
RCat the category of relative categories.
In this section we will focus on simplicial categories.

6.1 Simplicial Categories and Simplicial Functors

Definition 6.1. A simplicial functor F : C→ D between simplicial categories is
an assignment such that

• for every object X in C, there is an assigned object FX in D, and

• for every pair of object X, Y in C, a map between simplicial sets FX,Y :

MapC(X, Y) → MapC(FX, FY) such that the following associativity dia-
gram

MapC(Y,Z)×MapC(X, Y) MapC(X,Z)

MapD(FY, FZ)×MapD(FX, FY) MapD(FX, FZ)

◦X,Y,Z

FY,Z×FX,Y FX,Z

◦FX,FY,FZ

and the identity diagram

∆ [0]∗ MapC(X,X)

MapD(FX, FX)

iX

iFX FX,X

commutes.

Question 6.2. Given a functor F : C→ D on the underlying categories of simplicial
categories, when does F extend to a simplicial functor F̃ so that (F̃X,Y)0 = FX,Y .

(FX,Y)0 : MapC(X, Y)0 ∼= HomC(X, Y) MapD(FX, FY)0 ∼= HomD(FX, FY)
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Assume that C,D are tensored over sSet, so that

MapC(K
⊗

X, Y) ∼= MapsSet(K, MapC(X, Y)). (6.1) {{eq:tensor-hom}}{{eq:tensor-hom}}

Take K = ∆[n]∗ and apply (−)0 we see

HomC(∆[n]∗
⊗

X, Y) ∼= Hom(∆[n]∗, MapC(X, Y)) ∼= MapC(X, Y)n

Hence for a functor F : C → D to be simplicial, we need to an n-simplex in
MapC(X, Y)n, i.e. α : ∆[n]∗

⊗
X→ Y, assign an n-simplex in MapD(FX, FY), i.e.

∆[n]∗
⊗
FX→ FY. In order to get such a map, we may consider

∆[n]∗
⊗
F(X) F(∆[n]∗

⊗
X) F(Y)

σn,X Fα

and more generally, we need maps σK,X : K
⊗
F(X) → F(K

⊗
X) for all X in C

and all finite simplicial sets (i.e. simplicial sets with finitely many nondegenerate
simplices) K, which are natural in K and X, satisfying

K
⊗
F(X) F(K

⊗
X) F(Y)

σK,X

1. for K = ∆[0]∗, σ0,X is an isomorphism such that

∆ [0]∗
⊗
FX F(∆ [0]∗

⊗
X)

F(X)

∼=

∼= ∼=

commutes.

2. (Associativity condition) this is needed for extension of F to preserve
composition. For any K,L finite simplicial set and X in C,

(K× L)⊗ FX K
⊗

(L
⊗
FX)

F((K× L)⊗X) F(K⊗ (L⊗ X))

∼=

σK×L,X σK,L⊗X

∼=

Theorem 6.3 ([H2]). A functor F : C→ D extends to a simplicial functor if and only
if there exists σK,X : K

⊗
F(X)→ F(K

⊗
X) such that the previous two conditions are

satisfied.

Remark. Such F : C→ D are called continuous functors.

Example 6.4. Suppose F : M→ N with M,N cocomplete.
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Example 6.5 (Counterexample). Let C = D = Top. Top is tensored over sSet
with

sSet× Top Top

(K,X) |K|× X

and is a simplicial category with

Mapn(X, Y) = HomTop(X×∆n, Y).

Fix ∅ 6= A ∈ Top, we define a functor FA : Top→ Top by

• FA(X) :=
∐

α∈HomTop(A,X)

Aα, and

• FA(f) :
∐

α∈HomTop(A,X)

Aα → ∐
β∈HomTop(A,Y)

Aβ.

Then FA cannot be extended to mapping spaces.
Let X = A, Y = ∆1 ×A, there exists 0-simplices i0, i1 ∈ Map(X, Y)0

i0 : A ∆1 ×A i1 : A ∆1 ×A

a (0,a) a (1,a)

which are connected by the (identity) 1-simplex in Map1(X, Y).
Chekck that FA(i0) and FA)i1) are in different components in

Map(FA(A), FA(∆1 ×A))

and hence cannot be connected by 1-simplex.

Question 6.6. Suppose the functor F : C→ D admits a simplicial extension and has a
right adjoint G : C→ D, when does

HomD(FX, Y) ∼= HomC(X,GY)

extends to an isomorphism of simplcial sets

MapD(FX, Y) ∼= MapC(X,GY)?

Corollary 6.7. If σK,X are all isomorphisms for all K and X, then the answer is yes.

Indeed,

MapD(FX, Y)n ∼= HomD(∆[n]∗
⊗

FX, Y) ∼= HomD(F(∆[n]∗
⊗

X), Y)

∼= HomC(∆[n]∗
⊗

X,GY) ∼= MapC(X,GY)n
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Detecting weak equivalences (Why do we want simplicial enrichment for
model categories)

Proposition 6.8 ([H2], Proposition 9.7.1). If C is a simplciail model category and
f : X → Y is a morphsims in C, then f is a weak equivalence if and only if one of the
following holds

1. f∗ : Map(Y,Z) ∼
−→Map(X,Z) is a weak equivalence for all fibrant Z in C.

2. f∗ : Map(A,X) ∼
−→Map(A, Y) is a weak equivalence for all cofibrant A in C.

6.2 Simplicial Categories

Analogy Simplicial categories are ”nonlinear” analogues of DG categories.

DG categories DGCatk has Tabuada’s model structure, Hom(X, Y) ∈ Chk
and weak equivalences are quasi-equivalences F : C→ D such that

1. FX,Y : HomC(X, Y) ∼
−→ HomD(FX, FY) are quasi-isomorphisms, and

2. Ho(F) : Ho(C) ∼
−→ Ho(D) is an equivalence of categories.

Simplicial categories Let SC be the category of all small simplicial categories
with morphisms being simplicial functors. Recall a DK equivalence is a simpli-
cial functor F : C→ D such that

DK1 for any X, Y ∈ Ob(C), FX,Y : MapC(X, Y) ∼
−→ MapD(FX, FY) are weak

equivalences of simplicial sets, and

DK2 π0(F) : π0(C)
∼
−→ π0(D) is an equivalence of categories.

There is a model structure on SC such that DK equivalences are exactly the weak
equivalences.

Definition 6.9. 1. Given a simplicial set K, we can define a simplicial cate-
gotry UK by

• Ob(UK) = {x,y}, with two objects, and

• morphisms are

MapUK(x, x) = MapUK(y,y) = id = ∆[0]∗
MapUK(x,y) = K
MapUK(y, x) = ∅

This construction gives a functor U : sSet→ SC.

2. A map e : x → y is called a homotopy equivalence if π0e : x
∼=
−→ y is an

isomorphism in π0C.
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6.2.1 Bergner Model Structure

Theorem 6.10 ([B3]). There is a cofibrantly generated (left and right) proper model
structure on SC with

• WE = DK equivalences,

• Fib = the simplicial functors F : C→ D such that

F1 Fc1,c2 : MapC(c1, c2)→MapD(Fc1, Fc2) Kan complexes,

F2 (homotopy equivalences lifting property) for any object c1 in C and any
homotopy equivalence e : Fc1 → d in D, there exists an object c2 in C and
a homotopy equivalence ẽ : c1 → c2 in C such that F(ẽ) = e.

• a set of generating cofibrations I ⊂ Cof is given by

C1 the maps U(∂∆[n]∗)→ U(∆[n]∗) for all n ≥ 1.
C2 the trivial maps ∅ ↪→ ∗.

• a set of generating acyclic cofibrations J ⊂ Cof∩WE is given by

A1 the maps U(Λk[n]∗)→ U(∆[n]∗) for all n ≥ 1, 0 ≤ k ≤ n.

A2 the inclusions ∗ ∼
−−→
DK

H where H is a simplicial category with two objects

{x,y} and all mapping spaces are weakly contractible and having only
countably many simplices, and the inclusion {x}t {y} ↪→ H is a cofibration
in SC{x}t{y}.

We will introduce the model structure on simplicial categories with a fixed
set of objects in the next lecture.

6.3 Simplicial Categories with fixed set of objects

Fix a set O and consider the category SCO of all simplicial categories C with
Ob(C) = O, and morphisms in SCO are simplicial functors F : C→ D such that
F = id : Ob(C) = O → Ob(D) = O. The data encoded in F are only simplicial
maps of simplicial sets

FX,Y : MapC(X, Y) MapD(X, Y)

for all X, Y ∈ O.
Our goal is to define a model structure on SCO with F : C→ D being a weak

equivalence if and only if FX,Y are weak equivalences in sSet for any X, Y ∈ O.
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(Co)limits Note that SC has all finite limits and colimits. Indeed, SC has all
coproducts and coequalizers built from these in Set (on objects) and sSet (on
morphisms).

For instance, for C,D ∈ SC, C
∐

D is defined by

• Ob(C
∐

D) = Ob(C)
∐
Ob(D), and

• morphisms are defined by

MapC
∐

D(x,y) =


MapC(X, Y), X, Y ∈ Ob(C)
MapD(X, Y), X, Y ∈ Ob(D)

∅, otherwise.

Lemma 6.11. SCO has all limits and colimits.

Proof. Suppose X : I→ SCO is a small diagram in SCO. Let’s construct colimit
of X as follows.

Consider X : I→ SCO ↪→ SC and take colimI X in SC. Consider colimI(X)δ

the discrete simplicial category with the same object set as colimI X but no
(nonidentity) maps. We have a canonical inclusion

colimI(X)δ colimI(X)

By universal property of colimits, there is a natural folding map

∇ : colimI(X)δ → Oδ.

Define colimO as the pushout in SC

colimO
I (X) := colim

[
Oδ colimI(X)δ colimI(X)

can
]

This defines the required colimit in SCO. (Check the UMP of colimit.)

Similarly we can define limO
I (X) as the full subcategory of limI(X) in SC

with objects being the images of diagonal map

∆ : Oδ −→ lim
I
(X)δ.

Free products Recall a free category F(C) on a small category C is defined to
be F(C) = FU(C), where

F : Graph Cat : U

is the adjunction between the category of small categories and the category of
graphs.
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• Ob(F(C)) = Ob(C),

• Mor(F(C) are sequence of composable maps.

A free product of in SCO is defined by

C ∗D = colim{ C Oδ D }

A simplicial functor F : C→ D is called a (semi)free extension (or free map)
if

1. for any X, Y ∈ O, FX,Y : MapC(X, Y) ↪→MapD(X, Y) are monomorphisms
in sSet.

2. in each simplicial degree k ≥ 0, Dk ∼= f(Ck) ∗ F(Bk) for some small
category Bk.

3. for all k, B∗ = {Bk}k≥0 give a diagram

(∆+)op Cat

[k] Bk

i.e. Bk are closed under degeneracy maps.

Definition 6.12 ([DK2]). A functor f : C→ D is called strong retract of f ′ : C→
D ′ if there is a commutative diagram

C

D ′

D D

f

f ′

f

rη

idD

in SCO.

Theorem 6.13 ([DK2]). The category SCO has a natural proper simplicial model
structure with

• WE = simplicial functors F : C → D giving weak equivalences of mapping
complexes, i.e. FX,Y ∈WE(sSet) for any X, Y ∈ O.

• Fib = simplicial functors F : C→ D giving Kan fibrations of mapping complexes

• Cof = simplicial functors F : C→ D which are strong retracts of free extensions.
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Remark. When O = {∗}, SC{∗} = sMon, and when O = {x,y}, SCO = SC{x,y}.

Remark. SC was defined by Quillen in 1967 to study equivariant homotopy
theory. Boardman and Vogt [BV] also used it to study homotopy invariant
structures of spaces.

Theorem 6.14 ([B3]). 1. Fibrant objects in SC are precisely the simplicial cate-
gories C with all MapC(−,−) being Kan complexes.

2. Cofibrant objects are the so-called ”simplicial computads”.

Remark. Let C ∈ CatO be an ordinary category, it can be viewed as a (dis-
crete) simplicial category in SCO. C∗ is not a cofibrant category but it has a
canonical resolution. More explicitly, we apply comonad resolution F∗(C∗) =
FU∗+1(C∗) ∈ ssCat and take diagonal Q∗C = diagF∗(C∗).

6.4 Properties of Simplicial Categories

Theorem 6.15 (Lurie). There is a Quillen equivalence

C : sSet SC : N.

Analogue of SC and dgCatk

1. SC consists of small categories enriched over sSet,

• mapping space MapC(x,y),

• WE = DK equivalences

• Bergner model structure (2007)

2. dgCatk consists of small categories enriched over chain complexes.

• chain complexes HomC(x,y)

• WE = quasi-siomorphisms

• Takana model structure (2005)

In case of DG categories, there is a (2-object) square-zero functor

E : Chk dgCatk

V EV =

[
•
x
→ •
y

]
∼=

[
k V

0 k

]
.

thus we have a short exact sequence

0 V EV k× k 0

which gives a square-zero extension.
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Fibrant Objects in SC

Proposition 6.16 ([B4]). The fibrant objects in SC are precisely the simplicial categories
C will all MapC(−,−) being Kan complexes (i.e. fibrant in sSet).

Proof. Recall fibrations are the morphisms with right lift property with respect to
generating acyclic cofibrations, and fibrant objects are the simplicial categories
so that the unique map C→ ∗ is a fibration.

Observe that the lift
U(Λk [n]) C

U(∆ [n])

exists for all n ≥ 0 if and only if the lift

Λk [n] MapC(x,y)

∆ [n]

exists in sSet for any x,y ∈ Ob(C), if and only if MapC(x,y) is fibrant for any
x,y ∈ Ob(C).

Condition A2 holds automatically because {x} ∼
−→ H has a (unique) projection

p : H→ {x}, so for any f : {x}→ C there is a lift as follows.

{x} C

H

f

∼p
fp

Cofibrant Objects in SC Embed SC ↪→ sCat so that every object C in SC is
viewed as

C∗ = { C0 C1 C2 · · · }

with

• constant set of objects Ob(Cn) = Ob(C).

• HomCn(x,y) := MapC(x,y)n.

We call f ∈ HomCn(x,y) an n-arrow in C. We will think of C∗ as a right module
over ∆.

Recall a morphism in a category D is atomic if f = f ′ ◦ f ′′ implies either
f ′ = id or f ′′ = id.
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Lemma 6.17. If C is a simplicial category, for any n-arrow f ∈ HomCn(x,y) can be
factored uniquely as

f = f ′ ◦ α

for some α : [n]→ [m] ∈ ∆+ and f ′ an atomicm-arrow.

Definition 6.18. A simplicial computad is a simplicial category with properties

P1 each Cn is a free category generated by atomic n-arrows,

P2 for any α ∈ ∆+, f is an atomic m-arrow if and only if f ◦ α is an atomic
n-arrow.

Proposition 6.19. Cofibrant objects in SC are precisely simplicial computads.

Key fact. Simplicial computads are closed under retracts.

Proposition 6.20 ([B3]). SC is right proper.

Proposition 6.21 (Lurie). SC is left proper.

This property is important for localization.

Deficiency

1. SC is not (known to be) a simplicial model category, i.e. (MC7) fails.

2. SC is not a cartesian monoidal model category. For any cofbration f : A ↪→
A ′ and g : B ↪→ B ′,

A× B ′
∐
A×B

A ′ × B ↪→ A ′ × B ′

is not necessarily a cofibration. For instance, f : ∅ ↪→ [1] and g : ∅ ↪→ [1]

are cofibrant, but ∅→ [1]× [1] is not.

3. Colimits in SC are very difficult.
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7 Segal Categories and Complete Segal Spaces

7.1 Segal Spaces

7.1.1 Category Γ and Γ -spaces and ∆-spaces

The main reference for this section is [S2].

Question 7.1. How to characterize spaces equipped with homotopy invariant (alge-
braic) structures?

Example 7.2. Fix a pointed (homotopy type of) space A ∈ Sp∗. Consider

Map∗(A,−) : Ho(Sp∗) Ho(Sp∗)

X Map∗(A,X)

A GivenX ∈ Ho(Sp∗), does there exist Y ∈ Ho(Sp∗) such thatX ' Map∗(A, Y)?
For example, for A = Sn, Map∗(S

n, Y) = Ωn(Y) is the n-fold loop space.

B Given a criterion in (A), how can we recover Y from X ' Map∗(A, Y)?
{eg:segal}

Example 7.3 (Segal). How to characterize infinite loop space?
Recall a space X is an infinite loop space if X ∼= E0, where is an Ω-spectrum
{Ei,σi : Ei

'
−→ ΩEi+1}i≥0 such that X ' E0. The category of infinite loop spaces

has morphisms the homotopy classes of maps f0 : E0 → D0 such that there
exists fi : Ei → Di such that the following diagram commutes.

Ei ΩEi+1

Di ΩDi+1

σi

fi Ωfi+1

σi

General Approach Find a small (simplicial) category C (usually moniodal,
with a distinguished object 1) together with a functor

X : C Sp∗

with the property that X causes a desired structure if and only if X(1) ' X.
Let’s look at example 7.3.

Category Γ We define Γop as the full subcategory of the category Fin∗ of
pointed finite sets with

• objects n+ = {0, 1, · · · ,n} where 0 is the base point, and
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• morphisms are maps f : n+ → m+ of sets which preserve base points, i.e.
f(0) = 0.

Segal’s original definition of Γ is the category with objects representatives of
iso-classes of all finite sets and maps

HomΓ (S, T) = {Θ : S→ P(T) such that Θ(α)∩Θ(β) = ∅, whenever α 6= β}

where P(T) is the power set of T .

Exercise 7.4. 1. Check that Γ is indeed the opposite of Γop.

2. There is a different description of Γop. Let Fin ′ be the category of finite
sets with morphisms being partially defined maps f : X→ Y inMor(Fin ′)
is a given by a pair (D(f), f : D(f)→ Y) whereD(f) ⊆ X and f is an honest
map between sets.

3. Composition is given by

g ◦ f = (D(gf) = f−1(D(g)),g ◦ f : D(gf)→ Z).

There is a natural functor

D : Γop Fin ′

n+ n = {1, 2, · · · ,n} = n+\{0}

(f : n+ → m+) (D(f), f : D(f)→ m)

where D(f) = {x ∈ n, f(x) 6= 0} ⊆ n.

Lemma 7.5 (Segal). D is an equivalence of categories.

Proof. The inverse functor is

(−)+ : Fin ′ Fin∗ Γop

X X+ = X∪ {∗}

(f : X→ Y) (f+ : X+ → Y+)

'

where

f+(x) =

{
f(x), x ∈ D(f),

∗, x 6∈ D(f).
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Consider in Γop the following map

ϕn,k : n+ 1+ (1 ≤ k ≤ n)

where

ϕn.k(i) =


0, i = 0,

1, i = k,

0, i 6= 0,k.

In Γ this gives us maps

ϕon,k : 1o+ no+, (1 ≤ k ≤ n)

or equivalently,

ϕon :=

n∐
k=1

ϕon,k :

n∐
k=1

1o+ no+

called Segal map.

Definition 7.6. A Γ -space is a functor X : Γop → sSet such that

S1 X(1) ∼= ∆[0]∗ is an isomorphism in sSet.

S2 X(ϕn) :=
n∏
k=1

X(ϕn,k) : X(n)
X(1)n
−−−−→

∼
are weak equivalences for all n ≥ 2.

If X(ϕn) happen to be isomorphisms for all n ≥ 2, then X is called a strict
Γ -space.

Remark. In [S1], (S1) is a weak equivalence.
{thm:sAbMon}

Theorem 7.7. The category of all strict Γ -spaces is equivalent to sAbMon the category
of simplicial abelian monoids.

Theorem 7.8 ([S1]). The category of all Γ -spaces is equivalent to the category of infinite
loop spaces.

Question 7.9. Take some algebraic category A (e.g. A = Mon, Gr, Ab), is there any
analogue of Theorem 7.7?

Analogy [Algebraic Goemtry] Let X be a smooth projective algebraic variety
(e.g. X =n

k, n ≥ 1), Coh(X) be the category of coherent sheaves on X and
Db(X) = Ho(Chb(Coh(X))).
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Theorem 7.10 (Serre). Let A =
⊕∞
n=0H

0(X,OX(n)),

Coh(X) grMod(A)/FDim(A) =: Proj(A)

M = M̃ M

∼

Theorem 7.11 ([B1]). There is an equivalence of triangulated categories

Db(n) Db(Repfd(Qopn ))
∼

where Qn is the Beilinson quiver

Qn = { •
0

•
1

· · · •
n−1

•
n

x
(0)
1...

x
(0)
n+1

x
(1)
1...

x
(1)
n+1

x
(n−2)
1 ...
x
(n−2)
n+1

x
(n−1)
1 ...
x
(n−1)
n+1

}

with the relations

x
(l+1)
i x

(l)
j = x

(l+1)
j x

(l)
i , 1 ≤ i, j ≤ n, 0 ≤ l ≤ n− 2.

Connection between ∆ and Γ There is a natural functor defined by

θ : ∆ Γ

[n] n = {1, · · · ,n}

(f : [m]→ [n]) (θ(f) : m→ n)

where
θ(f)(i) = {j ∈ n|f(i− 1) ≤ j ≤ f(i)}.

Lemma 7.12. θ : ∆→ Γ maps the following Segal maps

αn,k : [1] [n] , 0 ≤ k ≤ n− 1

0 k,

1 k+ 1.

in ∆ to the Segal maps in Γ ,
θ(αn,k) = ϕon,k.

Check.
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7.2 Segal Spaces

Recall in ∆, we defined

αi : [1] [n] , 0 ≤ i ≤ n− 1

0 i,

1 i+ 1.

These give us maps of simplicial sets

αi∗ : ∆ [1]∗ ∆ [n] , 0 ≤ i ≤ n− 1

f αi ◦ f.

Define for all n ≥ 0, the simplicial sets

G(n) =
n⋃
i=0

αi∗[1] ⊆ ∆[n]∗.

More conceptually,

G(n) = ∆[1]∗
⊔
∆[0]∗

∆[1]∗
⊔
∆[1]∗

· · ·
⊔
∆[0]∗

∆[1]∗

where RHS is the colimit of representables for

[1] [0] [1] · · · [1] .d0 d1 d0 d1

Example 7.13. G(0) = ∆[0]∗ and G(1) = ∆[1]∗.
Recall ∆[n]k = {(j0, · · · , jk), 0 ≤ j0 ≤ · · · ≤ jk ≤ n}. When n = 2,

α0 : [1] [2] α1 : [1] [2]

0 0 0 1

1 1 1 2

so

α0∗ : ∆ [1]∗ ∆ [2]∗ α1∗ : ∆ [1]∗ ∆ [2]∗

(0, · · · , 0, 1, · · · , 1) (0, · · · , 0, 1, · · · , 1) (0, · · · , 0, 1, · · · , 1) (1, · · · , 1, 2, · · · , 2)

and
G(2)k = {(0, · · · , 0, 1, · · · , 1)}

⋃
{(1, · · · , 1, 2, · · · , 2)}

contains 2(k+ 2) − 1 elements. In fact

G(2)∗ ∼= Λ1[2]∗

but for n ≥ 2, they are different.
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To sum up, we have natural inclusions in sSet

S := {α : G(n)∗ ↪→ ∆[n]∗}n≥2.

For any K ∈ sSet, these maps induce

Kn = HomsSet(∆[n]∗,K) HomsSet(G(n)∗,K) ∼= K1 ×K0 K1 × · · · ×K0 K1.

Recall sSp = sSet∆ is the category of simplicial spaces (i.e. bisimplicial sets).
There are two natural embeddings

1. constant
c : sSet sSp

X c(X)

(7.1) {eq:tensor-hom}

where
c(X) = {X X · · · }

are the constant simplicial spaces.

2. transpose

(−)t : sSet sSp

X Xt

(7.2)

where
(X)t = {c(X0) c(X1) · · · }

are called discrete simplicial spaces.

Definition 7.14. GivenW ∈ sSp, we have natural maps of simplicial sets,

Φn :Wn = Map(∆ [n]t∗ ,W) Map(G(n)t∗,W) =W1 ×W0
× · · · ×W0

W1

called Segal maps.

Example 7.15. Recall there is a natural functor

sN : SC sSp

called the simplicial nerve. This functor factors through

SC sCat

C C∗

where
C∗ = {C0 C1 · · · }
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is a simplicial category with Ob(Cn) = Ob(C) andMor(Cn) = Map(−,−)n.
Define sN(C)∗n = N(Cn)∗ for C ∈ SC. That is,

sN(C)n = Mor(C)×Ob(C) × · · · ×Ob(C)Mor(C)︸ ︷︷ ︸
n

∼= sN(C)1 ×sN(C)0
· · · ×sN(C)0

sN(C)1︸ ︷︷ ︸
n

.

For n ≥ 2, the Segal maps are isomorphisms.

Definition 7.16 (Rezk). A simplicial spaceW is called a Segal space if

1. all ϕn : Wn
∼
−→ W1 ×W0

· · · ×W0
W1 are weak equivalences in sSet for

n ≥ 2.

2. W is Reedy fibrant. 20

Remark. 1. A discrete simplicial spaceW = Xt is Segal if X = N(C) for some
small category C.

2. A Segal spaceW is strict if all Φn are isomorphisms. Strict Segal spaces
are exactly simplicial nerves of small simplicial categories, i.e. W ∼= sN(C)

for some C ∈ Ob(SC).

3. Rezk nerves (classifying diagrams of small categories)

NR : Cat sSp

C N(Iso(C[n]))

are Segal spaces.

Theorem 7.17 (Rezk). On sSp there is a simplicial left proper combinatorial model
structure SeSp with

• WE = maps f : X → Y such that f∗ : Map(Y,W)
∼
−→ Map(X,W) are weak

equivalences of simplicial sets for every Segal spaceW.

• Cof = monomorphisms X ↪→ Y. 21

Proof. We define SeSp = LS(sSpReedy) to be the left Bousfield localization
of the Reedy model structure with respect to the set of maps S = {G(n)t∗ ↪→
∆[n]t∗}.

20This ensures some natural constructions are homotopy invariant.
21Thus SeSp is cofibrant model structure.
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7.2.1 Segal Spaces As Categories Up To Homotopy

We want to mimic in Segal spaces the structure of simplicial categories.

Idea Segal categories are “categories up to homotopy”.

Definition 7.18 (Rezk). LetW be a Segal space,

1. Ob(W) =W0,0 = (W0)0 the 0-simplices inW0.

2. Given x,y ∈ Ob(W), define the mapping space mapW(x,y) to be the
pullback in sSet

mapW(x,y) W1

∗ = {(x,y)} W0 ×W0.

y·
d0×d1

or equivalently, this is the homotopy fiber product

3. for any x ∈ Ob(W), define idx = s0(x) ∈ mapw(x, x)0, where s0 :W0 →
W1.

4. next, we should define composition map.

Remark. W is Reedy fibrant implies that d0× d1 :W1 →W0×W0 is a fibration
in sSet. This implies that mapW(x,y) is homotopy invariant, and therefore the
homotopy type [mapW(x,y)] of the simplicial set mapW(x,y) depends only on
the homotopy types [x], [y] in π0(W). So we can write

mapW(x,y) ' hofibx,y(p2).

Notation. We can also write mapw(x,y) = {x}×hW0
W1 ×hW0

{y}.
Recall the coskeleton tower for N ≥ 0, iN : ∆≤N ↪→ ∆ induces

sSp = Fun(∆op, sSet) s≤NSp = Fun(∆op≤N, sSet)
(iN)∗

which has both left adjoint (iN)! and right adjoint (iN)∗,

sSp

s≤NSp

(iN)∗(iN)! (iN)∗

and coskN(W) = (iN)∗(iN)∗(W) and we have a canonical mapW → coskN(W).
Take N = 0, we have cosk0(W)n =Wn+10 . Define pn :Wn → cosk0(W)n.

In particular, for n = 1, p1 = d1 × d1 :W1 →W0 ×W0.
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Definition 7.19. For (x0, · · · , xn) ∈ Ob(W), define

mapW(x0, · · · , xn) = hofib(x0,··· ,xn)(pn)

mapW(x0, · · · , xn) Wn

{(x0, · · · , xn)} Wn+10

y·
pn

Again,W is Reedy fibrant and pn is a Kan fibration.
Observe that pn factors as

Wn Wn+10

W1 ×W0
· · · ×W0

W1

pn

ϕn

∼

pn

which gives us map of fibration sequences

mapW((x0, · · · , xn) Wn Wn+10

mapW(x0, x1)× · · · ×mapW(xn−1, xn) W1 ×W0
· · · ×W0

W1 Wn+10

ϕn ∼ ∼ ϕn

pn

pn

thus for all n ≥ 2, we have natural maps

ϕn : mapW((x0, · · · , xn) mapW(x0, x1)× · · · ×mapW(xn−1, xn).
∼

In particular, for n = 2 and any x,y, z ∈ Ob(W), we have maps

ϕ2 : mapW((x,y, z) mapW(x,y)×mapW(y, z).∼

In addition, we have projection map

mapW((x,y, z) W2 W30

mapW(x, z) W1 W0 ×W0.

d1 ∼ d1∼

p2

pr1×pr2
p1

Definition 7.20. Given f ∈ mapW(x,y) and g ∈ mapW(x,y), define

g ◦ f = d1(ϕ−1
2 (f,g)).

Note since ϕ2 is a weak equivalence, not an isomorphism, this composition
is only unique up to homotopy.
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Definition 7.21. Given f,g ∈ mapW(x,y) we say f ∼ g in mapW(x,y) if [f] =
[g] ∈ π0mapW(x,y), i.e. f,g are in the same component of mapW(x,y).

{lem:htpy}
Lemma 7.22. Given f ∈ mapW(x,y), g ∈ mapW(y, z), and h ∈ mapW(z,w),
then the composition map satisfies

1. homotopy associativity h ◦ (g ◦ f) ∼ (h ◦ g) ◦ f.

2. homotopy identity f ∼ f ◦ idx ∼ idy ◦ f.

Definition 7.23. The homotopy category Ho(W) is defined by

• Ob(Ho(W)) = Ob(W) and

• HomHo(W)(x,y) = π0(mapW(x,y)).

We call f ∈ mapW(x,y) a homotopy equivalence inW if [f] is an isomorphisms
in Ho(W).

Notice f is a homotopy equivalence if there exists h,g ∈ mapW(y, x)0 such
that f ◦ g ∼ idy and h ◦ f ∼ idx. Furthermore, lemma 7.22 implies

g ∼ idx ◦ g ∼ (h ◦ f) ◦ g ∼ h ◦ (f ◦ g) ∼ h ◦ idy ∼ f.

Lemma 7.24. If [f] = [g] in Ho(W), then f is a homotopy equivalence if and only if g
is.

Question 7.25. How to characterize homotopy equivalences?

Take a simplicial set

Z[3] = N
{
0 2 1 3

}
.

Notice that Z(3) ↪→ N(
−→
3 ) = ∆[3]∗, so Z[3]t ↪→ ∆[3]t in sSp.

Map(∆[3]t,W) Map(Z[3]t,W)

W3 lim{W1
d1−−→W0

d1←−−W1 d1−−→W0
d1←−−W1}

∼=

π

∼=

Answer: (check) f is a homotopy equivalence if and only if (idx, f, idy) lifts
along π toW3.
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7.3 Complete Segal Spaces

Definition 7.26. The space of homotopy equivalences in W is Wheq ⊆ W1
consisting of components with 0-simplices being homotopy equivalences

Wheq = {f ∈W1 : f0 ∈ mapW(x,y)0 such that [f0] ∈ Iso(Ho(W))}.

Notice that for any x ∈ Ob(W), idx = s0(x) ∈Wheq ⊆W1.

Definition 7.27. W is called a complete Segal space if s0 : W0
∼
−→ Wheq is a

weak equivalence in sSet.

The map s0 can be equivalently defined as follows.
Let I = {0 1} , then the natural inclusion

−→
1 ↪→ I gives us

∆[1]∗ ↪→ N(I) = E.

Lemma 7.28. 1. The image of

Map(Et,W) Map(∆[1]t,W) =W1

is inWheq, and we have a weak equivalence

Map(Et,W) Wheq W1.∼

2. p∗ :W0 →Map(Et,W) is a weak equivalence if and only if s0 :W0 →Wheq
is a weak equivalence.

Definition 7.29. Let S0 = {∆[1]t ↪→ Et} and S̃ = S0 ∪ S, then the model category
of Complete Segal Spaces is

CSS = LS0 [SeSp] = LS̃[sSpReedy].

Theorem 7.30. CSS is a left proper combinatorial simplicial model category with

1. Cof(CSS) = Cof(SeSp) = Cof(sSpReedy) = monomorphisms in sSp.

2. Fibrant objects are complete Segal Spaces.

3. A map f : X→ Y is a weak equivalence if and only if

Map(f,W) : Map(Y,W) Map(X,W)
∼

are weak equivalences for any complete Segal spaces.
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8 Bousfield Localization

8.1 Bousfield Localization

Recall if M is a simplicial model category with mapping space

MapM(−,−) : Mop ×M sSet

If M is a model category, we can apply simplicial localization to (M,W)

L(M,W) = F∗M[(F∗W)−1]

and Hammock localization
LH(M,W)

Fact 8.1. 1. For a simplicial model category, there is a DK equivalence

M LH(M,W).∼

2. For a model category, there is a DK equivalence 22

L(M,W) ' LH(M,W).

Definition 8.2. A homotopy mapping space in a model category M is given by

MaphM(−,−) = MapL(M,W)(−,−).

8.2 Left Bousfield Localization

Definition 8.3 (Bousfield). Let M be a model category, and S ⊂Mor(M) be a
class of morphisms in M,

1. W ∈ Ob(M) is called S-local if

• W is fibrant in M,

• for any f : A→ B in S,

f∗ : MaphM(B,W) MaphM(A,W)
∼

is a weak equivalence of simplicial sets.

2. A morphisms g : X → Y is called S-local equivalence if for any S-local
objectW,

g∗ : MaphM(Y,W)
∼
−→MaphM(X,W)

is a weak equivalence of simplicial sets.
22There is no explicit map L(M,W) → LH(M,W) but zigzags of weak equivalences.
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Remark. 1. Recall in a model category, a map g : X→ Y is a weak equivalence
if and only if

MaphM(g,W) : MaphM(Y,W) MaphM(X,W)
∼

is a weak equivalence for any fibrant objectW in M. And there is a similar
behavior in the localized case, where S-local objects should be viewed as
fibrant objects and S-local equivalences are the weak equivalences which
can be detected by S-local objects.

2. When S = {f : A→ B} contains a single morphism, we use f-local instead
of S-local.

3. When f : ∅→ A, we say A-null to imply f-local.

4. Dually, one can define S-colocal objects and S-colocal equivalences.

Definition 8.4. The left Bousfield localization LS(M) to be the model category
with the same underlying category M with

• WE(LS(M)) = S-local equivalences.

• Cof(LS(M)) = Cob(M).

• Fib(LS(M)) = RLP(Cof(LS(M))∩WE(LS(M)).

• fibrant objects are S-local objects.

Remark. This idea provides a very general setting for localization.

Cohn Localization (universal localization for (non)commutative rings). In
commutative algebra, let A be a commutative algebra and S be a multiplicative
closed subset of A, we can define localization A[S−1].

In noncommutative algebra, we start with a noncommutative ring A and a
class of morphisms

S = {fi : Pi → Qi}i∈I

where Pi,Qi are finitely generated projective (left) A-modules.

1. Let S = {si ∈ A}i∈I,

S = {fi : A→ A,a 7→ asi}i∈I

2. A = kQ where Q is a quiver. Let Pi = Aei, any arrow a : i → j gives a
map

a : Pj Pi

ej eja = aei
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and localization is equivalent to formally adding an inverse of the arrow
a.

i j k
a

a∗

Example 8.5 (Chain complexes). Let M = Ch(A) be the category of (unbounded)
chain complexes of left A-modules. Let S ⊂Mod(A) ⊂Mor(Ch(A)) be a set of
objects. M is equipped with mapping spaces given by morphism complexes.

MaphM(−,−) = HomA(−,−)

1. W is a S-local complex if for any f : P → Q in S,

HomA(Q,W) HomA(P,W)
∼

is a weak equivalence.

2. f : P → Q is an S-local weak equivalence if

HomA(Q,W) HomA(P,W)
∼

is a weak equivalence for all S-local complexW.

Definition 8.6. A Cohn localization of A with respect to S is a map of algebras
ρ : A→ A[S−1] such that

1. ρ∗(f) : A[S−1]⊗A P A[S−1]⊗AQ∼ is a weak equivalence for any
f : P → Q in S, and

2. ρ is universal among all such maps.

Exercise 8.7. Show

1. for any X ∈M = Ch(A), there is a morphism ρS(X) : X→ LS(X) such that

• ρS(X) is an S-local equivalence.

• LS(X) is an S-local object.

Moreover, LS(X) is unique up to quasi-isomorphism.

2. For X = A concentrated in degree 0, LS(A) has a structure of DGA such
that

Hi(LS(A)) = 0, ∀i < 0.

3. H0(LS(A)) ∼= A[S−1] the Cohn localization.

Theorem 8.8 (must be). Hi(LS(A)) = 0, ∀i > 0 if and only if Cohn localization is
stably flat, i.e.

TorAi (A[S
−1],A[S−1]) = 0, ∀i > 0.
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8.3 Basic Properties

Theorem 8.9. For any left Bousfield localization,

j = id : M LS(M) : id = q

is a Quillen pair with the left adjoint being homotopical. This implies

1. WE(M) ⊆WE(LS(M)).

2. Cof(M) = Cob(LS(M)).

3. Cob(M)∩WE(M) ⊆ Cof(LS(M))∩WE(LS(M)).

4. Fib(M) ⊇ Fib(LS(M)).

5. Fib(M)∩WE(M) ⊇ Fib(LS(M))∩WE(LS(M)).

The derived counit is

j ◦Rq
∼
−→ idHo(LS(M).

The derived unit is
η : idHo(M) → Rq ◦ j =: LS,

and for any X ∈ Ob(M),

ηX : X→ LS(X) := Rloc(X)

is called the localization map, where LS(X) is fibrant replacement in LS(M).

Proposition 8.10 (Weak Whitehead). If X, Y are S-local objects, then f : X→ Y is
S-local if and only if f is a weak equivalence in M.

Corollary 8.11. This gives a characterization (unique up to weak equivalences in M)
for X→ LcS(X) as a local S-equivalence into a S-local object.

Take an S-local equivalence f : X ∼
−−−−−→
S−loc

W

X W

LS(X) ∗

∼S−loc

∼

S−loc

α

When f is S-local, so is α, thus α is a global weak equivalence.

112



Lecture 27: Basic Properties 14 May 2021

Theorem 8.12 (Left Bousfield localization is left localization). The functor j :
M → LS(M) is the left S-localization in the sense, given any left Quillen functor
F : M→ N such that

LF : Ho(M)→ Ho(N)

maps β ∈ S to isomorphisms in Ho(N), there exists a unique factorization

M N

LS(M)

F

j

F

where F is left Quillen.

Theorem 8.13 (Localization of Quillen pairs). Let F : M N : G be a
Quillen pair, and let S ⊂ Mor(M). Assume LS(M) exists, then (F,G) localizes
at S, i.e. induces Quillen pair

LSF : LSM N : LSG

if and only if
LF : Ho(M)→ Ho(N)

takes f ∈ S into isomorphisms in Ho(N).
In particular, Quillen equivalences localize to S-local Quillen equivalences.

Theorem 8.14 (Existence). Let M be a left proper cofibrantly generated model category.
Assume that M is either

• cellular [H2], or

• combinatorial [D2]

then LS(M) exists for all S ⊂Mor(M).

Definition 8.15. A cofibrantly generated model category M is called combina-
torial if M is locally presentable, i.e.

1. all small colimits in M exist,

2. there exists a set P of small objects23 in M such that every object X in M is

the colimit of a small diagram I
X̃
−→M such that X̃(i) ∈ P

23an object X is small if hX commutes with filtered colimits.
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Theorem 8.16 ([D2]). Combinatorial model category has a small presentation, i.e.
there is a small category C and S ⊂Mor(UC) the universal model category generated
by C such that any functor γ : C → M where M is a model category factors through
UC and there is a adjunction (Resγ,Singγ)

C M

UC

γ

r
Singγ

Resγ

(which is unique to “homotopy”) such that (Res,Sing) localizes at S gives a Quillen
equivalence

UC/S M

where UC/S := LS(UC).

8.4 Complete Segal Spaces v.s. Segal Categories

Theorem 8.17 ([R1]). S-local equivalences in CSS are precisely the DK equivalences,
namely, a map f :W1 →W2 is an S-local weak equivalence if and only if

DK1 for any objects x,y inW1,

f : mapW1
(x,y) mapW2

(f(x), f(y))∼

is a weak equivalence, and

DK2 Ho(f) : Ho(W1)→ Ho(W2) is an equivalence of categories.

8.5 Higher Segal Spaces

Remark (Models for (∞,n)-Categories). Complete Segal spaces have a natural
generalizations by replacing ∆ = Θ1 by Θn for n ≥ 2. For detailed discussions
about Θ-construction (Joyal), please see [R2] and [B2].
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