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1 HOMOTOPY GROUPS AND STABLE HOMOTOPY GROUPS

Part I

Spectrum

1 Homotopy Groups and Stable Homotopy Groups

1.1 Homotopy Groups

Question. Where does spectra come from?

In the study of homotopy groups, we de�ne the n-th homotopy group of a topological space X as

the set of homotopy classes

πn (X) = [Sn, X]∗ , n ≥ 0

which is a group when n ≥ 1 and abelian when n ≥ 2.

The group structure follows from

[Sn, X]∗ × [Sn, X]∗
∼= [Sn ∨ Sn, X]∗

and the map

Sn → Sn ∨ Sn

given by collapsing equator.

Note that even if we have πn (Sn) = Z = Hn (Sn), homotopy groups and homology groups are

not the same, for instance, π3

(
S2
)

= Z but H3

(
S2
)

= 0.

Nevertheless, there are still similarities between them.

In homology theory, if we have a good sequence (excision)

A �
� // X // // X/A

where X/A is the pushout

A �
� //

��

X

��
• // X/A
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1.2 Stable Homotopy Group1 HOMOTOPY GROUPS AND STABLE HOMOTOPY GROUPS

then it induces a long exact sequence in homology groups H∗. The proof, roughly speaking, contains

three steps.

1. construct the relative homology groupH∗ (X,A) and prove the long exact sequence for relative

homology group.

2. prove that H∗ (X,A) ∼= H∗ (X/A).

3. show excision, if X = A
⋃
B then H∗ (A,A ∩B) ∼= H∗ (X,B).

Similarly, in homotopy groups, if we have a �bre sequence

F // E // B

then it induces a long exact sequence in homotopy groups π∗.

De�nition 1.1. A topological space X is called n-connected if πi (X) = 0,∀i ≤ n.

If a CW pair (X,A) is n-connected, then πi (X,A) = 0,∀i ≤ n, consider the long exact sequence

· · · // πi (X) // πi (X,A) // πi−1 (A) // · · ·

we have the following result.

Theorem 1.1. [Blakers-Massey] [BM51] Let X be a CW complex such that X = A
⋃
B and A∩B

is nonempty and connected. If (A,A ∩B) is m-connected and (B,A ∩B) is n-connected, then

πi (A,A ∩B) // πi (X,B)

is an isomorphism for i < m+ n and surjective for i = m+ n.

1.2 Stable Homotopy Group

In general homotopy groups are di�cult to compute.

Moral. Suspension makes it better.

Conclusion. Suspend in�nitely many times.
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1.2 Stable Homotopy Group1 HOMOTOPY GROUPS AND STABLE HOMOTOPY GROUPS

Naive Stable Homotopy Group

De�nition 1.2. The naive stable homotopy group of a topological spaceX is πSi (X) := colimn

(
Sn+i,ΣnX

)
.

πi (X) // πi+1 (ΣX) // πi+2

(
Σ2X

)
// · · ·

We have the following result for CW complexes.

Theorem 1.2. If X is a �nite CW complex, then this colimit stabilizes (n ≥ 2 dimX + 2, which is

not a minimal bound).

Open question [Ker]. The Kervaire invariant is an invariant of a framed (4k + 2)-dimensional

manifold that measures whether the manifold could be surgically converted into a sphere. This

invariant evaluates to 0 if the manifold can be converted to a sphere, and 1 otherwise. The Kervaire

invariant problem is the problem of determining in which dimensions the Kervaire invariant can be

nonzero. For di�erentiable manifolds, this can happen in dimensions 2, 6, 14, 30, 62, and possibly

126, and in no other dimensions. The �nal case of dimension 126 remains open.

Stable Homotopy Group

The intuition comes from the following theorem.

Theorem 1.3. (Brown Representability) For every cohomology theory {hn : Topop → Ab}n∈Z there

exists a sequence of spaces

E := {· · · , E−2, E−1, E0, E1, E2, · · · }

such that hn (X) = [X,En] and

En ' ΩEn+1, n ≥ 0

E−n = ΩnE0, n > 0

A map f : E → F is a sequence of maps {fn : En → Fn}n∈Z such that

En
fn //

��

Fn

��
ΩEn+1

Ωfn+1 // Fn+1
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1.2 Stable Homotopy Group1 HOMOTOPY GROUPS AND STABLE HOMOTOPY GROUPS

Warning. There exists phantom maps E
f−→ F such that [−, E]

f∗−→ [−, F ] is zero, but f 6' const,

i.e. h∗ : Topop → ChZ is not a faithful functor, but it is full.

Note that X → ΩY corresponds to ΣX → Y , so given a sequence of spaces {X0, X1, · · · , Xn, · · · }

and maps ΣXn → Xn+1, we can de�ne the stable homotopy groups as the colimit of the following

diagram

ΣSm

��

∑
f // ΣXn

��
Sm+1 f // Xn+1

De�nition 1.3. A spectrum is a sequence of spaces X = {X0, X1, · · · , Xn, · · · } together with maps

σ = {σn : ΣXn → Xn+1}n≥0. A map between spectra is a sequence of maps f = {fn : Xn → Yn}n≥0

such that

ΣXn

σn
��

∑
fn // ΣYn

σ′n
��

Xn+1
fn+1 // Yn+1

commutes. The n-th stable homotopy of a spectrum X is πn (X) := colimk

[
Sn+k, Xk

]
, n ∈ Z.

Note when n < 0, the colimit is taking from k = −n.

Write Sp the category of spectra.

A map f : X → Y is a stable equivalence if πnf is an isomorphism for any n ∈ Z.

A spectrum is a suspension spectrum if σn : ΣXn
∼−→ Xn+1 is a weak equivalence for any n ∈ Z.

An Ω-spectrum is a spectrum X such that σ′n : Xn → ΩXn+1 is a weak equivalence for any

n ∈ Z.

Observation. There is a Quillen pair

Σ∞ : Top∗
//
Sp : Ω∞oo

where

Σ∞X =
{
X,ΣX,Σ2X, · · ·

}
Ω∞Y = colimnΩnYn
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2 SYMMETRIC SPECTRA

2 Symmetric Spectra

The main reference for this part ARE [Sch12] and [EKMM97], the second of which is quite technical.

The space are always compactly generated weak Hausdor� spaces.

2.1 Smash Product

Observation. In the category of pointed spaces, we have the functors πk : Top∗ → Gr, and we

work with the reduced (co)homology H̃∗ and H̃∗.

In Top, we have the adjoint pair K× a (−)K .

In Top∗, we need to adjust this pair a little bit so that it works.

De�nition 2.1. The smash product of two pointed spaces (X, ∗) and (Y, •) is

X ∧ Y :=
X × Y

X × {•} ∪ {∗} × Y

a pointed space.

Theorem 2.1. The reduced homology of X ∧ Y satis�es

H̃∗ (X ∧ Y ;R) ∼= H̃∗ (X;R)⊗ H̃∗ (Y ;R) .

Example 2.1.

1. Sn ∧ Sm = Sn+m.

2. S1 ∧X = ΣX.

2.2 Symmetric Spectra

De�nition 2.2. A symmetric spectrum consists of the following data:

• a sequence of pointed spaces X = {X0, X1, · · · , Xn, · · · }

• a basepoint preserving continuous left action of the symmetric group Σn on Xn, for each n ≥ 0

• based maps σn : Xn ∧ S1 → Xn+1 which is equivariant with respect to Σn-action, for n ≥ 0.
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2.2 Symmetric Spectra 2 SYMMETRIC SPECTRA

satisfying that for any n,m ≥ 0, the composite

Xn ∧ Sm σn∧1// Xn+1 ∧ Sm−1σn+1∧1 // · · ·
σn+m−2∧1// Xn+m−1 ∧ S1σn+m−1 // Xn+m

is Σn × Σm-equivariant.

Here the symmetric group Σm acts by permuting the coordinates of Sm, and Σn × Σm acts by

restriction of the Σn+m-action.

We write σmn : Xn∧Sm → Xn+m for the map that applies the structure map σn : Rn∧S1 → Rn+1

m times.

A morphism f : X → Y between symmetric spectra consists of Σn-equivariant based maps

{fn : Xn → Yn}n≥0 which are compatible with the structure maps in the sense that the following

diagram

Xn ∧ S1 fn∧1 //

σn

��

Yn ∧ S1

σn

��
Xn+1

fn+1 // Yn+1

commutes.

De�nition 2.3. A symmetric ring spectrum R is a symmetric spectrum with

• Σn × Σm-equivariant multiplication maps µn,m : Rn ∧Rm → Rn+m for n,m ≥ 0, and

• unit maps ι0 : S0 → R0 and ι1 : S1 → R1.

satisfying

• associativity: the square

Rn ∧Rm ∧Rp
1∧µm,p //

µn,m∧1

��

Rn ∧Rm+p

µn,m+p

��
Rn+m ∧Rp

µn+m,p // Rn+m+p

commutes for all n,m, p ≥ 0.
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2.2 Symmetric Spectra 2 SYMMETRIC SPECTRA

• unit: the two compositions

Rn
∼= // Rn ∧ S0 Id∧ι0 // Rn ∧R0

µn,0 // Rn

Rn
∼= // S0 ∧Rn

ι0∧1 // R0 ∧R0
µ0,n // Rn

are identities for all n ≥ 0.

• centrality: the diagram

Rn ∧ S1 1∧ι1 //

twist
��

Rn ∧R1
µn,1 // Rn+1

χn,1

��
S1 ∧Rn

ι1∧1 // R1 ∧Rn
µ1,n // R1+n

commutes for all n,m ≥ 0. Here χn,m ∈ Σn+m denotes the shu�e permutation which moves

the �rst n elements past the last m elements, keeping each of the two blocks in order.

A morphism f : R → S of symmetric ring spectra consists of Σn-equivariant based maps

{fn : Rn → Sn}n≥0, which are compatible with the multiplication and unit maps in the sense that

Rn ∧Rm
fn∧fm //

µn,m

��

Sn ∧ Sm
µn,m

��
Rn+m

fn+m // Sn+m

for any n,m ≥ 0, and the two diagrams

S0 ι0 //

ι0   

R0

f0
��

S1 ι1 //

ι1   

R1

f1
��

S0 S1

commute.

De�nition 2.4. A right module M over a symmetric ring spectrumR is a spectrumM = {M0,M1, · · · ,Mn, · · · }
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2.2 Symmetric Spectra 2 SYMMETRIC SPECTRA

with Σn × Σm-equivariant action maps αn,m : Mn ∧Rm →Mn+m such that the diagrams

Mn ∧Rm ∧Rp
1∧µm,p //

αn,m∧Id
��

Mn ∧Rm+p

αn,m+p

��

Mn
∼= Mn ∧ S01∧ι0 //Mn ∧R0

αn,0

��
Mn+m ∧Rp

αn+m,p //Mn+m+p Mn

commute.

We will give an important example of a ring spectrum now.

De�nition 2.5. The ring spectrum S is S =
{
S0,S1, S2, · · ·

}
with µm,1 : Sm ∧ S1

∼=−→ Sm+1.

We will show in next lecture that all symmetric spectra are S-modules.

Naive Homotopy Group

De�nition 2.6. The n-naive homotopy group of a symmetric spectrum X is

π̂n (X) := colimkπn+kXk, n ∈ Z.

Note when n < 0, the colimit is taken from k > −n.

Example 2.2. The n-naive homotopy group of spheres is π̂nScolimk

(
πk+nSk

)
, and is denoted πsn.

π̂s0 = colimk

(
πkSk

)
= Z

π̂sn = colimk

(
πk+nSk

)
= 0, n < 0.

Since Sn is (n− 1)-connected, the group πsn is trivial for negative values of n. The degree of a

self-map of a sphere provides an isomorphism πs0 = Z. For n ≥ 1, the homotopy group πsn is �nite.

This is a direct consequence of Serre's calculation of the homotopy groups of spheres modulo torsion,

and Freudenthal's suspension theorem.

Theorem 2.2. [Serre] For m > n ≥ 1,

π̂mSn =


Pm,n ⊕ Z n = 2k,m = 2n− 1,

Pm,n o.w.
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2.2 Symmetric Spectra 2 SYMMETRIC SPECTRA

where Pm,n is some �nite group for any �xed m,n.

Exercise 2.1. πs1 = Z/2.

Proof. See [Sch12] P12-13.

Example 2.3. (Suspension spectra). Every pointed space K gives rise to a suspension spectrum

Σ∞K via

(Σ∞K)n = K ∧ Sn

with structure maps given by the canonical homeomorphism

(K ∧ Sn) ∧ S1
∼= // K ∧ Sn+1 .

For example, the sphere spectrum S is isomorphic to the suspension spectrum Σ∞S0.

The naive homotopy group

πskK = π̂k (Σ∞K) = colimn (πk+mK ∧ Sn)

is called the k-th stable homotopy group of K. Since K ∧ Sn is (n− 1)-connected, the suspension

spectrum Σ∞K is connective, i.e., all homotopy groups in negative dimensions are trivial. The

Freudenthal suspension theorem implies that for every suspension spectrum, the colimit system

for a speci�c homotopy group always stabilizes. A symmetric spectrum X is isomorphic to a

suspension spectrum (necessarily that of its zeroth space X0) if and only if every structure map

σn : Xn ∧ S1 −→ Xn+1 is a homeomorphism.

Example 2.4. (Eilenberg-Mac Lane spectra). Let A be discrete abelian group, the Eilenberg-Mac

Lane spectrum HA is de�ned as

HA := {A,K (A, 1) ,K (A, 2) , · · · }

where

πk (K (A,n)) =


πn (A) k = n,

0 o.w.
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2.2 Symmetric Spectra 2 SYMMETRIC SPECTRA

We have a weak equivalence

K (A,n− 1)
' // ΩK (A,n)

taking adjoint of this map to be the structure map, then

π̂n (HA) =


colimkπn+k (K (A, k)) = 0 n 6= 0,

colimkπk (K (A, k)) = A n = 0

Any symmetric spectrum is an S-module

In order to show that any symmetric spectrum is an S-module, we need to show that S is a ring

spectrum �rst.

Remark 2.1. We want to de�ne model structure on spectrum such that weak equivalences are the

stable homotopy equivalences. The di�culty is, even if we de�ne homotopy, two homotopic spectra

does not necessarily remain homotopic after smashing with other (arbitrary) spectrum (unless that

spectrum is co�brant). This, however, works for the sphere spectrum S because it is co�brant. In

simplicial sets, this also works because everything is co�brant.

Claim 2.1. S is a ring spectrum.

Proof. The symmetric group Σn acts on Sn via permutation by identifying Sn ∼=
(
S1
)∧n

, so the

order does not matter. The structure map is is the isomorphism σn : Sn ∧ S1 → Sn+1.

To see that S is a ring spectrum, we consider the multiplication µn,m : Sn ∧ Sm → Sn+m on S.

It is associative, and compatible with the structure maps.

Claim 2.2. The naive homotopy group π̂∗X is a πs∗-module, so is the (true) homotopy group π∗X.

Proof. We �rst de�ne the action of πs∗ on the naive homotopy groups π̂∗ (X) of a symmetric spectrum

X.

Suppose f : Sk+n → Xn and g : Sl+m → Sm represents classes in π̂k (X) respectively πsl . We

denote by f · g the composition

f · g : Sk+n+l+m
∼= // Sk+n ∧ Sl+m f∧g // Xn ∧ Sm

σm
n // Xn+m

12



2.2 Symmetric Spectra 2 SYMMETRIC SPECTRA

then de�ne

[f ] · [g] := (−1)nl [f · g] . (1)

The sign can be explained by the principle that all natural number must occur in the `natural

order'. In f · g the dimension of the sphere of origin is naturally (k + n) + (l +m), but in order to

represent an element of π̂k+lX the numbers should occur in the order (k + l) + (n+m). Hence a

shu�e permutation is to be expected, and it enters in the disguise of the sign (−1)nl.

We need to check that the multiplication is well-de�ned. Note this is well-de�ned up to homotopy

class of f and g.

If we replace g by g ∧ 1S1 ,

f · (g ∧ 1S1) = σm+1
n (f ∧ g ∧ 1S1) = σn+m ◦ (σmn ∧ 1S1) ◦ (f ∧ g ∧ 1S1) = σn+m ◦ ((f · g) ∧ 1S1) .

Sk+n+l+m+1
∼= // Sk+n ∧ Sl+m+1

f∧g∧1S1 // Xn ∧ Sm+1 σm+1
n // Xn+m+1

Sk+n+l+m ∧ S1
∼= //

∼=

Sk+n ∧ Sl+m ∧ S1
f∧g∧1S1 //

∼=

Xn ∧ Sm ∧ S1
σm
n ∧1S1 //

∼=

OO

Xn+m ∧ S1

σn+m

OO

Since the sign in the formula 1 does not change, the resulting stable class is independent of the

representative g of the stable class in πsl .

If we replace f by σn ◦ (f ∧ 1S1) : Sk+n+1 → Xn+1, then we have

Sk+n+l+m+1
∼= //

1Sk+n∧χl+m,1

��

Sk+n ∧ Sl+m+1
f∧g∧1S1 // Xn ∧ Sm+1 σm+1

n //

1Xn∧χm,1

��

Xn+m+1

1∧χm,1

��
Sk+n+1+l+m

∼= // Sk+n ∧ S1 ∧ Sl+m
f∧1S1∧g //

∼=

Xn ∧ S1+m σ1+m
n // Xn+1+m

By lemma 2.1, the map 1 ∧ χm,1 induces multiplication by (−1)m on homotopy groups after one

suspension. This cancels part of the sign (−1)l+m that is the e�ect of precomposition with the

shu�e permutation χl+m,1 on the left. So in the colimit π̂k+1X we have

[σn ◦ (f ∧ 1S1) · g] = (−1)l
[
σm+1
n ◦ (f ∧ g ∧ 1S1)

]
= (−1)l [f · g] .

Hence the multiplication is independent of the representative of the stable class [f ].

Now we verify biadditivity. We only show the relation (x+ x′) ·y = x ·y+x′ ·y, and additivity in
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2.2 Symmetric Spectra 2 SYMMETRIC SPECTRA

y is similar. Suppose f, f ′ : Sk+n → Xn and g : Sl+m → Sm represents classes in π̂k (X) respectively

πsl , then the sum f + f ′ in πk+n (Xn) is given by the composite

f + f ′ : Sk+n pinch // Sk+n ∨ Sk+n f∨f ′ // Xn

Then we have

Sk+l+n+m

pinch

��

1∧χn,1∧1 // Sk+n+l+m

(f+f ′)∧g

**
pinch∧1

��(
Sk+n ∨ Sk+n

)
∧ Sl+m

(f∨f ′)∧g // Xn ∧ Sm
σm
n // Xn+m

Sk+l+n+m ∧ Sk+l+n+m
(1∧χn,1∧1)∧(1∧χn,1∧1)// Sk+n+l+m ∧ Sk+n+l+m

∼=

OO

(f∨g)∧(f ′∨g)

44

where the right part commutes and the left square commutes up to homotopy. The composite

around the top of the diagram gives (f + f ′)·g, whereas the composite around the bottom represents

f · g + f ′ · g. This proves additivity of the dot product in the left variable.

If we specialize to X = S then the product provides a biadditive graded pairing

· : πsk × πsl → πsk+l

of the stable homotopy groups of spheres. We claim that for every symmetric spectrum X the

diagram

π̂kX × πsl × πsj
·×1 //

1×·
��

π̂k+lX × πsj
·
��

π̂kX × πsl+j
· // π̂k+l+jX

commutes, so the product on the stable stems and the action on the homotopy groups of a symmetric

spectrum are associative. After unraveling all the de�nitions, this associativity ultimately boils down

to the equality

(−1)ln · (−1)j(n+m) = (−1)jm · (−1)(l+j)n

14



2.2 Symmetric Spectra 2 SYMMETRIC SPECTRA

and commutativity of the square

Xn ∧ Sm ∧ Sq
σm
n ∧1 //

1∧∼=
��

Xn+m ∧ Sq

σq
n+m

��
Xn ∧ Sm+q σm+q

n // Xn+m+q

Finally, the multiplication in the homotopy groups of spheres is commutative in the graded

sense. Indeed, for representing maps f : Sk+n → Sn and g : Sl+m → Sm the square

Sk+n+l+m f∧g //

χk+n,l+m

��

Sn+m

χn,m

��
Sl+m+k+n g∧f // Sm+n

commutes. The two vertical coordinate permutations induce the signs (−1)(k+n)(l+m) respectively

(−1)nm (after one suspension) on homotopy groups. So in the stable group we have

[f ] · [g] = (−1)nl [f · g] = (−1)kl+km (g · f) = (−1)kl [g] · [f ] .

Lemma 2.1. Let Y be a pointed space, m ≥ 0 and f : Sm → Sm a based map of degree k. Then

for every homotopy class x ∈ πn (Y ∧ Sm) the classes (IdY ∧ f)∗ (x) and k · x become equal in

πn+1

(
Y ∧ Sm+1

)
after one suspension.

The conclusion of this lemma does not in general hold without the extra suspension, i.e.,

(IdY ∧ f)∗ (x) need not equal k · x in πn (Y ∧ Sm): consider the Hopf map

η : S3 ⊆ C2\ {0}proj // CP 1 ∼= S2

which is a locally trivial �ber bundle with �ber S1. It gives rise to a long exact sequence of homotopy

groups. Since the �ber S1 has no homotopy above dimension one, the group π3

(
S2
)
is free abelian

of rank one, generated by the class of η, (−1) ◦ η is homotopic to η, which is not homotopic to −η

since η generates the in�nite cyclic group π3

(
S2
)
.
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2.3 Mapping cone and homotopy �ber 2 SYMMETRIC SPECTRA

Exercise 2.2. Given representing maps f : Sk+n → Sn and g : Sl+m → Sm where n = l +m, show

that [f · g] = [g ◦ f ] if X = S.

Proof. The composite

Sl+m+k f // Sl+m g // Sm

is homotopic to (after one suspension)

Sk+l+m+l+m f∧1 // Sl+m+l+m g∧1 // Sm+m+l
χm+m,l// Sl+m+m

because the last shu�e has sign (−1)2ml = 1, while f · g can be decomposed as

Sk+l+m+l+m f∧1 // Sl+m+l+m 1∧g // Sl+m+m

which is homotopic to

Sk+l+m+l+m f∧1 // Sl+m+l+m g∧1 // Sm+m+l .

2.3 Mapping cone and homotopy �ber

The (reduced) mapping cone C (f) of a morphism of based spaces f : A→ B is de�ned by

C (f) = ([0, 1] ∧A) ∪f B

where the unit interval [0, 1] is pointed by 0 ∈ [0, 1], so that [0, 1]∧A is the reduced cone of A. The

mapping cone comes with an inclusion

i : B �
� // C (f)

and a projection

p : C (f) // // S1 ∧A

16



2.3 Mapping cone and homotopy �ber 2 SYMMETRIC SPECTRA

the projection sends B to the basepoint and is given on [0, 1] ∧A by p (x ∧ a) = t (x) ∧ a where we

de�ne

t : [0, 1] → S1

x 7→ 2x−1
x(1−x)

What is relevant about the map t is not the precise formula, but that it passes to a homeomorphism

between the quotient space [0, 1] / {0, 1} and the circle S1, and that it satis�es t (1− x) = −t (x).

We observe that an iteration of the mapping cone construction yields the suspension of A, up

to homotopy, which induces a long exact sequence in homotopy groups.

We want to get a similar result in spectra.

De�nition 2.7. The mapping cone C(f) of a morphism of symmetric spectra f : X → Y is de�ned

by the reduced mapping cone of fn : Xn → Yn,

C (f)n = C (fn) = ([0, 1] ∧Xn) ∪f Yn

where the symmetric group Σn acts on C (f)n through the given action on Xn and Yn and trivially

on the interval.

The inclusions in : Yn → C (f)n and projections pn : C (f)n → S1∧Xn assemble into morphisms

of symmetric spectra i : Y → C (f) and p : C (f)→ S1 ∧X.

We de�ne the connecting homomorphism δ : π̂k+1C (f)→ π̂kX as the composite

π̂k+1C (f)
p∗ // π̂k+1

(
S1 ∧X

)S−1∧− // π̂k (X)

where the second map is the inverse of the suspension isomorphism

S1 ∧ − : π̂kX // π̂k+1

(
S1 ∧X

)
.

The map δ sends the class represented by a based map ϕ : S1+k+n → C (f)n to (−1)k+n times the

class of the composite

S1+k+n ϕ // C (f)n
pn // S1 ∧Xn

twist // Xn ∧ S1 σn // Xn+1.

17



2.3 Mapping cone and homotopy �ber 2 SYMMETRIC SPECTRA

Proposition 2.1. For every morphism f : X → Y of symmetric spectra the long sequence of abelian

groups

· · · // π̂kX
f∗ // π̂kY

i∗ // π̂kC (f)
δ // π̂k−1X // · · ·

is exact.

A continuous map f : A → B spaces is an h-co�bration if it has the homotopy extension

property, i.e., given a continuous map ϕ : B → X and a homotopy H : [0, 1] × A → X such

that H (0,−) = ϕf , there is a homotopy H̃ : [0, 1] × B → X such that H̃ ◦ ([0, 1]× f) = Hand

H̃ (0,−) = ϕ.

An equivalent condition is that the map ([0, 1]×A) ∪0×f B → [0, 1]×B has a retraction.

Proposition 2.2. For every h-co�bration the map C (f) → B/A which collapses the cone of A to

a point is a based homotopy equivalence.

Proof. See Corollary 2.2 of Appendix A in [Sch12].

Let f : X → Y be a morphism of symmetric spectra that is level-wise an h-co�bration. Then

by the above proposition, the morphism c : C (f) → Y/X that collapses the cone of X is a level

equivalence, and so it induces an isomorphism of homotopy groups. We can thus de�ne another

connecting map

δ : π̂k (Y/X) // π̂k−1X

as the composite of the inverse of the isomorphism c∗ : π̂kC (f) → π̂k (Y/X) and the connecting

homomorphism π̂kC (f)→ π̂k−1X as we de�ned before.

Corollary 2.1. Let f : X → Y be a morphism of symmetric spectra that is level-wise an h-

co�bration and denote by q : Y → Y/X the quotient map. Then the long sequence of naive homotopy

groups

· · · // π̂kX
f∗ // π̂kY

q∗ // π̂k (Y/X)
δ // π̂k−1X // · · ·

is exact.

As a consequence, we have

18
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Proposition 2.3. For any two spectra X,Y , we have a natural map X
∨
Y → X × Y where

(X
∨
Y )n = Xn

∨
Yn

(X × Y )n = Xn × Yn

for every n ≥ 0.

1. For every integer k the canonical map

π̂kX
⊕

π̂kY // π̂k (X
∨
Y )

is an isomorphism of abelian groups.

2. For every integer k the canonical map

π̂k (X × Y ) // π̂k (X)× π̂k (Y )

is an isomorphism of abelian groups.

3. The canonical morphism from the wedge to the weak product is a π̂∗-isomorphism. In partic-

ular, for every �nite family of symmetric spectra the canonical morphism from the wedge to

the product is a π̂∗-isomorphism.

Proof.

1. the wedge inclusion iA : A→ A
∨
B has a retraction. So the associated long exact homotopy

group sequence of splits into short exact sequences

0 // π̂kA
iA∗// π̂k (A

∨
B)

i∗ // π̂kC (iA)
δ // 0

The mapping cone C (iA) is isomorphic to (CA)
∨
B and thus homotopy equivalent to B. So

we can replace π̂kC (iA) with π̂kB and conclude that π̂k (A
∨
B) splits as the sum of π̂kA and

π̂kB, via the canonical map.

2. Unstable homotopy groups commute with products, which for �nite indexing sets are also

sums, which commute with �ltered colimits.
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3. This is a direct consequence of 1 and 2. More precisely, the composite map

π̂kX
⊕

π̂kY //

∼=
��

π̂k (X
∨
Y )

��
π̂k (X)× π̂k (Y ) π̂k (X × Y )oo

is an isomorphism as coproducts and products are the same in abelian groups. The upper and

lower maps are canonical isomorphism, hence so is the right map.

2.4 Smash product

Construction of the Smash Product

One of the main features which distinguishes symmetric spectra from the more classical spectra

without symmetric group actions is the internal smash product. The smash product of symmetric

spectra is very much like the tensor product of a monoidal category.

Recall in any monoidal category (e.g. R-Mod where R is a commutative ring), if we have

X ↪→ X ′ and Y ↪→ Y ′ then we have a commutative diagram

X
⊗
X ′ �
� //

� _

��

X
⊗
Y ′� _

��

{{
Z � r

##
X ′
⊗
Y �
� //

;;

X ′
⊗
Y ′

where Z is the pushout, and this should be compatible with respect to the monoidal structure.

To stress that analogy, we recall three di�erent ways to look at the classical tensor product and

then give analogies involving the smash product of symmetric spectra.

In the following, R is a commutative ring and M,N,W ∈ Ob (R-Mod).
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Via bilinear maps. A bilinear map b : M ×N →W is R-linear in both M and N . The tensor

product M ⊗R N is an R-module that represents the functor

R-Mod −→ Set

W 7−→ BilR (M ×N,W )

so there is a unique bilinear map i : M ×N →M ⊗R N such that

HomR (M ⊗R N,W ) −→ BilR (M ×N,W )

f 7→ f ◦ i

is bijective.

De�nition 2.8. A bimorphism b : (X,Y ) → Z is a collection of morphisms Σp × Σq-equivariant

maps (of pointed spaces or simplicial sets)

bp,q : Xp ∧ Yq // Zp+q

for p, q ≥ 0 such that the bilinearity diagram

Xp ∧ Yq ∧ S1 Xp∧τ //

bp,q∧1

��

1∧σq

ww

Xp ∧ S1 ∧ Yq
σp∧1

��
Xp ∧ Yq+1

bp,q+1 ''

Zp+q ∧ S1

σp+q

��

Xp+1 ∧ Yq
bp+1,q

��
Xp+q+1 Xp+1+q1∧χ1,q

oo

commutes for all p, q ≥ 0, where τ is the twist map.

We can then de�ne a smash product of X and Y as a pair (X ∧ Y, i) consisting of a symmetric

spectrum X ∧ Y and a universal bimorphism i : (X,Y )→ X ∧ Y , i.e., a bimorphism such that for

every symmetric spectrum Z the map

Sp (X ∧ Y, Z) −→ Bimor ((X,Y ) , Z)

f 7−→ fi = {fp+q ◦ ip.q}p,q≥0
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is bijective.

Adjoint to internal Hom. In Mod (R) we de�ne the internal hom

WN := HomR (N,W )

which has a natural R-module structure, thus we have a functor

(−)N = HomR (N,−) : Mod (R)→Mod (R) .

We have an adjoint pair

−⊗R N : Mod (R)
//
Mod (R) : (−)Noo

which gives a bijective map

HomR (M ⊗R N,W )
∼= // HomR

(
M,WN

)
.

For any two symmetric spectra Y, Z, the internal hom spectra ZY is de�ned as

(
ZY
)
n

= Map (Y, shnZ)

where (shnZ)k = Zn+k and the Σk-action is induced by the inclusion Σk ↪→ Σn+k. The structure

map

σn :
(
ZY
)
n
∧ S1 →

(
ZY
)

1+n

is the composite

Map (Y, shnZ) ∧ S1 a //Map
(
Y,S1 ∧ shnZ

) λ∗ //Map
(
Y, sh1+nZ

)
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where

a : Map (Y, shnZ) ∧ S1 −→ Map
(
Y,S1 ∧ shnZ

)
f ∧ t 7−→

 Y → S1 ∧ shnZ

y 7→ t ∧ f (y)


and λ : S1 ∧ shnZ → sh1+nZ is de�ned level-wise as λk : S1 ∧ Zn+k → Z1+n+k by the composite

S1 ∧ Zn+k τ

∼= // Zn+k ∧ S1 σn // Zn+k+1

χn+k,1// Z1+n+k ,

and λ∗ : Map
(
X,S1 ∧ shnY

)
→Map

(
X, sh1+nY

)
is given by postcomposition with λ.

Then the morphism from Y to Z are (in natural bijection with) the points (respectively vertices)

of the 0th level of Y Z .

We claim that for �xed symmetric spectra X and Y , the set-valued functor Sp
(
X, (−)Y

)
is

representable; the smash product X ∧ Y can then be de�ned as a representing symmetric spec-

trum. This point of view can be reduced to the �rst perspective since the sets Sp
(
X,ZY

)
and

Bimor ((X,Y ) , Z) are in natural bijection. In particular, since the functor Bimor ((X,Y ) ,−) is

representable, so is the functor Sp
(
X, (−)Y

)
.

Smash product as a construction. In ChR we can de�ne the tensor product of two chain

complexes as the chain complex

(C• ⊗D•)n :=
⊕
p+q=n

Cp ⊗ Cq

with dC⊗D = dC ⊗ Id + Id⊗ dD.

This construction is given by the composite of functors

ChR ×ChR // DblChR
total // ChR

where the �rst functor is given by (C•, D•) 7→ (Cp ⊗Dq)••.

We can extend this idea to symmetric spectra.

We have a functor

SymSp× SymSp // DblSymSp
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given by (X,Y ) 7→ {Xp ∧ Yq}p,q≥0. The question is how to de�ne the �total� functor, i.e. how to

internalize it?

We observe that (X ∧ Y )n 6:=
∨

p+q=n

(Xp ∧ Yq) because of the twist. More explicitly, if we consider

X = Y = S, we would like S to be a unit, however, we can check level-wise to see that in degree 0:

S0 ∧ S0 ∼= S0; in degree 1:
(
S0 ∧ S1

)∨ (
S1 ∧ S0

) ∼= S1
∨
S1 two copies of S1; and the higher degrees,

this becomes a mess because of the twist. Hence we want to de�ne a proper Σn-action such that

the twists get killed o�.

First, we construct ∨
p+q=n

(Σn)+

∧
Σp×Σq

(Xp ∧ Yq)

which has a natural Σn-action on the �rst component if we consider (Σn)+ as a discrete pointed

space or simplicial set in proper settings.

Second, there are two maps

∨
p+q=n

(Σn)+

∧
Σp×Σq

(
Xp ∧ S1 ∧ Yq

)
αX

��

αY

��∨
p+q=n

(Σn)+

∧
Σp×Σq

(Xp ∧ Yq)

where αX is induced by the structure Xp ∧ S1 σp−→ Xp+1 on X

Xp ∧ S1 ∧ Yq
σp∧1 // Xp+1 ∧ Yq ,

and αY is induced by a twist of S1 and Yq and the structure map Yq ∧ S1 σp−→ Yq+1 on Y

Xp ∧ S1 ∧ Yq 1∧τ // Xp ∧ Yq ∧ S1 1∧σq // Xp ∧ Yq+1
1∧χq,1// Xp ∧ Y1+q .

We want to identify these two maps, so we de�ne

(X ∧ Y )n := coeq


∨

p+q=n

(Σn)+

∧
Σp×Σq

(
Xp ∧ S1 ∧ Yq

)
αY

//

αX // ∨
p+q=n

(Σn)+

∧
Σp×Σq

(Xp ∧ Yq)


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The structure map (X ∧ Y )n∧S1 → (X ∧ Y )n+1 is induced on coequalizers by the wedge of the

maps

(Σn)+

∧
Σp×Σq

Xp ∧ Yq ∧ S1 // (Σn)+

∧
Σp×Σq

Xp ∧ Yq+1

induced by 1 ∧ σq : Xp ∧ Yq ∧ S1 → Xp ∧ Yq+1.

Equivalently we could have de�ned the structure map by moving the circle past Yq, using the

structure map of X and then shu�ing back with the permutation χ1,q; the de�nition of (X ∧ Y )n+1

as a coequalizer precisely ensures that these two possible structure maps coincide, and that the

collection of maps

Xp ∧ Yq //
∨

p+q=n

(Σn)+

∧
Σp×Σq

(Xp ∧ Yq)
proj // (X ∧ Y )p+q

forms a bimorphism, and in fact a universal one.
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