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Motivation

Lie Groups
B

Algebraic Topology Q algebras

Cpt conn G
BY

EG G HCBG Q

max torus T BT EG T HCT Q

Weylgroup W NGDIT Wx BT BT WE CBT Q

NT EDT Gently

Thm Notbohm 95 Two compact Liegroups G and H are isomorphic as Lie

groups off BG and BH are homotopy equivalent

Thm Borel 531 The natural inclusion i T G induces a monomorphism
on national cohomology rings

Bit HCBG Q HCBT Q

whose image is thesubringof W invariants

HEBG Q HCBT Q W



Thm Borel 531 The natural inclusion i T G induces a monomorphism
on national cohomology rings

Bit HCBG Q HCBT Q

whose image is the subringof W invariants

HEBG Q HCBT Q W

Example
1 G 5412 T UCD W 2 22

HIBG Q QTY H BT Q x 9 22 XH X

y se

2 G Ucn T UCI W Sn

HEBG Q GIG Cn HEBT Q Tti stu

Chernclass Ci 1 7 lift tn i th elementary symmpoly
3 G Sp n T UCI W Bn signed permutation

HEBG Q Q 91 qn H BT Q It tn

Pontryaginclass qi lictis tn i th signed symm poly



Gconstrchon 65 67 Lusternik Schineralmann cat

f A a B bo pointed topological spaces

Homotopyfiber fi.ba f a r AXBE 810 flat red bo

fib f Ef a 8 AXB 211 bo A

A B

tomotopyfiber of f AXI UB fca ca o a i call a a'EA

mapping come off
A Mf AXIYB B

If f
Ax o β



iii ii.ie iE.Eiiiiiacn
Let Xi cofey Fi fib pi
then there is a homotopy commutative diagram

F E E B

F RB É I

where A B Ax B a
f I 5 g

1 b a 1 b

Ganeatower F B
11

F RB F Xi B
11

F RB RB 2 X2 B

t
Let's consider the fibration GIT BT BG for G 5412



Examplefaneaconstruction G SUR T UCI W 2 22

GIT BT BG
G spaces 11

GH G GH RBG I BG

GK G G GK RBG RBG 2 BIG

1 I
In step m we have a fibration sequence

Fm GH f Xm Fm ha EG 7m BG

Thm Berest Ramadoss The spaces Xm together with thewhiskermap pm Xm BG
satisfies the followingproperties
1 Xm is a W space Jim Xm Xmt is W equivariant
2 The inducedmap Xm hw BG gives an isomorphism on Ht Q

3 hochimXm BG

4 Im induces monomorphisms H Xmt Q 4 H Xm Q

5 H Xm Q Qm W the ringof W quasiinvariants with multiplicity m



Quasi invariants in Rank 1 Case G SUE T UCD W 2 22

fFBGQ E Q xZ 2Z QEC HEBT Q

Def A polynomial f e CE is called W invariant if f x for 0

Def A polynomial f E 050 is called W quasi invariant ofmultiplicity in

if f x fix x 2m

Let Qm W be the set of all W quasi invariants ofmultiplicity m
Qm 2 22 CITI 22m

650 X X GEE 25 GEE 22m Tx

Properties D Qm W is a subalgebra of 6TH with W action

2 There is a W equivariant filtration
3 QmW is a finitemodule over CTX
47QmW is a finitelygeneratedfreemodule over ICE of rank 1W

2mk The above definition can begeneralized to finite andcomplex reflectiongroups
Feigin Veselor dihedralgroup

Etingof Ginzburg BEG finitereflectiongroup



Relative Join Construction

ubackt f
t Relativelsore

Agh C AIC C

h.p.to

He
Example D B pt A C A C

2 X Cof BT BG pt GBT

Thm J P Doeraene Given two fibrations F E B and F E B

there is a fibration sequence
F F E E B

B
Rewrite Ganea Construction Gt G GH G LG

TÉ BT BG 51 51

53 G EG pt BG
RBG BTE.PT BG



Generalzainfrhghranka
Naive attempt apply Ganea construction to BT BG

Issue rational cohomology is not free as module over HCBG Q

Modification
i choose a corank 1 Lie subgroup H C G s.t.GG 82k 1

2 apply relative join construction to the following two fibrations

GIT BT BG

G H BH BG
Fm Xm Fm nG BG

GH mG HBTnBI
BG



i E iEiaa nation together
with the whisker maps pm Xm BG and Jum Xm Xml

satisfies the following properties
D Xm are W spaces and all maps are W equivariant

2 Xm nw BG induces isomorphisms on HC Q

3 hocolium Xm BG is a weak homotopy equivalence
4 Xm Q is a freemodule over H BG Q of rank 1W
5 There is a W equivariant filtration
BG Q H X Q Xm Q CBT Q

Remark When G SU 2 H e this recovers the result of BR

in the rank 1 case



Examples

For G Ucn H Ucn 1

BT Q Q ti tn

BG Q Ci cn Ci ei ti tn

BH Q Ci i Can

Xm Q a Cn Etc tn Cut

f E to tn bij f f mod Cn permutation bij
Oij fth tn fcti.i.gg i.gg

7

Comparison With Classical Quasi invariants

Qm Sn f E ti tn I bij f f mod ti tj
2m

ij
when no Hilbani

Hilbanes t ftp.ftffIIf



More Results

1 basis as free module
2 T equivariant rational cohomology
3 G equivariant K theory

4 T equivariant K theory

5 other examples

6 topological realization of quasiinvariants partial

Ongoing Processes

1 GKM Goresky Kottwitz MacPherson and moment graph description
2 complete topological realization of quasi invariants
3 Uniform description of everything above


