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Invariants of Finite Reflection Groups
W finite reflection group e.g Sn

V complexified representation

H x reflection hyperplanes αEV

SLEW reflection along α

Definition A polynomial fe IV Syme V is W invariant if

Salf f eth

Theorem Chevalley Shephard Todd

VJW is a polynomial algebra

V is a free module over VJW of rank IW



Quasi invariants of Finite Reflection Groups
W finite reflection group

complexified representation
A x reflection hyperplanes αEV

SLEW reflection along α

m A Z o W invariant multiplicity

Definition Veselov Chalykh A polynomial fe IV Sym V is

W quasi invariant of multiplicity in if

Salf f mod 2pm LEH

Qm W the set of quasi invariants of multiplicity m

Qo W CIV Qos W A Qm W GIV W



Example 1 Rank 1 W 2 2 Q V ADD α x me 230

V Qo 2 2 a OCT a Ital
U

Q 7 2 X 213 GET 213 I

U

Q2 2 2 I 15 OC 25 TIE

Y
U

Qm 2 2 X 22Mt OC Emt I

Y
U

V
W

Qa 7 2 I Qm 2 2 I

Observation 1 Qm 2 2 is an algebra
2 Qm 7 2 is a free module over A U W of rank 12 2 2



Example2 Rank 2 Consider W S3 as dihedral group acts on

V Z E with A 3_Is 0 the configuration of

3 lines in TR in coordinates z xtiy and I x iy

V Ss ZZ 23 23

Qi Ss is generated as V53 module by
1 4 2232 4 2z E 75 52322 25 52322 33

Theorem Feigin Veselov Berest Etingof Ginzburg

Berest Chalykh For any finite complex reflection

group W and any W invariant multiplicity m Qm W

is a free graded module over VJW of rank IWI



Topological Realization of Quasi invariants

Quillen Qm W is topological realizable for any m

Diagram of spaces with natural structures

Let UCW be the poset of W invariant multiplicities where

mam marm's EA

Qm W is stable under W action

Qm W assembles into a W equivariant diagram of algebras

Q W MCW P
Commaye

Qo W V

him Qm W VJW

Qm W W C UJW



Topological Realization of Quasi invariants

Let G be a compact connected Lie group T C G maximal torus

W Na T T the associated Weyl group

BG EG G classifying space of G

BT EG T classifying space of T

G T BT BG

Theorem Borel 53 The map p BT BG induces a monomorphism

on rational cohomology algebras p H BG Q H BT Q so that

H BG Q H BT Q W Q VJW

where V H BT Q is a reflection representation of W



Realization Problem T C G

Construct a diagram of spaces Xm G T over the poset MLW

BT Xo G T Xm G T
m
Xm G T
Pm Pm

Po SBGsatisfying
P1 Xm G T is a W space all maps are W equivariant and

Po P BT BG Pm o Jum m Pm

P2 hocolim
uew
Xm G T BG

P3 Pm factors through the hepy W orbit Xm G 7 hw inducing

HE Xm G T Q H BG Q

P4 Tum m induces an injective map on even dimensional rational

cohomology so that p factors into a MCW P
diagram of algebra maps

H BT Q H Xi GT Q H Xm GT Q H BG Q

PS H Xm G T Q Qm W



Realization Problem

Theorem Berest L Ramadoss For any compact
connected Lie

group G with maximal torus T there exists a diagram of

spaces Xm G T satisfying properties P1 P3 and P4 PS

holds for even dimensional cohomology Moreover

Xm G T EG Fmt G T

where the G spaces Fmi G T form a diagram over MCW with

properties similar to P1 PS



Example BR Rank 1 case G SUK T UCD W 2 2

FMCG T GIT IG S
m 53 84m12

Xm G T EGGFMCG T H Xm Q Qm 2 2

G T BT BG iterated Ganea construction

11 11 11

Fo GT Xo Git BG
11

Fi G T Xi Git BG

ll Rmk Direct application of
11 Ganea construction does not provide

Fm G T Xm G T BG realization for higher rank11

Lie groups



Bruhat Moment Graph

decomposition of flagmanifold G T over the face category C T of
Bruhat moment graph T of the root system Rw of W to get Fo G 7

replace Fo G T with an m deformed diagram defined over a

m thickened category Clm T

T VT Ep simple unorientedgraph
VT W W saw

label
ET elsa w α E Rt we W

Poset category CCT

Objects VT WET
elsa w

Morphisms non identity morphisms wt saw



Example Bruhat graph for W S3

S 12
5152 e 52,5152 51525 53 525,52

52 23 1153,51 e 51,525

e 53,1 e 51,52

53 13 S 5251
e 52,51

else 1 e 53,52

1 e 52,1 S2



Geometric Interpretation of T

Go complex connected reductive algebraicgroup containing G as

a maximal compact subgroup e.g Gln Q Ucn

To complex torus in Ga containing T e.g diagonal
B Borel subgroup in Ge containing Ta e.g uppertriangular
The inclusion G Go induces a homeomorphism

G T Go B F

where F is viewed as a space with analytic topology

The Bruhat graph 7 describes the structure of 0 and
1 dimensional To orbits in F

Vp Ga B
TO G fixed points

Ep To orbits of complex dimension 1 Decsaw



Homology Decomposition of G T

C T is equipped with a W action induced from NGT action

on G T

who gw elsa w e gsagt gw

CIT hw W CIT Grothendieck construction I Cat

There is a T orbit function on C T

Fo CCT Top
W w

else w Decsaw T Tx Tx Ker x CT

and it extends to a functor
G Fo C T hw Top



Homology Decomposition of G T

Theorem BLR For every prime p 2 including p 0

there is a G equivariant mod p cohomology isomorphism

Fo G T hocolimapaul G Fo
p
G T

Moreover there is a p plus construction Xt on X such

that

Fo G T FI GT P 2
p

and FolG T is simply connected



Quasi flag Manifold Fmt G T

Replace Co T CCT by Cm T CCT Tim where

Tim CCT Cat

elsa w sd Ama

when sd Amo is the barycentric subdivision of the m simplex ΔMα

CM T is equipped with a W action Cm T hw

Define Fm m
T TopT

Extend to GI Fm Cm 7 hw TopG

Obtain Fm GIT hocolim

mppnp1Fm.Applyuniversal p plus construction to obtain simply connected Fmi G T



Quasi flag Manifold Fmt G T

Definition We call the G spaces Fmt G T the m quasi flagmanifold
associated to G T In addition we define the spaces of
m quasi invariants by taking the Borel homotopy G quotient

Xm G T EG Fin G T

Theorem BLR For any compact
connected Liegroup G the spaces

Xm G T satisfy all axioms of our realization problem Thus they
provide a cohomological realization for the algebraof quasi invariants
Qm W of the Weyl group W Walt

Remark There is another natural W action on T given by www.gt and
else g else wgil that induces a nontrivial W action on Fm and Xm



Work In Progress Future Directions

K theory exponential quasi invariants

Elliptic cohomology elliptic quasi invariants

Partial flag manifolds and other GKM spaces

m deformation thickening in terms of strata

T invariant CW decomposition of flag manifold



Visualization of Ccm T for W 2 22

7155

it
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G homotopy decomposition of Fm G T

Fm
m
T Top

w w

eo saw Oe w T diagonal 6C Ma

Fm G T hocolimcimppn.ua Fm

Fm G T hootime
nw
G Fm for Sx

a
MAI

G Fm CCT nw TopG
G OelsaD

w G w
fafffasxelsx.ws

G Deity n

Ayah i
a sits

for tea ayoeisp.is

Sr USP



p plus Construction

Quillen's plus construction X path connected

eliminate Tulx perfect group Tu X TU X Tu X

does not change cohomology

JV Fm G T LeptNa Wa SD 2 2 not perfect

R plus construction Broto Levi Oliver 2021

R comm ring with 1

X connected CW complex
either char R O and T X is R perfect i e

H h X R 0

or char R O and T X is stronglyperfect i e

Tor'z R H TCA R 0

R p p 2 or Q p 0



p plus Construction

Theorem The spaces Fm G T admits a universal functorial p plus
construction

8m Fm G T Fmi G T

that eliminates the fundamental groups for all me MCW without

changing mod p cohomology for all p 2

The spaces Fmi G
T admits an explicit homotopy decomposition

Fmi G T hocolingempp yw
G Int

where Cm T hw hoof CCT hw Cm T hw


