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Tnvariants o Finite 'Ro:‘:lecﬁm Guroufs

W fHwite 'M-j;iﬂ.c:ﬁm grop (2.3, Sn)
V (cmflmj}wl) T2pressctoti on

W= {a) reflection hyporlonss  ole V¥
Sw €W Teflection u&.bg ol

Dz:?m‘ﬁm. A «fo)[grwmw{. f?. clv] = Samm(\/*) 18 W-imvariant 1‘P
Soc(f) =‘P , Ve

Thesram . ( Ch:w«llt%- Shz?karo{ - Todsl )
‘ (BLVJN 18 @ ‘Polammm‘, alao,lwa.
* CLv] 1s a—ﬁu. module over C[V]V of renk 1w




QuuSi-ferfM‘bs a-P Finite 'Rn:ﬂuﬁm Grou.?s

v

W finite meflection gronp

V (Comflnxtﬁwl ) T2pressctstt o

o = {0{,5 refection ‘\a‘ufflwm de V¥
SweW  reflection odory o

m: & — F,, W-imwarant mdtsflmta_

Ducpinision. (Vesalov - Chalykh) A polynmmial Fe €] = Sygu (V¥) s
W- quasi-invariart of mukbiplicity m

Sutf) = mod ()™, Vwedt
GnlW) = the stt of quas-imarionts of mubtiplicitg m.

RoW) = CIVI, QoolW):= () Gmw) = C1IY.




Exanple 1. (Ronk 1) W= 2h G- €O o= me Zso
elv] = &o(i/z.) = Cd = CJ ® = €[]

v,

&I(Z/J.) = Clx,x*] = CG ®© -¢B]
Y,

Ql2h) = Cx2, ] = Clt] ® L CTx]

/
v

Qn(Zh) = CIX, ™) = ¢lx] e 2™ ol
v

v
¢[V]w = Qm(l/g_) = Q Qm(i/.l) = (B[«Xf]
Observotion. () Qm(Z/) 1s an olazbm..

(2) Qm(Fh) s a froe module over e aP rank |22 =2,



Exampls 2. (Rank 2) Comsider W= S as dihedrnl group acts o
CLv] = €[z 2] with A= { 2> 2°-0] ., he conflguratioe of
> iras in R in owrdinated 2= driy ond T - a-vy .

. CIVIS® = @LzZ, 2*-%)

* Qu(Ss) s generated as  CLVI™® - module by

{ 1, 244232, T4+222Z, L+522, 25,527 (S.l,"- 23)5 j _

Theorem (Feigin-Veselov, Berast- Etingof - Ginzburg. .
Berest - Chalykh) For any Tiwite m\flex Tefloction
S'W'P W, M auvg. W-inwariant Mﬁrhd-va_ m , Am(W)
is o fror groded module over O]V of ek 1wl




Tor?o& SFO-L Reali 2ation ojl Quasi-iwariants
* (Quillen) Q@mW) s -to?o&aical, Tealizable o ang m.
. Diaarm oﬁl spo.ws with hatural Structure) .

let MW) be the Joset of W-inwariasnt mdﬁrla‘a‘-u‘m , Where
m<m < Mmyg<mix , Yoaest.

© Qmw) s stoble wder W-action |

* QmW) assembles into o W- equivariant oL:aTmm of w@uLmA
Qu(W) : M) — CommAlsc .

* QW) = CLv] .

* Bim Qnlw) = VY.

: QmW)V = vV



To?o-&gicol Roali 20tion c? Ruagi-twariants

Lot G be o compacy omnacted Lic grwp , T G maximal orus
W= NalD /T the assoctated Wegl grmp.

BG = E6/G chsifyine spaw o G

BT = EG/T classifyinp spaw of T

G6ir <L BT B pa

Thoorewe (Borel £%) The map p: BT —> BG inducesr a mmmarrb‘sm
on roctionad Co‘\omeﬁa, a&zlom ?*z H*(B6; ) — HE®T; R), so that
H (26, ) = HT; @)W = evIW

where V= Hx(BT; @) s a Tc?liwﬁm umWm QP- W.




Realization Problom Tc G
Cen struct o oucﬁmm. -{F Spates Xm(G,T) over the posel M) :

BT = )&(G,T) - - > Xm(G,T) %M,XM’(G,T — -
Po \w;
Sa:bisf%ina, . —’ 3G

(P ¥m(G.T) 45 « W-space , ol maps are W- oguivariant , and
Po=P: BT —BG , Pw'o Amm = Pm.

(P2) }ww&mmw) Xm(6,T) =~ BG.

(P3) P Factors themugh -the hopy Woorbit Xom(GDi , tnslucing

Ho(Xm(6, T 5 &) = H'(BGS ®).

(P4) Zmm' induces an injective mop o (wen -dimensional) rational

co/lwm‘e:m, so vhat $* facters into oo MW)P -al.«‘«tfmm wjl ait}dam map}

HET) B) « FXGT;R) « - « H(GD; R) « - « H®6; @).

(PS) H(Xm(G,T)> @) ® C = Q@mlw).



Reolization Problom

Thosrem (Berost- |- Ramadess) For 0y Compoct comected Lin
growp G with maximal torws T, there oxists aob@omajl
Spates Xm(G,T) sxb%sfgjn& properctie) (PL) - (P3),and (P4), (PS)
heldy for ouon-dimonsional cohomofgy . Momover

Xm(G,T) = EG % Fnl(G,T)

whore the &-srauw FJ(G,T) -_Form o a‘a‘ﬁmm over MW) -with

propartied sinilor o (PD) — (PS).




Exwwrbz, (BR) Rank 1 case: Gi=8uld) , T=uw) , W= %A
.FM'(G’T) = Gl/T *M* G = amP - 2

R

Xm(G,T) = EGX Fm(6,T) H(Xm; ) ® € = Gm(ZS)

G/T — BT —> 86 | dteratwl Ganea cowstruction
[ Il [
Fo(GT) — X6 T) — BG

l |
FGT) — XI(GT) — BA

\:L l’ ',I Rmk . Direct aﬂlﬁcxb.‘m of

l L u Ganea. Construction daes #at provide
(GT) — Xm(G,T) — BG

l L | realization for higher Tank
: : : Lie growps.




Bruhat Moment Gm?k

. 'lo{nmrosi-ﬁm" v? -Fla& mm-fu(pL Gt over the T cortegmry c(T) of

Bruhat moment 8m1>k,r’ ajl the oot Systeme Rw u? W to get R(6.7).

. w,rluu (6T with an "m—olzpormn(" ob‘trmm. dofinodl over o
*m - thickenaol” coctggons c™(1) .

= (Vp, El") SiMPLQ unm’wctml. 8m1;k
TVre W w QLS:(,w) Sxw
<«
) E\’: {»Q(.Sol.k)), o(e"R-f,weW}’ label
!

Poset Cu‘&aorg_ cw)

. Dbd‘ui'/) Vr U Ep
. : . o0%,W)
+ Morphismy  non-idautity, merphisms 7N
w Sai)




j):'fr W-=S8s
h

Bruhoct, grep

ExaMth,.

'




Gigomertric Interpretation of T
G oomPILx connacted Teductive abo.bmic growp OWL‘(:DJMMQ_ G oa
o maximal compact Subdnmi: (Q.g_. GLn(€) > Un) )

Te complax torws dn Gg containire T (eg. o(;o.cqronaL )

B Borel Subdrmr in Gg c,on:tainirg Te (2.3. uﬂ).w—'rn‘wt,wlwr)
The incusin & <> Gig dndues a hpmmvrlu‘sm

Gt = Gofp =:F

—
a—

where F {2 viwzol a)d O SPam -witl\ Mﬁ.’g:tic 'bo?veodg

The Bruhat graph [” desoribes the structure ﬁl D- andl
1 - dimensional Tg - orbits in F.

SRV (Glc /b)TtB o (G/OT fuxvl fﬁu‘%

- Ep = {Td: — orbits o-? ow\flszx olimension 4 @e&.w)ﬁ




) Hom&% D‘Qoomfos’iﬁov\:' D:,F G/T

C(D) s o.qui?fo.ol with o W-action induced Jrom Ng(T) - action

on GI/T'.
W W, 2(S,w) — 203%g", guw)

Cwy = V_\!JCW) Grothewodieck. comstruction W — Caz

There s & T-orbit fuction on C(T’)
F,: €F) — ToPT
w —> {w)
20ww) > Oggew) = T/Te  Tu=terl) T
ond it oxteads o o Fanctor
Gx Fo: CMy —> Top”




) Homo-&aa, D.Qmmfosi‘biov\," df G/T

Theorem (BLR) TFor owery prime P #¥2 (1‘ncluo(«'ua, P=0),

there 18 & G-azrm'varimcb moo(—]) ookomﬁgg '6$onwrfkism

FolG/T): = hpmemc(r)w[ G x %,] = 6/

Moreover , there is a ?-Plus comytruction X7 o X such

that
Fo(GIT) ’ZP F:(G;T) L,V P’Fl

anok F:(G;'D 13 sl'm?lAa, covne cted .




Quasi-Plog Mamifld  F (G, T)
. Rcflu.cn, C°(P) = cN) lag e () = ch) 7 e

T™ . ¢er) — Cxt

25 w) —> sd(A™)
wher 54 (A™) 45 the borycmtric subdivisiom of the m-simphx A™
+ C(T) s ‘L?“"PP'“’L wth o W-actim ~> C"(Pw
+ Defne Fm: CO0) — TopT
 Bxtnd o GATFn: CAPyo — Top§
. Obtoin.  Fm(GT) := bu&mc(m,mwwr?m
. Afl’lg wniversal p-plus  contructim o cbtain simply  camnocted Fm(G,T)



Quasi-Plog Mamifld  Fo (G, T)

DQﬁMtioﬂ. We call the G- 3poLes "F»'{(G,T) the m-quusi—f"@ nmdﬁlo(
associoted. (G.T) . In addlition, we define +he spates op
M- quasi- invariants Bg_ -l:ah'ng_ the  Borel homﬁrg Gi- quatiost
Xn(6T) := EG X Fa(6,T).

Theorem (BLR) For oy Compact cmnected La'adm«]o G. the spates
¥m(G,T) satisfy oll axioms af- our Teadization broblom . Thus thoy
provide o Oohpm,o*&aicuk reali zation 'ﬁw the aﬁdmpﬂ? quasi-invariants
Qn(W) of -vhe u)mdt grop W=Wa(1).

Remark . There is awothr notwrsl W-action on T givea ba_ w> Wy |
2. 3) Q(Sx,wa:') that inducs a mm'bn’vial W - action o anwl Xm.



Werk In Pro\c}m% /Fud;wﬁz Directhons

* K-thoory < exponential quasi-invariants
* Elliptic cohomo-eodg_é—v-’ eligtic  quasi- invariants
Partial Flag manifolols  awl othor GKM - spaces
© M- dePenaction /[ thickuing in torms of strata
~> T-imvariant CW deamposition of flog manifll



Viswolization of CW(F) fr W - Z/H3Z

1
1 1 A
J “QO/QOI L4 ﬂm} . '}le
° NIV N

£ \ | aol_\g/ez

() e (1) c® (1)




G - homotopy olecomposition of Fm(G.T)
* Fm: CAT) —> Ty

w | > {w)
y ()
Ls(Sa.w) +—> &Q(Su,w) 57 ob‘aé_ome 6 ¢ Tmx]
¢ FmlGT) := hootim C(,,,,mmax Fu
Fau(G,T) ~ A hwotim GX Fn Sat
ec)w( ) Jor Qe merd
@xh)*- Clw — T G 2 O
T ) hw —> UP ’, \
fw) > G X {w} ’ -Fag )-F-& \\
2(Sx,w) —> G X 92(&,1«;}') / G/t
*mm)/ Q x0rg+)
G X sy, G X Oatsg.ry
L O




D - P[M'S OCmstruction

- Quillen's plus  comstruction

X 1>a:tk connzc‘l’wl

- eliminte TX) < porfect grap w09 <[00, L0
~ ooes ot chaygo colwm-&Ja_

+ T (Fn(G,T) = N’gk*w“ , Wx=<S> & E/.‘L Tt ‘Pufzct

* R-plus costruction (Broto-Levi- Oliver , 2021)
- R comm Ting with 1
- X comnected CW cv'mflex
- &ither char(R) 0 ond W) 5 R-poefect e
Hi(m(), R =0,
or char(R)=0 and () s strongly perfect, i.e.
Tw;(R. Hu09.R) = 0.
c R= .|F|> (p$2) oo R (p=o)



D- Plus Omstruction

Thesrem . The SFM.M FnlG,T) odmits o universal ﬁmc‘hnai 'P—‘Plu/)

cnstruchon
Pm : FlG.T) — T (6.7)

thot eliminates the fundamontal growps for all mee MIW) withact
ckuain& mod P coh»m&dg, - all p2a.

The spowes Fn(G,T) admits an zx‘)u cit ham,a'bu]ag a‘wumrosi-h‘m
Fmi(G.T) « hpaei»&wCr)z“(GZ‘rq:;)

where  CO(NYy = hoaf { €D 5 D .



